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Abstract. The Renormalization group method (RG) is applied to the investigation of
the E model of critical dynamics, which describes the transition from the normal to the
superfluid phase in He*. The technique “Sector decomposition” with R’ operation is used
for the calculation of the Feynman diagrams. The RG functions, critical exponents and
critical dynamical exponent z, which determines the growth of the relaxation time near
the critical point, have been calculated in the two-loop approximation in the framework
of e-expansion. The relevance of a fixed point for helium, where the dynamic scaling is
weakly violated, is briefly discussed.

1 Introduction

The renormalization group method (RG) for the study of phase transitions and critical phenomena
[1-3] allows one to justify the critical scaling and gives a recipe for calculating critical exponents as
expansions in a small parameter € = (d. — d)/2, which is the deviation from the critical dimension
d. = 4 . The calculation of the renormalization-group functions is the main technical problem. Usu-
ally, it is solved by determining the renormalization constants from calculations of the corresponding
Feynman diagrams. In this case, the analytical calculation of loop diagrams in higher order is quite
complicated, so it is convenient to use numerical methods that allow subsequently to automate the pro-
cess of search of the renormalization-group functions. The complexity of the numerical calculations
resides in the presence of the e-poles in the renormalization constants. There are several ways to solve
the problem. In this paper, we will use the sector decomposition [4] which isolates the divergences
from the parameter integrals occurring in the perturbative quantum field theory.
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2 Formulation of the problem

The standard Martin-Siggia-Rose mechanism [5] leads to a field theory action of the model E in the
form
S = 2200ty — Aguom *m’
(=0 + [ — Tow — groW Y)W/3] + idogso—m + h}
W{=0y™ + W[0°y" — o™ — groW YW /3] = idogao [-m + hl}
m'{(=0im — Aguod”[=m + h] + idogsoly* &y — ydy*1) (1)

+ o+ o+

with the real one-component field m and the complex N-component fields ¢ and ¢*. The real problem
for superfluid He* corresponds to N = 1 (n = 2 in terms of the O(n) group of symmetry). The action (1)
is unrenormalized with the corresponding bare parameters Ay, ug, 79 and coupling constants g1g, g3o.
All possible counterterms of the dynamical model have the form of the terms in (1), and hence they are
reproduced by the introduction of the needed renormalization constants. The model is multiplicatively
renormalizable because the unrenormalized action is related to the renormalized one by the standard
procedure of multiplicative renormalization S (¢, €) = S (Z,¢, eg), where the functional variable

2o =AZy W Zy W Zyp b Zyo 6 Zgit, Zyy '} )

denotes the field renormalization. The bare parameters and coupling constants ey = Ay, 4o, To, 910, 930
are connected with their renormalized partners e = A, u, 7, g, g3 by the expressions

=2y, ug=uZy, 7T0=1Ze, gi0= G Zy,, 930 = G3U°Zy,, 3)

where Z with corresponding subscripts indicate the renormalization constants. The model is logarith-
mic for € = 0 (bare coupling constants become dimensionless). In this case, the Feynman graphs
which are necessary for the calculation of the renormalization constants Z contain ultraviolet (UV)
divergences in all orders of perturbation theory. We use the dimensional regularization and minimal
substraction (MS) scheme, where the divergent parts of the graphs manifest themselves as poles in &.
Due to the absence of some divergences, the following relation must be satisfied:

T =1, ZaZg = Z. 4)

3 The method of sector decompostion

The algorithm for searching the divergent part (singular term) of the individual graphs involves three
steps. In the first, the integration region is divided into sectors, each of which contains isolated sin-
gularities. In the second step, the coefficients at all poles in & are extracted. In the last step, Feynman
parameters are integrated analytically or numerically if an analytical treatment is not accessible.

For comparison with De Dominicis, Peliti [6, 7] we divided our diagrams into groups. Here we
will show how to calculate one of the groups using the sector decomposition procedure

4
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and the general /-loop integral with an arbitrary power of the quadratic form [2]

1 f f A%y ... d'k, (4m) P (o — %)(det V)2 7
@ayd ) ) Wil k) + 2@ k) + " T@le = (VD@ )17 (
we obtain the integral (5) as
[2e)2(2 - &) fl fl 51— vy — vy — v3 — vg)
4
—gi—————— dv; ... d , 8
93 4 o U1 X U4 (detV)>= (8)
where the determinant is

detV=(1+ u)2(0203 + Uavg + v304) + (1 + u)(v1vy + V103) + 2uvv4 + u(2 + u)vz. )

The idea of the sector decomposition is essential for the first step of the algorithm. It is based on
splitting the integration region to achieve a disentanglement of the singularities. The integral in (8)
can be split into the sectors

