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Abstract. We review our strategy to study hadron interactions from lattice QCD using
newly proposed potential method. We ﬁrst explain our strategy in the case of nuclear
potentials and its application to nuclear physics. We then discuss the origin of the repulsive core, by adding strange quarks to the system. We also explore a possibility for
H-dibaryon to exist in ﬂavor SU(3) limit of lattice QCD. We conclude the paper with an
application of our strategy to investigate the maximum mass of neutron stars.

1 Introduction
The current understanding of the structure of matters is as follows. At some microscopic level, the
building blocks of matters are atoms, which are composed of heavy and compact nuclei in the center
surrounded by electrons. A nucleus is made of protons and neutrons, which are also composed of
more fundamental objects, quarks. A word hadron is a generic name for composite particles made of
quarks such as proton and neutron.
In this talk, we consider interactions among such hadrons. For example, protons and neutrons
interact with each other to form nuclei, bound states of them. Such interactions is called the nuclear
force, the origin of which has been explained by the exchange of new particles, called pion[1]. We
now know not only proton and neutron, collectively called nucleons, but also pions are composite
particles of quarks, together with gluons, which mediate the strong force between quarks. Fig. 1
shows some phenomenological estimates of the nuclear potential as a function of a distance between
two nucleons, whose derivative with respect to the distance gives the force between two nucleons, the
nuclear force. As can be seen from the ﬁgure, the potential shows a rather complicated behavior as a
function of the distance due to the compositeness of nucleons.
The dynamics of quarks and gluons is known to be governed by the theory called Quantum Chromodynamics (QCD). Therefore, in principle, hadron interactions such as the nuclear force can be
derived from QCD. Interactions of QCD becomes so strong at long distance that no isolated quarks
can be observed. This phenomenon is called quark conﬁnement. The perturbative expansion relied on
the weak coupling does not work for QCD since its coupling constant is large as the quark conﬁnement
indicates. Lattice ﬁeld theories have been proposed to investigate strongly interacting theories such as
QCD, by deﬁning quantum ﬁeld theories on a discrete space-time (lattice) instead of the continuous
one. QCD deﬁned on N 4 lattice (lattice QCD) is equivalent to well-deﬁned statistical system with a
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Figure 1. Three examples of the phenomenological nuclear potential,
Bonn[2], Reid93[3] and Argonne v18 [4]. Taken from Ref. [5].

ﬁnite lattice spacing a and the ﬁnite extension L = Na, which is manifestly gauge invariant and nonperturbatively deﬁned[6]. Because of these properties, numerical simulations based on Monte-Carlo
method can be successfully applied to lattice QCD[7].
Fundamental degrees of freedom in QCD are quarks and gluons, from which stable hadrons such
as nucleon and pions emerge as physical degrees of freedom by QCD interactions. Interactions among
these stable particles are also described by the same theory, QCD. A main purpose of this talk is to
review our attempts to understand hadron interactions based on QCD by using lattice QCD techniques.

2 Strategy and nuclear potentials
2.1 Our strategy

We ﬁrst brieﬂy explain our strategy to investigate hadron interactions in lattice QCD[5, 8], which
consists of three main steps.
In the 1st step, we calculate potentials between two hadrons by numerical simulations in lattice
QCD. There are many subtleties and discussions on how to deﬁne potentials in QCD, but we do not
discuss them in this talk. Please see Ref. [9] for more details.
In the 2nd step, we calculate physical observables such as binding energy and scattering phase
shift of the two hadrons, using potentials obtained in the 1st step.
In the 3rd step, we employ the same 2-body potentials to investigate few hadron systems or structures of may body systems such as heavy nuclei and nuclear matters.
The 1st step in the above has been ﬁrst applied to the nuclear potential [5], which has shown that
the proposal seems working well, and Ref. [5] has received general recognition[10]. After this success,
a research group named Hadrons to Atomic nuclei from Lattice QCD (HAL QCD) Collaboration has
bend formed to investigate various aspects of hadronic interactions by this method, called the HAL
QCD method.1
2.2 Example: Nuclear potentials

