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Abstract. We study pion production from proton synchrotron radiation in the presence of
strong magnetic ﬁelds by using the exact proton propagator in a strong magnetic ﬁeld and
explicitly including the anomalous magnetic moment. Results in this exact quantum-ﬁeld
approach do not agree with those obtained in the semi-classical approach. Furthermore,
we also ﬁnd that the anomalous magnetic moment of the proton greatly enhances the
production rate about by two orders of magnitude, and that the polar angle of an emitted
pion is the same as that of an initial proton.

1 Introduction
Synchrotron radiation can be produced by high-energy protons accelerated in an environment containing a strong magnetic ﬁeld. This process has been proposed as a source for high-energy photons
in the GeV − TeV range [1–6]. The meson-nucleon couplings are about 100 times larger than the
photon-nucleon coupling, and the meson production process is expected to exceed photon synchrotron
emission in the high energy regime.
However, theoretical calculations were performed approximately in a semi-classical way [7–11]
and each model gave a diﬀerent result. In addition, these models could not give a momentumdistribution of a ﬁnal pion.
In this work we calculate the pionic decay width of proton in the strong magnetic ﬁeld in the
relativistic quantum mechanical framework and compare the results with those in the semi-classical
approaches [10, 11]. Furthermore, we show the energy and angular distributions of emitted pions.

2 Formalism
Here, we brieﬂy explain our formalism.
We assume a uniform magnetic ﬁeld along the z-direction, B = (0, 0, B), and take the electromagnetic vector potential Aμ to be A = (0, 0, xB, 0) at the position r ≡ g(x, y, z) . The relativistic
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proton wave function ψ is obtained from the following Dirac equation:


κpe
αz pz − iα x ∂ x + αy (py − eBx ) + MN β −
BΣz ψ(x, pz , s) = Eψ(x, pz , s),
mN

(1)

where MN is the proton mass, κ p is the proton AMM, e is the elementary charge, and E is the single
particle energy written as


E(n, pz , s) =

p2z + ( 2eBn + MN2 − sκ p eB/mN )2 .

(2)

To calculate the pionic decay width, we use the pseudo-vector coupling interaction Lagrangian density
as
i fπ
L=
ψγ5 γμ τa ψ∂μ φa ,
(3)
mπ
where fπ is the pseudo-vector pion-nucleon coupling constant, mπ is the pion mass, and φ is the pion
ﬁeld.
When we use the pseudo-vector coupling for the πN-interaction, we can obtain the diﬀerential
decay width of the proton as
 2 
d3 Γ pπ
fπ
1
= 2
δ(E f + Eπ − Ei )Wi f ,
dq3
8π Eπ mπ n ,s
f

(4)

f

with
Wi f

=

ρM

=

Tr ρ M (ni , si , qz )Oπ ρ M (n f , s f , pz − qz )O†π ,
√
Eγ0 + 2eBnγ2 − pz γ3 + MN + (κ p eB/MN )Σz
4E

⎡

 ⎤⎥
⎢⎢⎢
s κ p eB/MN + pz γ5 γ0 − Eγ5 γ3 ⎥⎥⎥⎥
⎢⎢⎢
⎥⎥⎥ ,
⎢⎢⎢1 +

⎥⎥⎦
⎣⎢
(2eBn + MN2 )

where q ≡ (q0 ; q) is a momentum of the emitted pion. In the above equation, fn is the harmonic
oscillator wave function with the principle quantum number n, and
 
 1 + Σz
 1 − Σz 

γ0 q0 − γ3 qz
Oπ = γ5 M ni , n f
+ M ni − 1, n f − 1
2
2

 
 1 − Σz 
 1 + Σz

γ2 qT ,
(5)
− M ni , n f − 1
+ M ni − 1, n f
2
2

where qT ≡ q2x + q2y , and M(n1 , n2 ) is the harmonic oscillator (HO) overlap function deﬁned as
M(n1 , n2 ) =

√




eB

dx fn1

√

eBx +

 

√
qT
qT
f
.
eBx
−
√
√
n2
2 eB
2 eB

(6)

3 Results
Now, we show numerical results for pion emission.
In Fig.3, we show the total pionic decay widths of the proton with piz = 0 and B = 5 × 1017 G
as functions of the Landau level ni . These decay widths are averaged over the proton spin, Γ =
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Figure 1. Pionic decay width of protons versus the initial Landau level at piz = 0 for B = 5 × 1017 G. The decay
width is averaged over the proton spin. The solid and dot-dashed lines represent the decay widths of the proton
with and without the AMM, respectively. The dashed and dotted lines indicate the results in the semi-classical
approaches of Refs. [10] and in [11], respectively.

