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Minimally non-local nucleon-nucleon potentials with chiral twopion exchange including Δ’s
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Abstract. A coordinate-space nucleon-nucleon potential is constructed in chiral eﬀective field theory (χEFT) retaining pions, nucleons and Δ-isobars as explicit degrees of
freedom. The calculation of the potential is carried out by including one- and two-pionexchange contributions up to next-to-next-to-leading order (N2LO) and contact interactions up to next-to-next-to-next-to-leading order (N3LO). The low-energy constants
multiplying these contact interactions are fitted to the 2013 Granada database in the
laboratory-energy range 0–300 MeV.

1 Introduction
The recent history of nuclear physics has witnessed the tremendous development of nuclear chiral
eﬀective field theory (χEFT), originally proposed by Weinberg in a series of papers in the early
1990’s [1]. The (approximate) chiral symmetry exhibited by the underlying theory of QCD in the
low-energy regime severely restricts the form of the strong interactions among nucleons, Δ-isobars,
and pions, as well as the electroweak interactions of these hadrons with external (electroweak) fields.
In the specific case of two nucleons, the requirements imposed by χEFT can be incorporated into a
non-relativistic quantum mechanical potential, constructed by a perturbative matching, order by order
in the chiral expansion, between the on-shell scattering amplitude and the solution of the Schrödinger
equation (see, for example, the review paper by Machleidt and Entem [2]). By its own nature, χEFT
needs to be organized within a given power counting scheme and the resulting chiral potentials are
conveniently organized in powers of Q/Λχ , where Q  Λχ is a general low-momentum scale entering
the theory and Λχ ∼ 1 GeV specifies the chiral-symmetry breaking scale.
The objective of this presentation is to construct a coordinate-space chiral nucleon-nucleon (NN)
potential derived up to next-to-next-to-next-to leading order (N3LO or Q4 ) in the chiral expansion, including pions, nucleons and Δ-isobars degrees of freedom. The calculation of the potential is carried
out by including one- and two-pion-exchange (OPE and TPE) contributions up to next-to-next-toleading order (N2LO or Q3 ) and contact interactions up to N3LO. While the OPE and TPE potentials
represent the long-range part of the NN interaction, the contact terms, instead, encode the short-range
physics, and their strength are specified by unknown low-energy constants (LEC’s), which are then
determined by fits to experimental data. The inclusion of Δ-isobars in the TPE component of the
NN interaction is dictated from phenomenological considerations which explain the important role
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of Δ isobars in nuclear structure and reactions [3]. The necessity to derive a coordinate-space chiral
potential, whose natural formulation is in momentum-space, is related to the fact that many computational techniques utilized to calculate properties of nuclei and nuclear matter such as Quantum Monte
Carlo (QMC) methods [4] require a local coordinate-space representation of the nuclear interactions.
However, available momentum-space chiral potentials have the feature of being strongly non-local
meaning that, upon Fourier transformation, they lead to non-local interactions (or p-dependent interactions, where p −→ −i∇ is the relative momentum operator) in coordinate-space. The sources of
non-localities in χEFT are mostly due to contact interactions that depend not only on the momentum
transfer k = p − p but also on K = (p + p)/2 (p and p are the initial and final relative momenta of the
two nucleons), and also to specific choices of cutoﬀ functions. It is for this reason that we construct
a chiral potential as local as possible by minimizing the number of non-localities due to contact interactions and removing those due to the choice of regulator functions. In order to make the short-range
part as local as possible, we use Fierz identities to remove terms which in coordinate-space would lead
to powers higher than two in the relative momentum operator p. However, while this chiral potential
is local at N2LO [5, 6], terms proportional to p2 still persist at N3LO [6]. To avoid non-localities due
to regulators, we choose cutoﬀ functions that depend only on the relative distance between the two
nucleons.

