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Mathematical Model of Two Phase Flow in Natural Draft Wet-Cooling Tower
Including Flue Gas Injection
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Abstract. The previously developed model of natural draft wet-cooling tower ﬂow, heat and mass transfer
is extended to be able to take into account the ﬂow of supersaturated moist air. The two phase ﬂow model is
based on void fraction of gas phase which is included in the governing equations. Homogeneous equilibrium
model, where the two phases are well mixed and have the same velocity, is used. The eﬀect of ﬂue gas injection
is included into the developed mathematical model by using source terms in governing equations and by using
momentum ﬂux coeﬃcient and kinetic energy ﬂux coeﬃcient. Heat and mass transfer in the ﬁll zone is described
by the system of ordinary diﬀerential equations, where the mass transfer is represented by measured ﬁll Merkel
number and heat transfer is calculated using prescribed Lewis factor.

1 Introduction
Various models of natural draft cooling tower ﬂow, heat
and mass transfer exist. Classical approach is described in
reference [1], where simple algebraic draft equation is used
to calculate moist air mass ﬂow rate. An example of more
complex approach based on commercial CFD code is the
work [2]. As an example of other code can be mentioned
e.g. work [3].
Current work can be understood as continuation of previous work of author, see e.g. [4], [5]. This work is leading
to relatively complex CFD model of natural draft cooling
tower ﬂow, heat and mass transfer.
The main beneﬁt of current model is possibility to simulate supersaturated moist air. In the case where ambient
moist air is undersaturated or supersaturated is supersaturated moist air typically present in the cooling tower and
the plume outside cooling tower exist. The present model
provides data to estimate plume.
Another beneﬁt of present model is the inclusion of
ﬂue gas injection. Flue gas injection has contradictory effect on natural draft wet-cooling tower mass ﬂow rate and
thereby on water cooling. From one point of view is ﬂue
gas injection reducing cross sectional area of cooling tower
and thus reduces mass ﬂow rate, but from the other point
of view it creates ejector eﬀect which increases mass ﬂow
rate. Last but not least, the inclusion of momentum and
energy ﬂux coeﬃcients into the governing equation generalizes the model and allows to include multidimensional
eﬀect in quasi one-dimensional model.

the case of two phase ﬂow, that mixture of water vapour
and dry air is saturated. Water liquid has the temperature
of the mixture and the pressure of mixture. The water is
sub-cooled because mixture pressure is higher then water
vapour partial pressure. This model is the kind of homogeneous equilibrium model [6] of two phase ﬂow applied
to case where the gas phase is the mixture of condensable
and noncondensable components.
2.1 Mass fractions

A key step is the deﬁnition mass fractions. Overall density
of two phase mixture can be expressed using void fraction
of gas phase as [6]
ρ = αρg + (1 − α)ρl ,

where α is volumetric void fraction at speciﬁc point xi at
time τ, i.e. the volume of gas phase Vg over the whole Vg +
Vl
dVg (xi , τ)
α(xi , τ) =
,
(2)
dVg (xi , τ) + dVl (xi , τ)
where ρl is the density of water liquid and ρg the density
of gas phase which is a sum of dry air density ρa and the
density of water vapour
ρg = ρa + ρv .

Lets assume homogeneous equilibrium model of two phase
ﬂow, where the two phases are well mixed and have the
same velocity. Furthermore the thermal equilibrium of both
phases is assumed. Thermodynamic equilibrium implies in
a
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(3)

Speciﬁc humidity of supersaturated moist air is
xs =

2 Mathematical model of moist air ﬂow

(1)

αρv + (1 − α)ρl
ρv 1 − α ρl
=
+
αρa
ρa
α ρa

(4)

and the part corresponding to the gas phase is
x=

ρv
αρv
= .
αρa ρa

(5)

The case of supersaturated moist air is corresponding with
α < 1 and speciﬁc humidity of gas phase is equal to saturated speciﬁc humidity x = x . The mass fraction of dry
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air is in the case of supersaturated moist air equal to
−1

αρa
1
ρv 1 − α ρl
+
=
,
= 1+
wa =
ρ
ρa
α ρa
1 + xs

(6)

where vi is velocity vector. The solubility of dry air in the
water liquid can be neglected (i.e. wa,l = 0) and dry air
mass balance can be simpliﬁed to
∂ (αρa ) ∂ (αρa vi )
= 0,
+
∂τ
∂xi

water vapour mass fraction is deﬁned as
−1

αρv
x
ρa 1 − α ρl
+
=
= 1+
wv =
ρ
ρv
α ρv
1 + xs

or
(7)

−1

(1 − α)ρl
α ρa + ρv
.
= 1+
wl =
ρ
1 − α ρl

xs − x
.
1 + xs

(9)

Due to the utilization of void fraction in the deﬁnitions of
individual mass fractions it is possible to show that
wa + wv + wl = 1.