[Γ(ni , +1) + Γ(ni , −1)]/2. The solid and dot-dashed lines represent the decay widths of the proton with
and without AMM, respectively.
We see that the decay width with AMM is about 50 times larger than that without AMM. The
AMM gives a repulsive potential for si = −1 and attractive for si = 1. The transition with si = −s f =
−1 introduces an additional energy to be consumed in the pion production. In addition, the transition
with si = −s f = 1 reduces the production energy. In this kinematical region a small diﬀerence between
the initial and ﬁnal Landau levels changes the transition strength signiﬁcantly [12]. Therefore, the
AMM plays an important role to increase greatly the pionic decay width for si = s f = −1 and to
decrease it for si = s f = 1.
For comparison, we also plot results in the semi-classical approaches of Ref. [10] (dotted line) and
Ref. [11] (dashed line). The results in the semi-classical calculations do not agree with those in the
quantum calculation, particularly when the AMM is included.
In order to investigate dominant kinematic conditions, in Fig. 3, we present the decay widths
normalized with the total widths when ni = 20000 and B = 5 × 1017 G as a function of (ni − n f )/ni .
The solid and dashed lines represent with the AMM and without AMM, respectively. In all results
the initial and ﬁnal proton spins are set to be si = −s f = −1 because this is the dominant contribution
[12].
When comparing the results with and without the AMM, we can see that an AMM eﬀect slightly
shifts the peak position to smaller values of (ni − n f )/ni and broaden the peak width.
Furthermore, we can see that (ni − n f )/ni ≈ 0.3 − 0.4, namely the Landau level diﬀerence in the
pion emission between the initial and ﬁnal states is of the same order of the initial and ﬁnal Landau
levels, (ni − n f ) ∼ ni ∼ n f .
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Figure 2. Pionic decay widths of proton normalized with the total decay width when B = 5 × 1017 G, ni = 20000
and si = −s f = −1 as a function of (ni − n f )/ni . The solid and dashed lines represent the results with and without
the AMM, respectively.

In the adiabatic limit it can be assumed that the relative momentum between the ﬁnal proton and
the pion is zero, and that the two particles have the same velocity. In this limit the ratio between these
two energies is the same as the mass ratio: eπ /e f ≈ mπ /m p , and the ﬁnal proton and pion energy
become
mN
mπ
ef ≈
ei , eπ ≈
ei .
(7)
mN + mπ
m N + mπ

The initial proton energy is very large ei  mN , Ei, f ≈ 2ni, f , so that the following relation is
√
√
√
given in the adiabatic and high energy limit as ni − n f ≈ (mπ /mN ) ni . This leads to
ni − n f ≈

m2N − (mN − mπ )2
m2N

ni ≈ 0.28ni .

(8)

The actual πN-interaction is the p-wave, and the relative momentum is not zero even in the adiabatic limit, so that the actual value of ni − n f is larger than the above value; this argument is consistent
with the present results.
In the usual semi-classical approximations it is assumed that ni − nv  ni . This assumption is
equivalent to the adiabatic limit when a produced particle is massless such as a photon. Thus, the
assumption, ni − nv  ni , is not satisﬁed when the emitted particle is massive, so that its results do not
agree with the results in the quantum calculations.
In Fig. 3, we show luminosity distribution of the emitted pion, d3 I/dq3 = eπ d3 Γ/dq3 , with the
contour plots, where the energy of the initial proton is Ei − MN = 10 GeV, the initial spin state
si = −1, and the magnetic ﬁeld B = 5 × 1017 G, which corresponds to ni = nmax = 20000 at
piz = 0. The luminosities are summarized over the initial Landau levels, 0 ≤ nmax − ni ≤ 500,
2500 ≤ nmax − ni ≤ 3500 and 5500 ≤ nmax − ni ≤ 6500. We see that the pion momentum is distributed
narrowly for the polar angle, but is distributed broadly in the absolute value.
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√The solid circles indicate the pion momentum in the adiabatic limit, qz = rπ piz and qz =
rπ 2ni + 1 with rπ = mπ /(mN + mπ ), when ni = 0, 3000 and 6000. We also see that the direction of
the emitted pion momentum is very close to that of the initial nucleon momentum.
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Figure 3. The contour plot of the diﬀerential pionic luminosity for the initial proton energy Ei − MN = 10 GeV, an
initial spin state si = −1, and a magnetic ﬁeld B = 5 × 1017 G, where the maximum Landau level is nmax = 20000.
The luminosity is summarized over the initial Landau levels, 0 ≤ nmax − ni ≤ 500, 2500 ≤ nmax − ni ≤ 3500 and
5500 ≤ nmax − ni ≤ 6500, Each line shows the relative strength. The solid circles indicate the pion momentum in
the adiabatic limit. The vertical and horizontal axises are the z component and the transverse component of the
emitted pion momentum.

4 Summary
we have calculated the pion synchrotron radiation from high energy protons propagating in strong
magnetic ﬁelds in a microscopic quantum ﬁeld theoretical framework. We solved the Dirac equation
in a strong magnetic ﬁeld and obtained the proton propagator from its solution. Then, we derived the
pionic decay width of the propagating proton in a fully relativistic and quantum mechanical way.
We ﬁnd out that the anomalous magnetic moment has a very large eﬀect which enlarges the emission rate by about 50 times, and that the polar angles of the emitted pion and the ﬁnal pion are almost
the same as that of the initial proton, when the proton energy is 10 GeV and the magnetic ﬁeld is
5 × 1017 G. One can not know these eﬀects before performing the quantum calculations.
Furthermore, we have shown that the results in our quantum approach do not agree with those in
the usual semi-classical approximations. In the usual semi-classical approximation it is assumed that
ni − nv  ni , where the HO overlap function M can be approximately written with the Airy function.
This assumption is not satisﬁed when a produced particle is massive,
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In actual magnetars the surface magnetic ﬁeld is known to be of order B ∼ 1015 G . In the present
method we did not perform a calculation for such a magnetic ﬁeld strength because of the large
number of Landau levels involved: ni ∼ 1012 − 1013 . As for future studies, we must consider a method
to treat huge numbers of the Landau levels for the magnetic ﬁeld of B ∼ 1015 G.
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