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Abstract. Background. Spinors are more special objects than tensors. Therefore spinors

possess more properties than the more generic objects such as tensors. The group of

Lorentz two-spinors is the covering group of the Lorentz group.

Purpose. Since the Lorentz group is the symmetry group of Maxwell equations, it is rea-

sonable to use Lorentz two-spinors and not tensors when writing the Maxwell equations.

Method. We write the Maxwell equations using Lorentz two-spinors. Also a conve-

nient representation of Lorentz two-spinors in terms of the Riemann-Silberstein complex

vectors is used.

Results. In the spinor formalism (in the representation of the Lorentz spinors and

Riemann-Silberstein vectors) we have constructed the Hamiltonian of Maxwellian op-

tics. With the use of spinors, the Maxwell equations take a form similar to the Dirac

equation.

Conclusions. For Maxwell equations in the Dirac-like form we can expand research

methods by means of quantum field theory. In this form, the connection between the

Hamiltonians of geometric, beam and Maxwellian optics is clearly visible.

1 Introduction

The Maxwell equations have a large number of representations [1]. The principle of this study is

the following: every representation must simplify the concrete theoretical and practical study. The

geometrization of Maxwell equations and the Hamiltonian formalism are of interest.

In this paper, on the basis of spinor representation [2–5] of Maxwell equations, we propose to

construct the Dirac-like Hamiltonian. It is expected that this form will allow us to apply the quantum

formalism to the study of Maxwell equations.

The structure of the article is as follows. In the section 2 the basic notations and conventions are

introduced. Section 3 gives a brief description of the Maxwell equations. Section 4 introduces the

complex representation of the Maxwell equations. Section 5 gives the spinor representation of the

Maxwell equations. In section 6, using a combination of the results of the two previous sections, we

obtain a Dirac-like Hamiltonian of Maxwell equations.
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2 Notations and conventions

1. The abstract indices notation [6] is used. Under this notation a tensor as a whole object is

denoted just as an index (e.g., xi), components are denoted by an underlined index (e.g., xi).

2. We will adhere to the following conventions. Greek indices (α, β) will refer to the four-

dimensional space, in component form it looks like: α = 0, 3. Latin indices from the middle of

the alphabet (i, j, k) will refer to the three-dimensional space, in the component form it looks

like: i = 1, 3.

3. The comma in the index denotes partial derivative with respect to the corresponding coordinate

( f,i := ∂i f ); a semicolon denotes the covariant derivative ( f;i := ∇i f ).

4. The equations of the electrodynamics are written in the CGS symmetrical system.

5. Antisymmetrization is denoted by straight brackets.

3 Maxwell Equations

The Maxwell equations in 3-dimensional form:

∇0Bi = −ei jk∇ jEk;

∇iDi = 4πρ;

∇0Di = ei jk∇ jHk − 4π

c
ji;

∇iBi = 0.

(1)

where ei jk is the alternating tensor expressed by the Levi-Civita simbol εi jk:

ei jk =

√
g3 εi jk, ei jk =

1√
g3
εi jk.

With the help of the electromagnetic field tensors Fαβ and Gαβ [7], the system (1) becomes:

∇αFβγ + ∇βFγα + ∇γFαβ = F[αβ;γ] = 0,

∇αGαβ =
4π

c
jβ, (2)

where

Fαβ =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 E1 E2 E3

−E1 0 −B3 B2

−E2 B3 0 −B1

−E3 −B2 B1 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ , Gαβ =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 −D1 −D2 −D3

D1 0 −H3 H2

D2 H3 0 −H1

D3 −H2 H1 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ ,

Ei, Hi, i = 1, 3, denote the components of the electric and the magnetic fields intensity vectors; Di,

Bi, i = 1, 3, the components of the electric and magnetic induction vectors.

4 Complex Form of Maxwell Equations

The complex form of the Maxwell equations was considered by various authors [8–10].
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4.1 Generic representation

The following correspondences between ordered pairs and complex 3-vectors are defined,

Fi ∼ (Ei, Bi), Fi = Ei + iBi;

Gi ∼ (Di,Hi), Gi = Di + iHi.

Then the intensity and the induction can be expressed in terms of complex vectors,

Ei =
Fi + F̄i

2
, Bi =

Fi − F̄i

2i
,

Di =
Gi + Ḡi

2
, Hi =

Gi − Ḡi

2i
.

Using the two complementary vectors,

Ki =
Gi + Fi

2
, Li =

Ḡi − F̄i

2
. (3)

the expression (1) assumes the form

∇i(Ki + Li) = 4πρ;

−i∇0(Ki − Li) + ei jk∇ j(Kk − Lk) = i
4π

c
ji.

(4)

4.2 Complex Form of Maxwell Equations in Vacuum

From Di = Ei, Hi = Bi and (3) it follows

Ki = Ei + iBi = Fi, Li = 0.

Then the equations (4) will have the form

∇iFi = 4πρ;

−i∇0Fi + ei jk∇ jFk = i
4π

c
ji.