αρg
α(ρa + ρv )
wa + wv
=
=
(1 − α)ρl
(1 − α)ρl
1 − wa − wv

(11)

αρg
1+x
=
,
(1 − α)ρl
xs − x

(12)

where speciﬁc humidity is
wv
.
wa

Mass balance equations of dry air, water vapour and water
liquid are in this section written without diﬀusion term,
which is mostly negligible. The overall mass of dry air in
the two phase mixture can be expressed as




αρa + (1 − α)ρl wa,l dV =
ϕa dV,
(14)
ma =
V

where wa,l is mass fraction of dry air in the water liquid and
ϕa can be expressed also as
ϕa = αρg wa,g + (1 − α)ρl wa,l ,

(15)

where wa,g is mass fraction of dry air in the mixture of dry
air and saturated water vapour
wa,g =

wa
.
wa + wv

(16)

Dry air mass balance can by written as
∂ϕa ∂ (ϕa vi )
= 0,
+
∂τ
∂xi

= 0.

(19)

(17)

(20)

where σl is density of water liquid mass source and
σv (xi ) = −σl (xi )

(22)

in the case of moist air ﬂow without external sources of
both water vapour and water liquid. Overall mass balance
equation of supersaturated moist air can be obtained by
adding of equations (18), (20) and (21)
∂ρ ∂(ρvi )
= 0.
+
∂τ
∂xi

(23)

External sources of water vapour or water liquid are not
included in the previous equation. Overall momentum balance can be written as

|v|2
∂ 
∂(ρvi )
ρvi vk − σik = −ρgδi3 − ζρ δi3 ,
+
∂τ
∂xk
2

(13)

2.2 Governing equations

V

∂xi

where σv is density of water vapour mass source. Liquid
phase mass balance is




∂ (1 − α)ρl
∂ (1 − α)ρl vi
= σl (xi ),
(21)
+
∂τ
∂xi

(10)

The ratio of gas mass fraction to liquid mass fraction can
be expressed as

x=

+

∂ (αρv ) ∂ (αρv vi )
= σv (xi ),
+
∂τ
∂xi

(8)

It is possible to express water liquid mass fraction also as

and

∂τ



∂ αρg wa,g vi

Water vapour mass balance can be expressed as

and water liquid mass fraction is

wl =



∂ αρg wa,g

(18)

(24)

where σik is stress tensor, the ﬁrst term on the right represents volume force connected with gravity in the direction
−z an the second term allows to add minor losses in the z
direction. Overall energy equation is
∂
∂(ρe)
ρvk e − σk j v j + q˙k = −gρv3 ,
+
∂τ
∂xk

(25)

where total energy is the sum of internal energy and kinetic
energy e = u+ vk2vk and q˙k is diﬀusion coeﬃcient driven heat
ﬂux. The term on the right hand side is density of source
term which is connected with gravity force.
We have the system of equations (18), (20), (21), (24)
and (25) describing the ﬂow of supersaturated moist air.
The evaluation of source term σv appears to be one of
the complication of the model, but it is possible to replace
one of mass balance equations using overall mass balance
equation (23) and evaluation of water vapour mass fraction
should be based on thermodynamic relations for saturated
moist air. Finally it is possible to formulate the system of
governing equations where there are only overall continuity equation (23), overall momentum balance (24), dry
air continuity equation (18) and overall equation of energy
(25). The system of governing equations has to be closed
using the deﬁnition of internal energy and using the equation of state.
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2.3 Thermodynamic parameters

Internal energy u is deﬁned as
u=

1
αρg ug + (1 − α)ρl ul ,
ρ

(26)

where ul is internal energy of water liquid and internal energy of the mixture of dry air and water vapour is
ug =