2 Potentials
The NN potential presented in this work includes a strong interaction component derived from χEFT
up to N3LO and denoted as v12 , and an electromagnetic interaction component, including up to terms
EM
quadratic in the fine structure constant α, and denoted as vEM
12 . The v12 component is the same as that
adopted in the Argonne v18 (AV18) potential [7]. The component induced by the strong interaction is
conveniently separated into long- and short-range parts, labeled, respectively, vL12 and vS12 . The vL12 part
includes the OPE and TPE contributions up to N2LO, illustrated in Fig. 1: panel (a) represents the
static OPE contribution at leading order (LO or Q0 ); panels (b)–(g) represent the TPE contributions at
next-to leading (NLO or Q2 ) without and with Δ-isobars in the intermediate states; lastly, panels (h)–
(m) represent sub-leading TPE contributions at N2LO. The open circles denote πN and πNΔ couplings
(2)
from the sub-leading chiral Lagrangians L(2)
πN [8] and LπNΔ [9]. The NLO and N2LO loop corrections
contain ultraviolet divergencies, which are isolated in dimensional regularization and then reabsorbed
into contact interactions by renormalization of the associated LEC’s [10, 11]. Note that one-loop as
well as two-loop TPE and three-pion exchange contributions at N3LO have been neglected, since their
eﬀect on the peripheral phase shifts would have negligible influence on the fit to the NN data (see, for
example, Ref. [2] for a discussion on this issue). Furthermore it is the LEC’s at Q4 that are critical for
a good reproduction of phase shifts in lower partial waves, particularly D-waves, and a good fit to the
NN database in the 0–300 MeV range of energies considered in the present study. The LO and NLO
and the nucleon and N-to-Δ axial
terms depend on the the pion decay amplitude Fπ = 184.80 MeV,
√
coupling constants, respectively gA = 1.29 and hA = 3 gA / 2. The sub-leading N2LO terms also
depend on the LEC’s c1 , c2 , c3 , and c4 and the combination of LEC’s (b3 + b8 ), respectively from the
(2)
second order πN and πNΔ chiral Lagrangians L(2)
πN [8] and LπNΔ [9]. The values of these LEC’s are
determined by fits to πN scattering data and are given in [9]. Note that we retained the LEC (b3 + b8 )
in our fit, even though it is redundant at this order [12].
The coordinate-space expressions for the TPE terms are obtained by using the spectral function
representation [13], however with no spectral cutoﬀ [14]. Therefore, the potential vL12 reads [6]
⎤
⎡ 6
⎥⎥⎥
⎢⎢⎢
σT
tT
tT
(1)
vL12 = ⎢⎢⎢⎣ vlL (r) Ol12 ⎥⎥⎥⎦ + vσT
L (r) O12 + vL (r) O12 ,
l=1
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Figure 1. OPE and TPE contributions at LO [(a)], NLO [(b)–(g)], and N2LO [(h)–(m)]. Nucleons, Δ isobars,
and pions are denoted, respectively, by the solid, thick-solid, and dashed lines; both direct and crossed box
contributions are retained in diagrams (d), (f)–(g), (l)–(m). The open circles denote πN and πNΔ couplings from
(2)
the sub-leading chiral Lagrangians L(2)
πN [8] and LπNΔ [9].

l=1,...,6
with O12
= [1 , σ1 · σ2 , S 12 ] ⊗ [1 , τ1 · τ2 ] denoted as c, τ, σ, στ, t, tτ, and OσT
12 = σ1 · σ2 T 12 ,
tT
and O12 = S 12 T 12 , and T 12 = 3 τ1z τ2z − τ1 · τ2 is the isotensor operator. The terms proportional to
T 12 account for the charge-independence breaking induced by the diﬀerence between the neutral and
tT
charged pion masses in the only OPE. The radial functions vlL (r), vσT
L (r) and vL (r) are listed in [6].
n
They are singular at the origin (they behave as 1/r with n taking on values up to n = 6), and each is
regularized by a cutoﬀ of the form

CRL (r) = 1 −

1
(r/RL

)6 e(r−RL )/aL

+1

,

(2)

where three values for the radius RL are considered RL = (0.8, 1.0, 1.2) fm with the diﬀuseness aL
fixed at aL = RL /2 in each case.
The potential vS12 includes charge-independent (CI) contact interactions at LO, NLO and N3LO,
and charge-dependent (CD) ones at LO and NLO, in momentum-space vS12 (k, K) = vS,CI
12 (k, K) +
vS,CD
(k,
K),
and
their
expressions
are
given
in
[6].
In
the
NLO
and
N3LO
contact
interactions
terms
12
proportional to K 2 and K 4 , which would lead to p2 and p4 operators in coordinate space, have been
removed by a Fierz rearrangement as discussed in Refs. [5, 6]. However, mixed terms of the type
k2 K 2 or K × k cannot be Fierz-transformed away. In the potential vS,CD
12 (k, K) only terms up to
NLO, involving charge-independence breaking (proportional to T 12 ) and charge-symmetry breaking
(proportional to τ1z + τ2z ), are accounted for. However, the LEC’s associated with τ1z + τ2z , while
providing some additional flexibility in the data fitting (especially the LO term which is necessary for
reproducing the singlet nn scattering length), are not well constrained. The potential vS12 in coordinatespace reads (see Ref. [6])
⎡ 19
⎤
⎢⎢⎢
⎥⎥⎥
p
pσ
pt
ptτ
S
l
l
⎢
(3)
v12 = ⎢⎢⎣ vS (r) O12 ⎥⎥⎥⎦ + { vS (r) + vS (r) σ1 · σ2 + vS (r) S 12 + vS (r) S 12 τ1 · τ2 , p2 } ,
l=1