Let us consider the nuclear potential, as an example how the strategy in Sect. 2.1 works.
In the 1st step, we calculate the nuclear potential in lattice QCD. Fig. 2 shows the nuclear potential for the spin-singlet (S = 0) sector, calculated in lattice QCD at the lattice spacing (space
1 The binding energy of two nucleon systems has been calculated directly in lattice QCD (for example, see [11, 12]), but
results disagree with ours. Recently, however, it turns out that plateaux of the binding energy in the ﬁnite box from two diﬀerent
source operators, wall and smeared ones, diﬀer signiﬁcantly [13], so that the claimed strong binding of the two nucleon systems
at heavy pion masses [11, 12] should be taken with a grain of salt. We therefore do not consider the direct method in this report.
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resolution) a  0.1 fm with mu = md < m s , where mu , md , m s are up, down, strange quark masses,
respectively[14]. In this calculation, pion mass mπ , which is a measure of quark mass in the simulation, is about 700 MeV, while mπ  140 MeV in Nature. Lighter the quark mass, harder the simulation
in lattice QCD. This is a reason why we employed mπ  700 MeV for this study. As can be seen from
Fig. 2, qualitative features of nuclear potential in Fig. 1 are reproduced in our lattice QCD simulations. Namely, the potential in Fig. 2 shows attractions at medium and long distances, while it gives
repulsions at short distance, called a repulsive core.
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Figure 2. Spin-singlet nuclear potential calculated in
lattice QCD, together with the multi-Gaussian ﬁt by the
solid line. Taken from Ref. [14].
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In the 2nd step, we employ the potential obtained in lattice QCD to calculate the scattering phase
shift of two nucleons. In practice, the potential in Fig. 2 is ﬁtted with some functional form. For
example, the multi-Gaussian function is used in Fig. 2, shown by the solid line. We then solve the
Schrödinger equation to determine the phase shift at a given energy. Fig. 3 shows the scattering phase
shift in the spin-singlet channel as a function of the laboratory energy Elab with the rest energy of
two nucleons subtracted[14]. The scattering phase shift obtained form lattice QCD has a reasonable
shape. Its strength, however, is weaker than the experimental one (solid line), probably due to the
heavier quark mass in lattice QCD simulations: The scattering length, calculated as limk→0 tan δ(k)/k,
is 1.6 ± 1.1 fm in this lattice QCD simulation at mπ  700 MeV, while it should be about 20 fm
at the physical pion mass, mπ  140 MeV. Lattice QCD simulations at the physical pion mass are
deﬁnitely required to reproduce the correct scattering phase shift and scattering length in lattice QCD.
Such attempts are currently ongoing by using the K computer in Kobe, Japan, whose peak speed is 10
PetaFlops[16].
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Figure 3. The scattering phase in the spin-singlet channel
in the laboratory frame obtained from the lattice nuclear
potential in Fig. 2, together with experimental data by the
solid line[15]. Taken from Ref. [14].
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In the 3rd step, using the potential obtained in lattice QCD, we estimate the binding energy of
some nuclei. For example, Fig. 4 shows the binding energy of a 4 nucleon ground state in (L, S )J P =
(0, 0)0+ , conﬁguration corresponding to the 4 He nucleus, as a function of a number of bases in the
stochastic variational method[17]. The potentials used in this calculation, diﬀerent from the one in
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Fig. 2, are obtained in the ﬂavor SU(3) limit that mu = md = m s at a  0.12 fm and L  4 fm with
MPS  470 MeV, where MPS is the mass of pseudo-scalar meson (π and K). In the calculation of
the ground state energy for 4 He, the Wigner type force, where the odd part of potentials is equal to
the even part, as well as the Serber type force, where the odd part is set to zero, are employed for
a comparison. As seen in Fig. 4, results form two diﬀerent forces agree, and the binding energy of
4
He is about 5.1 MeV. Again, a smaller binding energy than Nature is partly due to the heaver quark
masses and to the ﬂavor SU(3) limit, in addition to absence of 3- and 4- nucleon forces. See Ref. [17]
for more details. Recent applications of lattice QCD potentials to medium-heavy nuclei can be found
in Ref. [18].