1
(ρa ua + ρv uv ) = ua wa,g + (1 − wa,g )uv ,
ρg

(27)

where ua is internal energy of dry air, uv is internal energy
of water vapour and wa,g (p, t) is mass fraction of dry air in
the mixture of dry air and saturated water vapour. Finally
can be internal energy u expressed as
u = cvs (p, t)t + wv (p, t) lT R −

pT R
,
ρT R

cvs (p, t) = wa cva + wv (p, t)cvv + [1 − wa − wv (p, t)]cvw , (29)
where cva , cvv and cvw are constant volume speciﬁc heat capacities of dry air, water vapour and water liquid respectively. Equation of state can be written as
(30)

where r s is gas constant of the mixture of dry air and water
vapour
r s (p, t) =

wa
wv (p, t)
ra +
rv
wa + wv (p, t)
wa + wv (p, t)

and temperature in Kelvins can be expressed as


u − wv (p, t) lT R − ρpTT RR
+ 273.15.
T (p, t) =
cvs (p, t)

(31)

(32)

The key part of this model of two phase ﬂow is resolving
the temperature and pressure based on the equations (28)
and (30). The two equations for pressure and temperature
are non-linear mainly because water vapour mass fraction
is the function of saturation pressure at given temperature
wv (p, t) = 0.622wa

pv (t)
.
p − pv (t)

(33)

The saturation pressure at given temperature can be calculated by using IAPWS formulation [7].
2.4 Quasi one-dimensional model of natural draft
wet-cooling tower including ﬂue gas injection

A

β= ⎛
⎞2 , γ =
⎜⎜⎜ 
⎟
⎜⎝ vdA ⎟⎟⎟⎠
A

A

⎛
⎞3 .
⎜⎜⎜ 
⎟
⎜⎝ vdA ⎟⎟⎟⎠

(36)

A

The utilization of momentum coeﬃcient β and kinetic energy ﬂux coeﬃcient γ is important especially in the case
of ﬂue gas injection, where the non-uniformity of velocity proﬁle is signiﬁcant. The evaluation of β and γ coeﬃcients is assumed to be based on CFD simulation of incompressible multidimensional ﬂow with mass ﬂow rate based
on quasi one-dimensional simulation. Vector of sources responsible for natural draft and minor losses Qnd is
⎡
⎤
A(z)σm (z)
⎢⎢⎢
⎥
⎢⎢⎢ p dA − A(z) ρg + ζ(z)ρ v2  ⎥⎥⎥⎥⎥
⎢
⎥⎥⎥ ,
dz
2
(37)
Qnd = ⎢⎢⎢
⎢⎢⎣
⎥⎥⎥⎦
0
A(z)(σq (z) + ρgv)
where σm (z) is the density of mass source which is connected with mass transfer in the ﬁll zone and σq (z) is the
density of heat source connected with heat transfer between water ﬁlm and moist air in the ﬁll zone. Minor losses
in the zones are represented by coeﬃcient ζ(z), e.g. [8, 9] .
Flue gas injection corresponds to a reduction of eﬀective cross-section by the cross-section of ﬂue gas pipe A f g .
Flue gas mass ﬂow rate is ṁ f g , the temperature is t f g and
speciﬁc humidity of ﬂue gas is x f g . Let the pressure at ﬂue
gas injection is numerically solved, then it is possible to
calculate density ρ f g and velocity of ﬂue gas v f g there. Vector of sources responsible for ﬂue gas eﬀect Q f g is
⎡
⎤
⎢⎢⎢ 1 ⎥⎥⎥
⎢
ṁ f g ⎢⎢ v f g ⎥⎥⎥
⎢⎢
⎥⎥ ,
(38)
Qfg =
Δz f g ⎢⎢⎢⎣ wa f g ⎥⎥⎥⎦
efg
where Δz f g is height of control volume which represents
ﬂue gas injection, wa f g is mass fraction of dry air in the
ﬂue gas and e f g is total energy of ﬂue gas.

3 Fill heat and mass transfer

The system of governing equations can be written for the
case of quasi one-dimensional ﬂow as
∂(WA) ∂(FA)
+
= Qnd + Q f g ,
∂τ
∂z

where β is momentum ﬂux coeﬃcient and γ is kinetic energy ﬂux coeﬃcient taking into account non-uniformity of
velocity proﬁle and γ is kinetic energy ﬂux coeﬃcient


A v2 dA
A2 v3 dA

(28)

where lT R is heat of vaporisation at the triple point, pT R
is the triple point pressure and ρT R is the density at the
triple point. Temperature in degrees of Celsius is t. Mixture
speciﬁc heat capacity is

p = r s (p, t)ρg (p, t)T (p, t),

where A(z) is cross sectional area of the cooling tower, z
is spatial coordinate and τ is temporal coordinate. Lets assume the moist air ﬂow in the direction of z axis. The ﬁrst
equation is overall continuity equation, the second is overall momentum equation, the third is mass balance of dry
air and the last equation is balance of energy. Vector of
conservative variables W and vector of ﬂuxes F are
⎡
⎤
⎤
⎡
ρv
⎢⎢⎢
⎥⎥⎥
⎢⎢⎢ ρ ⎥⎥⎥
⎢
⎥⎥⎥
2
⎢⎢⎢
⎢⎢⎢ ρv ⎥⎥⎥
ρv β + p
⎥⎥⎥ ,
⎥⎥⎥ , F = ⎢⎢⎢
(35)
W = ⎢⎢⎢⎢
ρwa v
⎢⎢⎢ 
⎥⎥⎥⎥

