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Abstract. We discuss the link between the chiral symmetry of QCD and the numerical
results of the light-front quark model, analyzing both the twist-2 and twist-3 distribution
amplitudes of a pion. In particular, we exhibit that the pion twist-3 distribution amplitude
can ﬂip the sign of curvature as the cutoﬀ scale for the transverse momentum gets lower
than a typical scale of around 1 GeV.

1 Introduction
Hadronic distribution amplitudes (DAs) provide essential information on the QCD interaction of
quarks, antiquarks and gluons inside the hadrons and play an essential role in applying QCD to hard
exclusive processes [1]. It has motivated many studies using various nonperturbative models and led
to develop distinct phenomenological models over the past two decades. Among them, the light-front
quark model (LFQM) appears to be one of the most eﬃcient and eﬀective tools in hadron physics as it
takes advantage of the distinguished features of the LFD. The rational energy-momentum dispersion
relation of LFD yields the sign correlation between the LF energy k− (= k0 − k3 ) and the LF longitudinal momentum k+ (= k0 + k3 ) and leads to the suppression of vacuum ﬂuctuations. This simpliﬁcation
is a remarkable advantage in LFD and facilitates the partonic interpretation of the amplitudes. Based
on the advantages of the LFD, the LFQM has been developed and subsequently applied for various
meson phenomenologies such as the meson mass spectra, the decay constants, DAs, form factors and
GPDs [2, 3]. Despite these successes in reproducing the general features of the data, however, it has
proved very diﬃcult to obtain direct connection between the LFQM and QCD.
Through the recent analysis of the twist-2 and twist-3 DAs of pseudoscalar and vector mesons [4,
5], we discussed the link between the chiral symmetry of QCD and the numerical results of the LFQM.
In particular, through the analysis of twist-3 DAs of π and ρ mesons, we observe that the LFQM with
eﬀective degrees of freedom represented by the constituent quark and antiquark may provide the
view of eﬀective zero-mode cloud around the quark and antiquark inside the meson. Consequently,
the constituents dressed by the zero-mode cloud may be expected to satisfy the chiral symmetry of
QCD. Our numerical results appear consistent with this expectation and eﬀectively indicate that the
constituent quark and antiquark in the LFQM may be considered as the dressed constituents including
the zero-mode quantum ﬂuctuations from the vacuum.
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2 Model Description
The twist-2(3) DAs φA(P)
2(3);π for a pion are deﬁned in the light-cone gauge as follows [6]:
 1
μ
μ
0|q̄(z)γ γ5 q(−z)|π(P) = i fπ P
dxei(2x−1)P·z φA
2;π (x),
0
 1
0|q̄(z)iγ5 q(−z)|π(P) = fπ μπ
dxei(2x−1)P·z φP3;π (x),

(1)

0

where the normalization parameter μπ is given by μπ = −2q̄q/ fπ2 from the Gell-Mann-Oakes-Renner
relation. Deﬁning the local matrix elements Mα ≡ 0|q̄Γα q|π(P) (α = A, P) for axial-vector (ΓA =
γμ γ5 ) and pseudoscalar (ΓP = iγ5 ) channels, we start from the exactly solvable manifestly covariant
Bethe-Salpter (BS) model:

 

 
d4 k
H0
Mα = Nc
k + mq̄ ,
(2)
Tr Γα /p + mq γ5 −/
4
2
2
2
2
(2π) (p − mq + iε)(k − mq̄ + iε)
where Nc denotes the number of colors, mq(q̄) is the constituent quark (antiquark) mass, and p = P − k.
In order to regularize the covariant loop, we use the usual multipole ansatz H0 (p2 , k2 ) = g/(p2 −
Λ2 + iε)2 for the qq̄ bound-state vertex function, where g and Λ are constant parameters. Since the
vertex function H0 may not be the realistic approximation of a qq̄ bound state, we utilize it only as
a tool to analyze the zero-mode complication in the exactly solvable BS model. Comparing the two
results of Eq. (2) obtained from the manifestly covariant calculation and the LF one, we found that
only the LF result for MA receives the zero modes. What is remarkable in our ﬁnding [4, 5] is that
the nonvanishing zero-mode contributions as well as the instantaneous ones to MA that appeared in
the covariant BS model now vanish explicitly when the phenomenological wave function such as the
Gaussian wave function in the LFQM is used. In other words, the decay constants and the quark DAs
of pseudoscalar mesons can be obtained only from the on-mass-shell valence contribution within the
framework of the standard LFQM using the Gaussian radial wave function and they still satisfy the
chiral symmetry consistent with the QCD. This observation is also applicable to the calculation of the
pion elastic form factor [5]. The self-consistent correspondence relation between the covariant BS
model and the LFQM can be found in [4, 5].
The explicit forms of the twist-2 and twist-3 DAs of the pion in the LFQM are given by [5]
√

 |k⊥ |<μ
2Nc |k⊥ |<μ 2
φR (x, k⊥ )
φA
(x)
=
d
k
m
≡
d2 k⊥ ψA
⊥ 
q
2;π
2;π (x, k⊥ ),
fπ 8π3
2
k⊥ + m2q
√
 |k⊥ |<μ
 |k⊥ |<μ
2
2
2Nc
φR (x, k⊥ ) k⊥ + mq
P
2
d
k
d2 k⊥ ψP3;π (x, k⊥ ),
(3)
φ3;π (x) = −
≡