Ground state energy E [MeV]

0.0
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Figure 4. Biding energy of 4 nucleon ground state in
lattice QCD with the ﬂavor SU(3) limit, as a function
of a number of bases. Two types of 2-body potentials
are employed for a comparison. Taken from Ref. [17].
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3 Repulsive core
The short distance repulsion in the nuclear force, ﬁrst introduced by Jastrow[19] and called the repulsive core, plays several important roles in nuclear physics and astrophysics. For example, it explains
stability of matters. A nucleus would collapse to a very dense object if the nuclear force had only
attractions without repulsive core. The repulsive core sustains neutron stars against their gravitational
collapses and ignites the Type II supernova explosions as the gravitational collapse bounds by the
repulsion[20].
3.1 The origin of the repulsive core

It is interesting and important to ask what is the origin of the repulsive core. Since quarks are fermions,
two can not occupy the same position with same quantum numbers due to the Pauli exclusion principle. However, quarks have 3 colors (red, blue and green), 2 spins (↑ and ↓) and 2 ﬂavors (up and
down), so that six quarks can occupy the same position. Since this means that two nucleons occupy
the same position, the repulsive core can not be explained simply by the Pauli exclusion principle
alone. However, allowed color combinations are restricted once spin and ﬂavor quantum numbers are
ﬁxed, as an example for two protons with opposite spins is shown in the top of Fig. 5. In this example, up quarks with ↑ in each proton can not have the same color. Similarly, up quarks with ↓ also
can not. It has been pointed out that this restriction for color combinations plus one gluon-exchange
interactions between quarks may be an origin of the repulsive core[21, 22].
In order to check whether the origin of the repulsive core is related to the partial restriction of color
combinations, it is useful to consider what happen if an extra degree of freedom, a strange quark, is
added to the system. In this system, we have the Λ(uds) baryon, which is composed of up, down
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Figure 5. (Top) An example of quark conﬁgurations
for two protons with opposite spins. (Bottom) An
example of quark conﬁgurations for two Λ’s with
opposite spins.

Λ↓

and strange quarks. If we consider two Λ’s with opposite spins, all color combinations are allowed
as drawn in the bottom of Fig. 5, where two quarks with the same ﬂavor (up, down or strange) in
each Λ have same color. If the origin of the repulsive core is related to the partial restriction of color
combinations, the potential between two Λ’s in the spin singlet channel has no repulsive core.
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Figure 6. Flavor-singlet potential VC(1) (r) for the box
size L  2, 3, 4 fm at MPS = 1015 MeV. Taken from
Ref. [24].
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To conﬁrm this, we have performed 3-ﬂavor lattice QCD simulations in the ﬂavor SU(3) limit
(mu = md = m s )[23, 24]. In the ﬂavor SU(3) limit, two octet baryons are classiﬁed by the irreducible
representations of the SU(3) group as 8 ⊗ 8 = (27 ⊕ 8 s ⊕ 1)S =0 ⊕ (10∗ ⊕ 10 ⊕ 8a )S =1 , where S is the
total spin. The system of two Λ’s with opposite spins we are interested in belongs to the ﬂavor singlet
representation 1, whose potential is denoted as VC(1) . More precisely the single state is denoted as



1
3
4
|singlet = −
|ΛΛ +
|ΣΣ +
|NΞ .
(1)
8
8
8
Fig. 6 shows the ﬂavor-singlet potential VC(1) (r) as a function of r on volumes L  2, 3 and 4 fm at
a  0.12 fm and MPS  1015 MeV in the SU(3) limit[24]. As can be clearly seen in the ﬁgure,
the attractive instead of repulsive core indeed appears in this setup. This result strongly suggests that
partial restriction of color combinations due to the Pauli principle among quarks is important for the
repulsive core.
3.2 H dibaryon