⎣⎢ ρwa ⎥⎦⎥
2
⎣
⎦
v
ρe
ρ(u + γ 2 ) + p v

(34)

The model of heat and mass transfer used in this section is
modiﬁcation of model [5]. Integration of the model equations in the ﬁll zone is leading to the evaluation of sources
in the governing equations of moist air ﬂow.
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3.1 Governing equations

between water and water vapour in inﬁnitesimal control
volume of height dz is

It has been shown in the reference [5] that the change in
water mass ﬂow rate with height of the ﬁll z is
dṁw
= αm aq A f r (x (tw ) − x s ),
dz

(39)

(42)

Change in water temperature can be expressed using the
deﬁnition of Lewis factor as
dtw αm aq A f r
Le f c p (tw − t) + (x (tw ) − x s )l(tw ) ,
=
dz
ṁw c p w
(43)
Merkel number [1] can be in general expressed as
A

Me =
0

αm
dA =
ṁw



h f ill
0

αm aq A f r
dz,
ṁw

(44)

where h f ill is height of the ﬁll. Averaged value of non dimensional mass transfer coeﬃcient is
αm aq A f r
= Me/h f ill .
ṁw

(45)

Governing equations for water mass ﬂow rate can be simpliﬁed using known value of Merkel number Me [8] as
dṁw
= Me/h f ill ṁw (x (tw ) − x s ),
dz


ṁa dx αm aq A f r  
x (tw ) − x s ,
=
A(z) dz
A(z)

(49)

and after manipulation
Me/h f ill


ṁw x (tw ) − x s .
A(z)

(50)

ṁa dh1+x
.
A(z) dz

(51)

αaq A f r
(tw − t) + hv (tw )σm ,
A(z)

(52)

σm =
Heat source is

σq =
Finally we get

where unlike the reference [5] it is important to use dry air
mass fraction wa , water vapour mass fraction wv and water
liquid mass fraction wl



σm =

(40)

where α is heat transfer coeﬃcient and l(tw ) is latent heat
of vaporisation at water temperature. Further modiﬁcations
of governing equations are based on the deﬁnition of Lewis
factor [1]
α
Le f =
,
(41)
αm c p

c p = wa c p a + wv c p v + wl c p w .

(48)

we can express mass source as

where ṁw is water mass ﬂow rate, αm is mass transfer coeﬃcient, aq is transfer area per unit volume, A f r is cross
sectional area of the ﬁll and x (tw ) is speciﬁc moisture of
saturated air at water temperature tw . The change in water
temperature can be expressed as
aq A f r 

dtw
α(tw − t) + αm (x (tw ) − x s )l(tw ) ,
=
dz
ṁw c p w

dṁw = ṁa dx s ,

(46)

Me/h f ill
dtw
Le f c p (tw − t) + (x (tw ) − x s )l(tw ) . (47)
=
dz
cw
The main diﬀerence in comparison to previous model [5] is
precise calculation of speciﬁc heat capacity, where parameters of supersaturated moist air are taken into account.
3.2 Calculation of source terms

Due to diﬀerent deﬁnition of internal energy in this work
unlike the work [5], the attention should be paid in expressions for source terms. Because the general mass balance

σq =

where hv (tw ) is enthalpy of water vapour at water temperature. After application of Lewis factor Le and Merkel number Me we have
Me/h f ill
(53)
ṁw c p (tw − t) + h(tw )σm .
σq = Le f
A(z)

4 Conclusions
Proposed model overcomes the drawbacks of previously
developed models [4] and [5]. The applicability of the the
model to the case of supersaturated moist air is signiﬁcantly expanded. Finally, the model includes the possibility to simulate ﬂue gas injection, where the approach based
on momentum ﬂux coeﬃcient β, kinetic energy ﬂux coefﬁcient γ and additional source vector is used.
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9. J. Stodůlka, R. Vitkovičová, EPJ Web of Conferences,
92, (2015), 02086

02046-p.4

