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Study on neutron scattering in light water
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Abstract. It is presented a method to produce covariance matrices of the light water total cross
section from thermal scattering laws of the JEFF-3.1.1 nuclear data library and CAB model.
The generalized least square method was used to fit the LEAPR module parameters of the
processing tool NJOY with light water experimental transmission measurements at 293.6K
with CONRAD code. The marginalization technique was applied to account for systematic
uncertainties.

1. Introduction
The probability of an incident neutron with energy and solid angle (E;Ω) of scattering a light water
molecule and being emitted at a different energy and different solid angle (E';Ω') can be expressed
with the double differential scattering cross section:
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(1)

where σb is the characteristic bound cross section of the material, T is the temperature and k is the
Boltzmann constant.
The double differential cross section depends on the thermal scattering law function S(α,β), where α
and β are the dimensionless momentum and energy transfer respectively:

α=

E '− E
E '+ E − 2 E ' E cosθ ;
β=
kT
AkT

(2)

where cos θ is the cosine of the scattering angle in the laboratory system and A is the ratio between the
mass of the scattering molecule and the neutron mass.
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In order to evaluate the function S(α,β) some approximations are often used: the incoherent and the
Gaussian approximation. The processing of the thermal scattering law is done with LEAPR module of
NJOY code [1], and is computed with these approximations.
The main parameter that defines the dynamics of the function S(α,β) is the frequency spectrum of the
material, which defines its excitation states. When using LEAPR module, the frequency spectrum is a
resultant of three different components: a solid type spectrum, a translational spectrum and discrete
oscillators.

2. Models for H into H2O
It will be presented two different models that describe the frequency distribution of H into H2O.
The first one is IKE model, developed by M. Mattes and J. Keinert [2]. It is based on experimental
frequency spectrum measured by B. C. Haywood and D. I. Page [3]. The rotational mode of hydrogen
bound to the water molecule is represented by a solid type spectrum with a weight wR. Two discrete
oscillators, with energies E1 and E2, define the intra-molecular modes of vibration (bending and
stretching modes), with corresponding weight w1 and w2. Finally, an effective mass describes the
molecular clustering effect of the water molecule with a weight wt. The sum of all the weights must be
equal to unity.
The nuclear data library JEFF-3.1.1 adopted this model in its database. Table 1 resumes the LEAPR
parameters of this model at 293.6K.
The second model, CAB model, was calculated by I. Marquez Damian [4] and is based on molecular
dynamic simulations with GROMACS code. It was obtained an equivalent model to IKE model but
the translational mode was replaced by the diffusional model of Egelstaff-Schofield [5] to better
describe low energy dynamics. The key parameter in this model is the diffusion constant c. Table 1
resumes the LEAPR parameters of CAB model at 293.6K.
Figure 1 compares the frequency spectrum for IKE model (used in the JEFF-3.1.1 nuclear data
library) and CAB model at 293.6K.
The total cross section is obtained integrating equation (1) in all emitted neutron energies and solid
angles. It was computed for JEFF-3.1.1 library and CAB model at 293.6 K. Figure 2 compares them
with experimental data [6- 8].
Table 1. IKE and CAB model parameters of H into H2O at 293.6K for the LEAPR module of NJOY.
Frequency spectrum parameters

JEFF - 3.1.1

CAB Model

Translational weight ωt
Solid-type spectrum weight ωR
Scissoring mode oscillator energy E2 (meV)
Scissoring mode oscillator weight ω2
Stretching modes oscillator energies E1,3 (meV)
Stretching modes oscillator weights ω1,3
Dimensionless diffusion constant c

0.021739
0.489130
205
0.16304
436
0.3261
0

0.007918
0.522080
205
0.15667
430
0.31333
3.969
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Figure. 1. Frequency spectrum for JEFF-3.1.1 and CAB model at 293.6 K.

Figure. 2. Total cross section for JEFF-3.1.1 and CAB model, at 293.6 K.