Since the force in the ﬂavor-singlet channel is attractive at all distances, an existence of bound states
may be expected. In this channel, a six quark bound state made of uuddss, name H-dibaryon, has been
predicted[25], but not observed yet experimentally. We have investigated whether the H dibaryon
appears for the ﬂavor-singlet channel in the SU(3) limit, by using the singlet-potential VC(1) (r).
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 BH = −E0 and the
r2 of the bound state in
root-mean-square distance
the ﬂavor singlet channel at each MPS . Taken from
Ref. [17].
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For this purpose we ﬁt the potential in Fig. 6 at L  4 fm by the analytic function composed
2
of an attractive Gaussian core plus a long range (Yukawa)2 attraction as VC(1) (r) = b1 e−b2 r + b3 (1 −
2
e−b4 r )(e−b5 r /r)2 . An example of the ﬁtted result with χ2 /dog  1 is shown by the dashed line in Fig. 6.
By solving the Schrödinger equation with the ﬁtted potential in the inﬁnite volume, we have found one
bound state, the H-dibaryon, in the ﬂavor SU(3) limit, whose binding energy and wave function are
obtained. Fig. 7 shows the binding energy and the root-mean-square(rms) distance
of the H-dibaryon

r2 is a measure of the
obtained from our potential at several values of MPS . The rms distance
“size" of the H-dibaryon, which is compared to that of the deuteron, 3.8 fm, in Nature. Although
the current result is obtained in the ﬂavor SU(3) limit with heavier up and down quark masses than
Nature, this comparison suggests that H-dibaryon is much more compact than the deuteron. As MPS
decrease, the binding energy decreases and the rms distance increases. Note that, despite that the
attractive potential becomes stronger as MPS decreases[17, 24], the binding energy BH decreases du
to the fact that the increase of the attraction toward the lighter MPS is compensated by the increase of
the kinetic energy for the lighter baryon mass. As a result, the size of H-dibaryon also increases.
We close this section by concluding that the H-dibaryon exists in the ﬂavor SU(3) limit, whose
binding energy shows a mild quark mass dependence and is about 20 ∼ 50 MeV at this range MPS .
(See [26] for the direct calculation of the binding energy for the H-dibaryon in 2+1 ﬂavor QCD.)

4 Summary and more
The potential method, called the HAL QCD method, is new but very useful to investigate not only
the nuclear force but also general baryonic interaction in (lattice) QCD[27–29]. A comparison of the
nuclear potential with the ﬂavor-singlet potential in the ﬂavor SU(3) limit leads to some understanding
of the repulsive core, that the Pauli exclusion principle plays an important role for its existence. The
HAL QCD method can be easily extended also to meson-baryon and meson-meson interactions[30].
Our strategy based on the HAL QCD method to investigate nuclear physics and astrophysics is
as follows. We ﬁrst extract potentials form lattice QCD using the HAL QCD method. Using the sophisticated many-body methods combined with these potentials obtained in QCD, we then investigate
structures of nuclei and nuclear matter, based on which we ﬁnally study phenomena in astrophysics
such as properties of neutron stars and supernova explosions.
As a demonstration how the above strategy indeed works, we show results in Ref. [31], which give
quark mass dependences of the nuclear matter, the neutron matter and the maximum mass of neutron
stars, using nuclear potentials obtained in the ﬂavor SU(3) limit[17].
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Figure 8. The lines represent the χ2 ﬁts of the nuclear
potentials for S and D wave extracted from lattice QCD at
MPS  470 MeV in the ﬂavor SU(3) limit. Taken from
Ref. [31].
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Fig. 8 shows the nuclear potentials in S and D waves obtained from ﬁts to the lattice QCD data
in the ﬂavor SU(3) limit at MPS  470 MeV[17]. Using these potentials, the equation of state (EOS)
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Figure 9. (Left) Ground state energy per nucleon (E/A) for the symmetric nuclear matter as a function of the
Fermi momentum kF , obtained by the BHF theory with the nuclear potentials in lattice QCD. Filled square
indicates the empirical saturation point, together with the curves labeled as APR from Ref. [32]. Errors for the
result at MPS  470 MeV represent statistical uncertainties. (Right) Ground state energy per nucleon for the
pure neutron matter as a function of the Fermi momentum kF . Details of the calculations are the same as the
symmetric nuclear matter. Both are taken from Ref. [31].