I = hLessaes + hessses T 1hesses T hasaies + basasas + Dasaas)
+ Ba2wies + Bazapas + Bagasa + 1y 23, (10)
where, for instance, 41 2,3) means that the integration domain is split into the part where vy is always
larger than vy, vy, v3. The splitting can be translated into a change of the integration boundaries using

the transformation
Uy — Vg, U] = U401, Uy > U4ln, U3 — 0403 (11)

and then the integral is remapped onto the unit hypercube. Therefore, the sector Iy 3) after the
change of the integration boundaries looks like
1 1 1 1
fo‘ o fo dvzj(; dos [(1 + u)2(vpv3 + 03 + v3) + (1 + w)(v102 + v103) + 2uvy + w2 + u)]>*
_ Slog(5) + 35log(7) — 221og(11) — 21 1log(3)
2u(1 + u)*(1 + 2u) '

12)

The final result for the integral (8) reads

222 - M
g [2¢] 22[ el _ vl ji 500 [ulog(u) — 2(1 + u)log(1 + u) + (2 + u) log(2 + u) — log(4)]
(13)

which is exactly that was obtained by De Dominicis and Peliti for this group [7].

4 RG functions and scaling regimes

The RG analysis leads to the conclusion that the possible scaling regimes are given by the IR stable
fixed points of the corresponding RG equations. The fixed points of the RG equations can be found
from the requirement that all the beta functions of the model vanish and the IR stability of the fixed
point is given by the requirement that all the eigenvalues w of the matrix of the first derivatives
wir = 0B;/0gy at the fixed point must have positive real parts, where £3; is the full set of S-functions
and g is the full set of charges {g1, g3, u}. Explicit calculations show that the variables f and w defined
as follows: )

93

1
f=%, w=; (14)
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are more convenient for the RG analysis. For the dynamical -functions of the model E we have

,Bf = f[—28 —Yuw t+ 27/1]7 ﬁw = —Wyw- (15)

From the knowledge of the renormalization constants Z we obtain two loop results for y functions in
the form

g 4
o= - rrw-$lon(3)-1]. (16)
- ! Hw) — Fyl - 22 [om(4) -1 17
Yo = f 0 2 + fA[Hw) - (w)]—— (3) , (17)
where
3 1 2 (1 +w)? 1
Hw) = T [w (2+w)ln(w(2+w))—w—§ s (18)
B 1 (1 +w)? 4
Fw)y = m 4(1+2w)ln((1+2w))+54(1+w)1n(§)—8w—12] . (19)

The fixed point values f* and w* are determined by the zeros of the S-functions (15). For the dynamical
fixed point with

f=o+ s

4 1
21n(§) - 1](28)2, w =1+ %

29 —3241n (g)] (2e) (20)

we have y;, = 0, ¥} = &, and hence for the exponent z we obtain the exact expression

d
e=2-y;=2-5=5. @1)
There exists another fixed point
w'=0 f*= —(2 )+i 7021n| - 4 - 167|(2¢)? (22)
B - 675 3 ’
where the RG functions are in the form
. Yo o._ Q9 [259 52, )
= e = — —_— 2 2
NamET T =g +[675 25 ( )}(8) 23)
and then in this case the exponent z is nontrivial
d v,
=2—-y'==- -2 24
z =575 24

For d = 4 — 2¢& the exponents w associated with the charges f and w are

wr = (28)+ % fgg (4)} (26)* = (2&) - 0.230097(2¢)*, (25)
_ Qo) (3471507 4o 29 :
w0 = 205 500 ( )](z) 5~ 0-108171(2¢) (26)
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for the point (20) and
wr = (&) + %—%m(i)} (2e)* = (2¢) — 0.126302(2¢)*, 27)
: (28) 259 ) (28) 2
w, = - +[251 ( ) 675](2) = +0.214675(2¢) (28)

for the point (22). The last one is called a weak scaling point and its possible relevance was discovered
by De Dominicis and Peliti [6, 7]. However, the authors made a numerical error in the evaluation of
the corresponding diagrams, which was pointed out by Dohm [8]. Our results coincide with those
obtained by Dohm [8]. As stated by all the aforementioned authors and A.N.Vasiliev [2], at small
€ the dynamical regime (21) is IR-stable for n = 2. However, owing to the numerical smallness of
the coefficients of the e-expansions of w,, we cannot discard the possibility that in the real dimension
d = 3 (2¢ = 1) the sign of the exact w, is different from that obtained in lower orders in &; hence
the weak scaling regime (24) can still be IR stable for n = 2, d = 3. This means that the two loop
calculations do not lead to the decision which of the fixed points is true because of the lack of w
calculation accuracy. The next order of the perturbation theory can change the sign of w and modify
the stability conditions.

5 Conclusion

We have studied the model E and calculated the RG functions up to the second order of the pertur-
bation theory using the technique called the sector decomposition and partly discussed the relevance
of a fixed point, where dynamic scaling is weakly violated. The physical interest is the recovery of
the dynamical critical exponent z which determines the growth of the relaxation time near the critical
point. Multi-charged models can have different fixed points which correspond to different values of z.
The first question that has to be solved is which of these points is stable and corresponds to the phys-
ical reality. The available results do not allow us to give a clear answer to this question; therefore, an
urgent task is to calculate higher order terms of the perturbation theory.
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