(5)

4.3 Complex Representation of Maxwell Equations in Homogeneous Isotropic Space

In the homogeneous isotropic space, the relationships Di = εEi, μHi = Bi (where ε denotes the

dielectric permittivity and μ, the magnetic permeability) hold.

The resulting expressions may be simplified as follows. In (5) we need the formal substitutions

c → c′ = c√
εμ

(the speed of light in vacuum is substituted by the speed of light in medium) and

jα → jα√
ε
. The result is:

Fi =
√
εEi + i

1√
μ

Bi. (6)

Then the Maxwell equations (1) take the form:

∇iFi =
4π√
ε
ρ;

i
1

c
∂Fi

∂t
=

1√
εμ

ei jk∇ jFk − i
4π

c
√
ε

ji.
(7)

Mathematical Modeling and Computational Physics 2015

02034-p.3



This representation of Maxwell equations has several names. In particular, it is known as the

Riemann–Silberstein representation [8, 9].

5 Spinor Form of Maxwell Equations

The electromagnetic field tensor Fαβ and its components Fαβ, α, β = 0, 3 may be considered in spinor

form [6] (and similarly for Gαβ):

Fαβ = FAA′BB′ ;

Fα β = FA A′B B′gα
A A′gβ

B B′ ,

A, A′, B, B′ = 0, 1, α, β = 0, 3,

where gα
A A′ denote the Infeld–van der Waerden symbols defined in the real spinor basis εA B as [6]:

gα
A A′ := gα

αεA
AεA′

A′ , gA A′
α := gααε

A
Aε

A′
A′ , (8)

εA B = εA′ B′ =

(
0 1

−1 0

)
, εA

AεA
B = εA

B =

(
1 0

0 1

)
. (9)

The Maxwell equations are reformulated in what follows, using the spinor notations.

The tensor Fαβ is real and antisymmetric, it can be represented in the form

Fαβ = ϕABεA′B′ + εABϕ̄A′B′ ,

∗Fαβ = −iϕABεA′B′ + iεABϕ̄A′B′ . (10)

where ϕAB is the spinor of the electromagnetic field:

ϕAB :=
1

2
FABC′

C′
=

1

2
FAA′BB′ε

A′B′ =
1

2
Fαβε

A′B′ . (11)

Similarly

Gαβ = γABεA′B′ + εABγ̄A′B′ , (12)
∗Gαβ = −iγABεA′B′ + iεABγ̄A′B′ .

Replacing in (2) the abstract indices α by AA′ and β by BB′, we can write:

∇AA′GAA′BB′ =
4π

c
jBB′ .

Using (12) we will get

∇AB′γB
A + ∇BA′γB′

A′ =
4π

c
jBB′ .

Similarly, from (10) it follows

∇A′BϕA
B − ∇AB′ ϕ̄A′

B′ = 0.

As a result, the system of the Maxwell equations can be written as

∇A′BϕA
B − ∇AB′ ϕ̄A′

B′ = 0,

∇AB′γB
A + ∇BA′γB′

A′ =
4π

c
jBB′ .
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In spinor form, the system of Maxwell equations in vacuum can be written as a single equation [6]:

∇AB′ϕB
A =

2π

c
jBB′ .

The components of electromagnetic field spinor are:

ϕA B =
1

2
Fαβε

A′ B′gαA A′g
β

B B′ , A, A′, B, B′ = 0, 1, α, β = 0, 3.

Using the equations (8), (9) and the notation Fi = Ei − iBi, we get:

ϕ00 =
1

2
(F1 − iF2) ,

ϕ01 = ϕ10 = −1

2
F3,

ϕ11 = −1

2
(F1 + iF2) .

6 Dirac-like Hamiltonian

Using (6)), the spinor of valence one ψa is constructed from the spinor of valence two ϕAB (11) as:

ψa =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
ψ1

ψ2

ψ3

ψ4

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ = 2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
ϕ00

ϕ01

ϕ10

ϕ11

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
−F1 + iF2

F3

F3

F1 + iF2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ .

The current takes the form:

ξa =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
− j1 + i j2

j3 − cρ
j3 + cρ
j1 + i j2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ .

Then the system of equations (7) takes the following Dirac-like form:

1

c
∂ψa

∂t
= − 1√

εμ
ei jk∇ jγ

a
k bψ

b − 4π

c
√
ε
ξa,

where the Infeld–van der Waerden symbols γ
a

k b can be represented as:

γ
a

1 b =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ , γ
a

2 b =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 0 −i 0

0 0 0 −i

i 0 0 0

0 i 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ , γ
a

3 b =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
1 0 0 0

0 1 0 0

0 0 −1 0

0 0 0 −1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ .

From the structure of the Dirac equation

i�
dψ

dt
=

[
cγi pi + γ

0mc2
]
ψ = Hψ

we get the Dirac-like Hamiltonian of the Maxwell equations with no currents,

H = − c√
εμ

ei jk∇ jγ
a

k b.
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7 Conclusions

A method for obtaining the Dirac-like Hamiltonian of the Maxwell equations was proposed. This

might allow the application of quantum theory methods to the study of electromagnetic phenomena.
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