where
have been defined above, Ol=7,...,11
= L · S , L · S τ1 · τ2 , (L · S)2 , L2 , L2 σ1 · σ2 ,
12
= [1 , σ1 · σ2 , S 12 , L · S] ⊗ T 12 , τz1 + τz2 referred to
referred to as b, bτ, bb, q, qσ, and Ol=12,...,19
12
as T , τz, σT , στz, tT , tτz, bT , bτz. The four additional terms, denoted as p, pσ, pt, and ptτ, in
p
pσ
pt
the anti-commutator of Eq. (3) are p2 -dependent. The radial functions vlS (r), vS (r), vS (r), vS (r) and
ptτ
S
vS (r) are listed in [6]. The potential v12 is regularized via a Gaussian cutoﬀ,
Ol=1,...,6
12

CRS (r) =

1
π3/2 R3S

e−(r/RS ) ,
2

(4)

and we consider, in combination with RL = (0.8, 1.0, 1.2) fm, Rs = (0.6, 0.7, 0.8) fm, corresponding
to typical momentum-space cutoﬀs ΛS = 2/RS from about 660 MeV down to 500 MeV.
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3 Data analysis and results
The NN potential discussed in the previous section involves 34 unknown LEC’s associated with the
charge-independent contact interactions entering at LO, NLO and N3LO, and the charge-dependent
contact interactions entering the LO and NLO. These contact parameters are determined by fitting
the 2013 Granada database [15], consisting of 2309 pp and 2982 np data in the laboratory-energy
range Elab = 0 − 300 MeV, as well as the deuteron binding energy. In the optimization procedure,
as discussed in Ref. [6], we fit first phase shifts, then we refine the fit by minimizing the χ2 obtained
from a direct comparison with the database. In fact, sizable changes in the total χ2 are found when
passing from phase shifts to observables, so this refining is absolutely necessary to claim reasonable
fits to data. This is a general feature which is often found, and reflects the diﬀerent weights in the χ2
contributions of the two diﬀerent fitting schemes. Indeed, the initial guiding fit to phase shifts chooses
a prescribed energy grid arbitrarily, which does not correspond directly to measured energies, nor
necessarily samples faithfully the original information provided by the experimental data. Moreover,
there are diﬀerent PWA’s which describe the same data but yield diﬀerent phase shifts with significantly larger discrepancies than reflected by the inferred statistical uncertainties [15].
In Ref. [6] we report results for the potentials v12 + vEM
12 corresponding to three diﬀerent choices
of cutoﬀs (RL , RS ): model a with (1.2, 0.8) fm, model b with (1.0, 0.7) fm, and model c with (0.8, 0.6)
fm. The χ2 (pp)/datum and χ2 (np)/datum obtained by fitting the Granada database up to lab energies
of 300 MeV are about 1.48, 1.48, 1.52 and 1.20, 1.19, 1.23 for models a, b, and c, respectively; the
corresponding global χ2 (pp + np)/datum are 1.33, 1.33, 1.37. Errors for pp data are significantly
smaller than for np, thus explaining the consistently higher χ2 (pp)/datum. The fitted values of the
LEC’s corresponding to models a, b, and c are listed in [6].
The S-wave, P-wave, and D-wave phase shits for np (in T = 0 and T = 1) and pp are reported in
Ref. [6] where the calculated phases are compared to those obtained in partial-wave analyses (PWA’s)
by the Nijmegen [16], Granada [15], and Gross-Stadler [17] groups. There, we also provide tables
of the pp, np and nn eﬀective range parameters and of deuteron properties, including a figure of the
deuteron S and D waves.
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