3. Covariance matrices of differential and total cross section
3.1 Governing equations
In this work, the full covariance matrix between the model parameters is defined as follow:
Σ12 ·
§Σ
¸¸
Σ = ¨¨ 11
© Σ 21 Σ 22 ¹

(3)

where each element of the matrix is obtained by:

(

Σ11 = M x + G xT G x

)

−1

T
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Σ22 = M θ

(6)

in which Mx stands for the covariance matrix between the best-fit values of the model parameter and
Mθ represents the covariance matrix between the nuisance parameters that account systematic
uncertainties. The nuisance parameters included in the present study were the normalization and the
background. In our context, the model parameter vector x and the nuisance parameter vector θ are:
→

→

x = (c, ωt , ω R , Δ, E1 , E2 , ω1 , ω 2 ) ; θ = ( N , B)

(7)

The matrices Gx and Gθ correspond to the derivatives of the calculated quantity z to the model and the
nuisance parameters respectively:
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(8)

To calculate the covariance matrices of the total cross sections CONRAD code [9] was used. The
Generalized Least Square method (GLS) was used in association with the marginalization technique
in which the zero variance penalty condition accounts for systematic uncertainties [10].
The “best estimates values” of the LEAPR module parameters were obtained from water transmission
experimental measures.
3.2 Sensitivity analysis of the model parameters
A sensitivity analysis of the LEAPR module parameters to the H2O transmission at 293.6 K was done.
Their sensitivity as a function of the incident neutron energy is plotted in figure 3 for the H2O
transmission calculated with CAB model.
The parameters ωR and Δ are one order of magnitude more sensitive to the transmission than the rest.
This highlights the relevance of the continuous part of the frequency spectrum, described by these two
parameters. Their anticorrelation suggests that only one of them should be taken into account in the
marginalization technique.
The parameters c and ωt follow an equivalent trend because they are physically correlated. The
parameters not included in figure 3 (E1, E2, ω1 and ω2) have a negligible sensitivity. Their
uncertainties are not taken into account in the present study.
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Figure. 3. Sensitivity (in %/%) of the LEAPR model parameters to the H2O transmission as a function of the
energy calculated with CAB model.

3.3 Results
According to our sensitivity analysis, the uncertainty on the total cross section is mainly driven by the
parameters Δ and ωt. The relative uncertainties and the correlation matrices of the total cross section
for JEFF-3.1.1 and CAB model at 293.6 K are shown in figure 4.
In the cold neutron energy range, below 10-3 eV, the uncertainty associated to JEFF-3.1.1 is larger than
the uncertainty associated to CAB. This is explained by the better agreement of the CAB model with
the low energy total cross section measurements.
Around 5 meV, the uncertainty found for CAB model is low. Additional work is needed for improving
this underestimated magnitude.
Above the thermal energy, the relative uncertainties remain lower than 2%. The main contribution is
related to the 1H free atom cross section whose uncertainty is lower than 1% [11].

Figure. 4. Relative uncertainties and correlation matrices of the total cross section for JEFF-3.1.1 (left) and CAB
model (right) at 293.6 K.
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4. Conclusions
The covariance matrices of the light water total cross sections from thermal scattering laws of JEFF3.1.1 nuclear data library and CAB model were obtained by using CONRAD code. In the cold neutron
energy range, differences in the relative uncertainties between both models are important. The
uncertainties associated to JEFF-3.1.1 are larger because the agreement with the low energy total cross
section is poor.
Present work is being done to propagate uncertainties due to the thermal scattering laws to integral
calculations. Preliminary calculations performed on MOX fuel provide uncertainties on the
multiplication factor ranging from 100 pcm with the CAB model to 200 pcm with JEFF-3.1.1.
The next step would be to determine uncertainties on the water potential parameters used in the
molecular dynamic simulation code GROMACS, in order to obtained directly uncertainties on the
frequency spectrum introduced in LEAPR module.
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