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Abstract. The Bose-Einstein condensation temperature T c for a system of coupled quantum dots in a microcavity was estimated in function of the conﬁning potential steepness,
the external magnetic ﬁeld strength, and the barrier layer width for indirect excitons. The
eﬀect of the magnetic ﬁeld on T c was found to be nonmonotonic over a certain range of
the control parameters. The reason is the presence of two competing mechanisms accompanying the increase of the magnetic ﬁeld: (a) increase of the magnetoexciton eﬀective
mass and (b) increase of the eﬀective conﬁning potential steepness for quantum dots.

1 Introduction
The spontaneous coherence eﬀects attract signiﬁcant attention in diﬀerent ﬁelds of the condensed
matter physics. Lasers are the most well known manifestation of the spontaneous coherence. BoseEinstein condensation (BEC) is another manifestation of the collective coherence such that, below the
critical temperature T c , the (quasi) particles obeying Bose statistics spontaneously occupy the ground
state. This happens to photons [1], to cold atoms [2], and to exciton polaritons in microcavities [3, 4].
The interaction of the excitons with photons, including polariton formation, is of particular interest,
for the polaritons dramatically change the radiative properties of the quantum dots (QDs) and quantum
wells (QWs) in microcavities [5–7]. In the present paper we consider the polariton dispersion law in
the presence of an external magnetic ﬁeld. The polariton dispersion law is essentially diﬀerent from
the exciton dispersion law [8]. We show that the tuning of the exciton properties by varying external
magnetic ﬁeld enables the control of the formation of the polaritons and of their properties.

2 Materials and Methods
Let us consider the conditions for polariton formation. Because of the extremely low polariton effective mass (∼ 10−4 me [6]), the critical temperature of the Berezinskii-Kosterlitz-Thouless transition
(see, e.g., [9]), (for QW exciton polaritons in a microcavity) and of the Bose-Einstein condensation
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(for the exciton polaritons in QDs) may be as high as ∼ 102 K. The strong polariton resonance originates in the proximity of the exciton energy and the photon energy in a microresonator formed by two
parallel Bragg mirrors, see, e.g., [10, 11]:
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where N0 is the two-dimensional density of the exciton system, M = πnl
cL is the photon “mass” in the
microcavity of size L, m∗ is the eﬀective exciton mass, a is the eﬀective radius of the magnetoexciton,
l is the cavity mode number, and n is the refraction index. The low density gas approximation for the
exciton system implies the excitons are treated as a weakly interacting Bose gas [12].
The eﬀective mass of the spatially indirect magnetoexciton m∗ is determined by two main parameters: the strength of the external magnetic ﬁeld and the width of the barrier layer [13]. The eﬀective
mass grows with the external magnetic ﬁeld. Its value can be estimated by diﬀerent approaches. For a
suﬃciently strong magnetic ﬁeld, the eﬀective mass of the magnetoexciton in its ground state can be
estimated as [14]:
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where m∗e(h) is the electron (hole) eﬀective mass, ωc and d are the cyclotronic frequency and the barrier
width in dimensionless units
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for the energy, length, conﬁning potential steepness, and cyclotronic frequencies, respectively. The
choice of these variables is related to the energy and size of the two-dimensional exciton [15].
For the excited energy levels the eﬀective mass of the magnetoexciton may be negative for small k
[14]. This may result in a nonmonotonic dispersion law for the excited states of the exciton polaritons
[13, 16].
We also consider the indirect two-dimensional excitons in two vertically coupled two-dimensional
quantum dots (“natural”, or artiﬁcial) with parabolic conﬁnement potentials for the electrons and the
2
holes, respectively: Ue,h = αe,h re,h
. In particular, the localization of the excitons may be realized due
to the conﬁning potentials, Ue or Uh . The relative motion energy levels of the electron and the hole
[17]
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Figure 1. Dependence of the critical temperature of the exciton polariton Bose-Einstein condensation: a) on the
magnetic ﬁeld (cyclotronic frequency ωc , THz) and on the barrier width d, nm, at the ﬁxed value of αeﬀ = 1.0;
b) on the magnetic ﬁeld (cyclotronic frequency ωc , THz) and on the conﬁning parameter αeﬀ at the ﬁxed barier
width d = 8 nm

If αe,h is large enough (due to either a strong conﬁning potential, or a large inter-layer distance),
the e-h interaction is small in comparison to the other parameters, and the relative motion energies
√
are linear in αeﬀ . For a super-strong magnetic ﬁeld the energy levels asymptotically approach the
Landau energy levels deﬁned in the case without any parabolic conﬁnement.
For the ideal two-dimensional Bose gas the Bose-Einstein condensation is forbidden, but in a
two-dimensional trap in a parabolic conﬁning potential the Bose-Einstein condensation may occur at
T < T c , where
1
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with s denoting the spin degeneration, s = 2 for bright excitons [18]. The value of the polariton
eﬀective mass Meﬀ near the center of the trap is close to the exciton eﬀective mass (2) [19]. For the
fairly small steepness of the conﬁning potential the critical parameters of the Bose-Einstein condensation can be estimated in the local density approximation [19]. The polariton eﬀective mass can be
estimated using the Bogoliubov approximation [20].

3 Results and Conclusions
In the present work we studied the quantum dot and the quantum well systems embedded in microcavities. Exciton polariton spontaneous coherence eﬀects were considered at low temperatures. In
contrast to the conﬁnementless unbounded two-dimensional systems, the Bose-Einstein condensation
of the exciton polaritons takes place for coupled quantum dots in microcavity.
The dependence of the critical temperature T c (3) on the barrier layer width (d) and on the strength
of magnetic ﬁeld (ωc ) is shown Fig. 1. It presents the results of calculations performed for the GaAs
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based quantum dots with the eﬀective electron mass m∗e = 0.067me and the dielectric constant value
 = 10. The two-dimensional density of the excitons near the center of the trap N0 = 1.2 × 109 cm−2
was taken from [19].
The higher the conﬁnement steepness, the higher is the critical temperature. The increase of the
barrier width also favours the increase of the critical temperature. The eﬀect of the magnetic ﬁeld on
the value of the critical temperature may be nonmonotonic in a certain range of control parameters
because of the presence of two competing mechanisms: the increase of the magnetoexciton eﬀective
mass and the increase of the eﬀective conﬁning potential steepness.
Since the exciton polariton spectrum, a linear spectrum, meets the Landau superﬂuidity criterium,
the superﬂuidity of the polaritons may occur in a microcavity.
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