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Abstract. BAckGrOUND. Spinors are more special objects than tensors. Therefore spinors
possess more properties than the more generic objects such as tensors. The group of
Lorentz two-spinors is the covering group of the Lorentz group.

Purprosk. Since the Lorentz group is the symmetry group of Maxwell equations, it is rea-
sonable to use Lorentz two-spinors and not tensors when writing the Maxwell equations.
MetHop. We write the Maxwell equations using Lorentz two-spinors. Also a conve-
nient representation of Lorentz two-spinors in terms of the Riemann-Silberstein complex
vectors is used.

Resurrs. In the spinor formalism (in the representation of the Lorentz spinors and
Riemann-Silberstein vectors) we have constructed the Hamiltonian of Maxwellian op-
tics. With the use of spinors, the Maxwell equations take a form similar to the Dirac
equation.

Concrusions. For Maxwell equations in the Dirac-like form we can expand research
methods by means of quantum field theory. In this form, the connection between the
Hamiltonians of geometric, beam and Maxwellian optics is clearly visible.

1 Introduction

The Maxwell equations have a large number of representations [1]. The principle of this study is
the following: every representation must simplify the concrete theoretical and practical study. The
geometrization of Maxwell equations and the Hamiltonian formalism are of interest.

In this paper, on the basis of spinor representation [2-5] of Maxwell equations, we propose to
construct the Dirac-like Hamiltonian. It is expected that this form will allow us to apply the quantum
formalism to the study of Maxwell equations.

The structure of the article is as follows. In the section 2 the basic notations and conventions are
introduced. Section 3 gives a brief description of the Maxwell equations. Section 4 introduces the
complex representation of the Maxwell equations. Section 5 gives the spinor representation of the
Maxwell equations. In section 6, using a combination of the results of the two previous sections, we
obtain a Dirac-like Hamiltonian of Maxwell equations.
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2 Notations and conventions

1. The abstract indices notation [6] is used. Under this notation a tensor as a whole object is
denoted just as an index (e.g., x'), components are denoted by an underlined index (e.g., x).

2. We will adhere to the following conventions. Greek indices (@, ) will refer to the four-
dimensional space, in component form it looks like: @ = 0, 3. Latin indices from the middle of
the alphabet (i, j, k) will refer to the three-dimensional space, in the component form it looks
like: i =1, 3.

3. The comma in the index denotes partial derivative with respect to the corresponding coordinate
(fi := 0if); a semicolon denotes the covariant derivative (f;; := V;f).

4. The equations of the electrodynamics are written in the CGS symmetrical system.

5. Antisymmetrization is denoted by straight brackets.

3 Maxwell Equations
The Maxwell equations in 3-dimensional form:
V()Bi = —eijijEk;
V,D' = 4rp;
o 4r )]
VoD' = %V Hy - ?” s
VB =0.

where ¢ is the alternating tensor expressed by the Levi-Civita simbol LS

. 1 ..
_ ijk _ ijk
eijk = | geijp, €L = —=&L.
VTR T
With the help of the electromagnetic field tensors Fog and Gog [7], the system (1) becomes:

VoFpy + VgFyo + VyFop = Flagy = 0,

4
V.G% =T, @)
C
where
0 E E E; 0 -p' -p* -p?
Fup = -E;, 0 -B B G — D' 0 -H; H,

¥TI1-E, B 0 -B'Y) D?* H; 0 -H |’
-E; -B*> B! 0 D> -H, H, 0

E;, Hf, i = ﬁ denote the components of the electric and the magnetic fields intensity vectors; D;,

Bi, i= 1,_3, the components of the electric and magnetic induction vectors.

4 Complex Form of Maxwell Equations

The complex form of the Maxwell equations was considered by various authors [8—10].
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4.1 Generic representation
The following correspondences between ordered pairs and complex 3-vectors are defined,
Fi~(E.,BY), F.=E +iB}
G'~ (DL HY, G'=D.+iH.
Then the intensity and the induction can be expressed in terms of complex vectors,

g PtF g F-F

2 2i
. G+G . GG
D' = , H = —.
2 2i
Using the two complementary vectors,
, G'+F ., G-F
K' = , L'= . 3
> 5 (3)
the expression (1) assumes the form
ViK' + L") = 4np;
S drr “)
SiVo(K = L) + ¢V (K — L) = i— j.
c
4.2 Complex Form of Maxwell Equations in Vacuum
From D' = E', H' = B and (3) it follows
K'=E'+iB' =F', L'=0.
Then the equations (4) will have the form
V.F i = 4rp;
(5)

—iVoF! + €4V Fy = i?ﬂ ji.