⊥
x(1
−
x)
fπ μπ · 16π3
2
2
k⊥ + mq
respectively. From the point of view of QCD, one should note that the quark DAs of a hadron depend
on the scale μ that may separate nonperturbative and perturbative regimes. In our LFQM, we can
associate μ with the transverse integration cutoﬀ via |k⊥ | ≤ μ. The dependence on the scale μ is
then consistently given by the QCD evolution equation [1]. In our previous analysis [5] for the radial
wave function φR (x, k⊥ ), we used the Gaussian or Harmonic Oscillator (HO) wave function, φHO
R =
2
2
2
2
2
2
2 2
2
NHO exp(−k /2β ) where k = k⊥ + kz = k⊥ + (x − 1/2) (k⊥ + mq )/x(1 − x) for the pion case. But,
2 2 −2
and check the
in this work, we also use the power-law (PL) wave function, φPL
R = NPL (1 + k /β )
P
sensitivity of the scale μ to φA
(x)
and
φ
(x).
2;π
3;π
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2
ψ2;π from HO
ψ3;π from HO
ψ2;π from PL
ψ3;π from PL

2
Figure 1. The k2⊥ distributions ψA(P)
2(3);π (k⊥ ) obtained from HO and PL
wave functions. The dotted, solid, dashed, dot-dashed lines represent
P
A
P
[ψA
2;π ]HO , [ψ3;π ]HO , [ψ2;π ]PL , and [ψ3;π ]PL , respectively.
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Figure 2. Twist-2 and-3 DAs from Gaussian (left) vs. Power-law (right) wave function.

3 Numerical Results
In our numerical calculations, we use the model parameters mu(d) = 0.22 GeV and β = 0.3659 GeV
PL
HO
PL
for both φHO
R and φR . Both φR and φR are normalized without the momentum cutoﬀ (i.e. |k⊥ | → ∞)
and the corresponding pion decay constants give the same value fπ = 130 MeV, which is in good
Exp.
agreement with the experimental data , fπ = (130.41 ± 0.03 ± 0.20) MeV.
2
Deﬁning the k2⊥ distribution ψA(P)
2(3);π (k⊥ ) after integrating over x for the full wave function

A(P)
2
ψA(P)
2(3);π (x, k⊥ ) in Eq. (3), we show in Fig. 1 ψ2(3);π (k⊥ ) obtained from both HO and PL wave funcA(P)
tions. As one can see from Fig. 1, [ψ2(3);π
]PL have more high momentum tails than the corresponding

A
P
[ψA(P)
2(3);π ]HO for the cutoﬀ values μ ≥ 1 GeV. Figure 2 shows φ2;π (x) (left panel) and φ3;π (x) (right panel)
of a pion. We plotted for the two cases, i.e. without the cutoﬀ (i.e. μ → ∞) and with the cutoﬀ
P
PL
HO
PL
value μ → 1 GeV for both φHO
R and φR . As one see from Fig. 2, ψ3;π (x) for both φR and φR are
P
more sensitive to the cutoﬀ scale than ψA
2;π (x). While ψ3;π for both HO and PL wave functions show
slight convex shapes when μ → ∞, they ﬂip the convex shapes to concave ones when the typical
momentum cutoﬀ scale μ = 1 GeV or less is taken. The concave-shape ψP3;π (x) was obtained in other
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models such as the QCD sum rules [6] and Dyson-Schwinger approach [7] (double-dot dashed lines)
and our LFQM calculation can generate the concave-shape with a ﬁnite transverse momentum cutoﬀ.
This concave behaviors of ψP3;π (x) are more pronounced for the smaller cutoﬀ scale as one may expect
from Fig. 1. This rebuts the remark made in Ref.[8] that our LFQM has curvature of the opposite
sign on almost the entire domain of support in conﬂict with a model-independent prediction of QCD.
We have shown in our recent works[4, 5] that our LFQM is indeed consistent with the nature of chiPL
ral symmetry in QCD. Without the momentum cutoﬀ (μ → ∞), our results for both φHO
R and φR
reproduce the asymptotic result [9], [φP3;π ]as (x) → 1, in the chiral symmetry (mq → 0) limit in our
LFQM. Our LFQM result in the chiral symmetry limit is consistent with the conclusion drawn from
our previous analysis [4] of the twist-2 (φ||2;ρ (x)) and twist-3 (φ⊥3;ρ (x)) ρ meson DAs, where both DAs
also remarkably reproduce the exact asymptotic DAs in the chiral symmetry limit. However, with the
momentum cutoﬀ, the asymptotic behavior of φP3;π (x) becomes concave shape following the results of
the QCD sum rules [6] and Dyson-Schwinger approach [7].

4 Summary
We have discussed the link between the chiral symmetry of QCD and the numerical results of the
LFQM, analyzing both the twist-2 and twist-3 DAs of a pion using two diﬀerent model wave functions (HO vs. PL). While the twist-2 DA is rather insensitive to the transverse momentum cutoﬀ
μ ≥ 1 GeV, the twist-3 DA is sensitive to the cutoﬀ value and thus the sign of curvature should be
discussed discretely according to the scale taken consistently with the nature of chiral symmetry in
QCD. The idea of our LFQM is to provide the nonperturbative wave functions at the momentum scale
consistent with the use of constituent quark mass. The DAs determined from this nonperturbative
wave functions can be fed into the QCD evolution equation to provide the shorter distance information of the corresponding hadrons. The DAs obtained without the cutoﬀ should not be regarded as the
fully evolved DAs but still be nonperturbative as they just mean that the cutoﬀ dependence becomes
marginal beyond a certain nonperturbative cutoﬀ scale.
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