for the nuclear matter and the neutron matter has been investigated by the Brueckner-Hatree-Fock
(BHF) theory[31].2 Fig. 9 (Left) shows the ground state energy per nucleon (E/A) for the symmetric
nuclear matter (Z = N = A/2) with the proton number Z, the neutron number N and the mass number
A = N + Z, as a function of the Fermi momentum kF for diﬀerent MPS . The most important feature of
the symmetric nuclear matter in Nature is its saturation property that E/A has a minimum at normal
2 Currently,

more sophisticated many-body calculations are attempted in collaboration with experts in this area.
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nuclear matter density ρ0 . The empirical saturation point from the Weizsäcker mass formula gives
(kF , E/A)  (1.36 fm−1 , -15.7 MeV), denoted by the ﬁlled square in Figure 9 (Left), where we also
show the results of Ref. [32], obtained by the variational method using AV18 nuclear potentials[4]
with and without phenomenological three-nucleon force. Our lattice data show the saturation not
only at MPS  470 MeV (the lightest quark mass) but also at MPS  1020, 1170 MeV (the heaviest
two quark masses), which indicates that the saturation originates from a suitable balance between the
repulsive core and the intermediate attraction of the nuclear force. An appearance of the saturations
at more than 10ρ0 at MPS  1020, 1170 MeV, however, might be an lattice artifact, and needs to be
checked.
Fig. 9 (Right) shows E/A for the pure neutron matter (N = A) as a function of kF . The neutron
matter is not self-bound due to large Fermi energy. The corresponding pressure is calculated as P =
k3F
ρ2 ∂(E/A)
∂ρ with the density ρ = 3π2 , so that P increases rapidly as MPS decreases.
MPS = 1171 [MeV]
MPS = 1015 [MeV]
MPS = 837 [MeV]
MPS = 672 [MeV]
MPS = 469 [MeV]

0.6
0.5

Figure 10. Mass-radius relation of the neutron star.
Neutron-star matter consists of n, p, e− and μ− with
charge neutrality and chemical equilibrium. The EOS for
the nucleons is obtained by an interpolation between the
symmetric nuclear matter and the pure neutron matter
under the parabolic approximation. Taken from Ref. [31].
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To obtain the mass (M) and radius (R) relation of the neutron star, the Tolman-OppenheimerVolkoﬀ (TOV) equation is solved under the charge neutrality and beta-equilibrium for neutron, proton
electron and muon, with the EOS of asymmetric nuclear matter approximated as
E
EZ=N
(ρ, x) =
(ρ) + (1 − 2x)2 sym (ρ),
A
A

sym (ρ) =

EZ=0 (ρ) EZ=N (ρ)
−
A
A

(2)

for the proton fraction x = ρ x /ρ.
Fig. 10 shows the M-R relation of the neutron star at diﬀerent MPS . As MPS decreases, the M-R
curve shifts to the upper right direction, suggesting the stiﬀening of the EOS. The maximum mass
of the neutron star (Mmax ) is found to be 0.53 times the solar mass M at our lightest MPS  470
MeV, which is too small to account for the observed neutron stars, mainly due to the larger MPS .
A naive extrapolation of Mmax and the corresponding radius to MPS  140 MeV, with a function
f (MPS ) = a/(MPS + b) + c, gives Mmax = 2.2M and R = 12 km. To conﬁrm these predictions, we
will have to repeat the procedure explained here with the nuclear potentials at mπ  140 MeV.
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