4.3 Complex Representation of Maxwell Equations in Homogeneous Isotropic Space

In the homogeneous isotropic space, the relationships D = eE', uH' = B' (where & denotes the
dielectric permittivity and u, the magnetic permeability) hold.

The resulting expressions may be simplified as follows. In (5) we need the formal substitutions
c > = ‘/%971 (the speed of light in vacuum is substituted by the speed of light in medium) and

A

j¢ — -=. The result is:

Ve
. . 1 .
F'= \VeE' +i—B'. (6)
Vi
Then the Maxwell equations (1) take the form:
.4
Vl‘Fl = —ﬂp,
Ve 7
1 0F 1 ity Y )
i-— = —e"V . F —i—— .
c ot VEeu Tk c\/EJ
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This representation of Maxwell equations has several names. In particular, it is known as the
Riemann-Silberstein representation [8, 9].

5 Spinor Form of Maxwell Equations

The electromagnetic field tensor Fyp and its components Fog, @, = 0,3 may be considered in spinor
form [6] (and similarly for G,p): o

Fop = Faapps
Fap = Fanspg,"" 9577
AA BB =0,1, af=0,3,

where gai‘é/ denote the Infeld—van der Waerden symbols defined in the real spinor basis g4 g as [6]:

AA A A o a G
R - POVE ggasAégA A (8)

0 1 1 0
Ség = Sérg/ = (_1 0)’ géAgAE - géé = (0 1) (9)

The Maxwell equations are reformulated in what follows, using the spinor notations.
The tensor F,g is real and antisymmetric, it can be represented in the form

Fop = 0apeap + €aPap,
*FP = _jpABAE 4 igABAE (10)

where @,p is the spinor of the electromagnetic field:

1 .1 oy 1 g
YAB = EFABC'C = §FAArBBrSAB = EFaﬁgAB . (11)
Similarly
G =y BN 1 AT (12)

*Gop = —1YaBEarn +1EaRYA B -
Replacing in (2) the abstract indices @ by AA’ and 8 by BB’, we can write:

4
AA’ BB -BB’
VAA’ G = _C ] .

Using (12) we will get

, ;o AT
yAB y§+VBA yf, = b

Similarly, from (10) it follows
VAP -V g = 0.

As a result, the system of the Maxwell equations can be written as

VABps — VAE g4 = 0,

y r o AT o
AB' . B BA' B _ -BB
A% Ya Tt A% Ya = ?j .

02034-p.4



Mathematical Modeling and Computational Physics 2015

In spinor form, the system of Maxwell equations in vacuum can be written as a single equation [6]:
) 2n pp
VAB B _ =T BB
Pa c J
The components of electromagnetic field spinor are:
1 - ’
eas = 5Fape™ g andpp, AABE =01, 2.f=03.

Using the equations (8), (9) and the notation F; = E; — iB, we get:

1 .
oo = E(Fl —iF»),

1

Yo1 = @10 = —§F3,
1 .

P =-3 (Fy +1iF73).

6 Dirac-like Hamiltonian

Using (6)), the spinor of valence one ¢“ is constructed from the spinor of valence two @45 (11) as:

wl (,000 _Fl + lF2
¢’2 9001 F3
Yt = jE 22(’010 = 3
w4 (,011 Fl + IFZ
The current takes the form:
-t +i?
3
_|J —cp
gﬂ - j3 + cp
jl + 112

Then the system of equations (7) takes the following Dirac-like form:

1 0y° 1 e 4r
—— = =V - ¢
c\VE

c ot e Ve

where the Infeld—van der Waerden symbols ykgb can be represented as:

00 1 0 00 -i 0 10 0 0
o o0 01 « 00 0 -i « o1 0 o
Yol o o o Y27i 0o 0o o rTlo 0 -1 0
010 0 0i 0 0 00 0 -1

From the structure of the Dirac equation
L dy -
1ha = [cy’pi + yomcz]d/ = Hy

we get the Dirac-like Hamiltonian of the Maxwell equations with no currents,

I ..
@e’/kvjyk”h.
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7 Conclusions

A method for obtaining the Dirac-like Hamiltonian of the Maxwell equations was proposed. This
might allow the application of quantum theory methods to the study of electromagnetic phenomena.
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