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Abstract
We investigate the Be+ Pb elastic scattering, breakup and fusion at energies around the Coulomb barrier. The three processes
are described simultaneously, with identical conditions of calculations.
The 9 Be nucleus is deﬁned in an α + α + n three-body model, using
the hyperspherical coordinate method. We ﬁrst analyze spectroscopic
properties of 9 Be, and show that the model provides a fairly good description of the low-lying states. The scattering with 208 Pb is then
studied with the Continuum Discretized Coupled Channel (CDCC)
method, where the α + α + n continuum is approximated by a discrete number of pseudostates. Optical potentials for the α+208 Pb and
n+208 Pb systems are taken from the literature. We present elasticscattering and fusion cross sections at diﬀerent energies.
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Introduction

Many experiments have been performed with the 9 Be nucleus, used as a
target or as a projectile [1]. Although 9 Be is stable, it presents a Borromean
structure, as the well known halo nucleus 6 He. None of the two-body subsystems α + n or α + α is bound in 9 Be, which has important consequences
on the theoretical description of this nucleus. Precise wave functions must
include the three-body nature of 9 Be. The hyperspherical formalism [2] is an
ideal tool to describe three-body Borromean systems, as it does not assume
a speciﬁc two-body structure, and considers the three particles α + α + n on
an equal footing.
In the present work [3], we aim at investigating 9 Be scattering and fusion
on a heavy target. The reaction framework is the Continuum Discretized
Coupled Channel (CDCC) method (see Ref. [4] for a recent review), which is
well adapted to weakly bound projectiles since it allows to include breakup
channels. Going from two-body projectiles (such as d=p+n or 7 Li=α+t)
to three-body projectiles, however, strongly increases the complexity of the
calculations, even if both options eventually end up with a standard coupledchannel system.
Many data have been obtained for 9 Be+208 Pb elastic scattering [5, 6]
and fusion [7, 8]. These experimental data provide a good opportunity to
test 9 Be wave functions. No assumption should be made about the cluster
structure, and α+208 Pb as well as n+208 Pb optical potentials are available
in the literature.

2

Three-body model of 9 Be

The determination of the 9 Be wave functions is the ﬁrst step for the
9 Be+208 Pb CDCC calculation. For a three-body system, the Hamiltonian
is given by
H0 =

3
3


p 2i
+
Vij (rr i − r j ),
2mi
i=1

(1)

i<j=1

where r i and p i are the space and momentum coordinates of the three particles with masses mi , and Vij a potential between nuclei i and j. For the
α + α interaction, we use the deep potential of Buck et al. [9]. The α+n interaction is taken from Kanada et al. [10]. Both (real) potentials accurately
reproduce the α + α and α+nucleon phase shifts over a wide energy range.
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With these potentials, the 9 Be ground state is too bound (−3.12 MeV,
while the experimental value is −1.57 MeV with respect to the α + α + n
threshold). We have therefore introduced a phenomenological three-body
force which reproduces the experimental binding energy of the 3/2− ground
state.
√ The r.m.s. radius, the quadrupole moment, and the magnetic moment
are r2 = 2.36 fm, Q(3/2− ) = 4.96 e.fm2 , and μ = −1.33 μN , respectively.
These values are in fair agreement with experiment (2.45 ± 0.01 fm, 5.29 ±
0.04 e.fm2 and −1.18 μN , respectively)

3

The CDCC method

We present here a brief outline of the CDCC method, and we refer to Ref. [11]
for speciﬁcities of three-body projectiles. The CDCC method is based on
approximate solutions of the projectile Hamiltonian (1)
jπ jmπ
= E0,k
Φk ,
H0 Φjmπ
k

(2)

jπ
where k are the excitation levels in partial wave jπ. Solutions with E0,k
<0

jπ
correspond to bound states of the projectile, whereas E0,k
> 0 correspond
to narrow resonances or to approximations of the three-body continuum.
These states cannot be associated with physical states, and are referred to
as pseudostates. The 9 Be spectrum used in the present model is shown in
Fig. 1.
The Hamiltonian of the projectile + target system is written as

R, x , y ) = H0 (x
x, y ) −
H(R

h̄2
R, x , y )
ΔR + V (R
2μP T

(3)

where μP T is the reduced mass of the system, and R the relative coordinate. The Jacobi coordinates x and y are proportional to r Be−n and r α−α ,
respectively. The potential term reads
R, y ) + V2t (R
R, x , y ) + V3t (R
R, x , y )
R, x , y ) = V1t (R
V (R

(4)

where the three components Vit are optical potentials between fragment i
and the target.
In order to solve the Schrödinger equation associated with (3), the total
wave function with angular momentum J and parity Π is expanded as

Π
Π
JΠ
R, x , y ) =
ϕJM
(5)
ΨJM
jπkL (ΩR , x , y )gjkL(ω) (R),
(ω) (R
jπkL
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Figure 1: Pseudostate energies (deﬁned from the α + α + n threshold) for the dominant partial waves j = 3/2− , 5/2− , 1/2+ .

where ω is the entrance channel, and where the channel wave functions are
given by
Π
ϕJM
jπkL (ΩR , x , y )

=i

L



x, y )
Φjπ
k (x

JM
⊗ YL (ΩR )
.

(6)

The radial functions gcJΠ (R) (we use the notation c = (j, π, k, L)) are obtained from the system



h̄2 d2
JΠ
JΠ
JΠ
+
E
−
E
g
(R)
+
Vc,c
(7)
−
 (R)gc (ω) (R) = 0,
c
c(ω)
2μP T dR2

c

where E is the c.m. energy, and where the coupling potentials are given by
matrix elements
JΠ
JM π
π
Vc,c
|V |ϕJM
+
 (R) = ϕc
c

h̄2 L(L + 1)
δcc .
2μP T
R2

(8)

As the fragment-target potentials (4) are optical potentials, matrix elements
(8) contain a real and an imaginary parts (see Ref. [3] for detail). We solve
Eq. (7) with the R-matrix theory [12].
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4
4.1

Application to the 9 Be+208 Pb system
Elastic scattering

The calculations are performed with the j π = 3/2± , 5/2± , 1/2± partial waves
on 9 Be, and the cutoﬀ energy is 12.5 MeV. Figure 2 shows 9 Be+208 Pb elastic
cross sections at two typical energies (the data are taken from Refs. [5, 13]).
In contrast with optical-model calculations [5], no renormalization of the
potential is needed. The absorption is simulated by the imaginary parts of
the α−208 Pb and n−208 Pb interactions, and by the α + α + n discretized
continuum. Calculations involving only the 3/2− ground state are shown
as dashed lines, and the full calculations as solid lines. From Fig. 2, it
appears that continuum couplings are more important at low energies. At
E = 38 MeV, the single-channel calculation, limited to the 9 Be ground
state is signiﬁcantly diﬀerent from the data. This conﬁrms the conclusion
of a previous work [14] which suggests that continuum couplings are more
important at low energies.
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Figure 2: 9 Be+208 Pb elastic cross sections (divided by the Rutherford cross section)
at two 9 Be laboratory energies, and for diﬀerent sets of 9 Be partial waves. The
experimental data are taken from Ref. [5] (ﬁlled circles) and Ref. [13] (open circles).
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4.2

Fusion

The 9 Be+208 Pb fusion reaction has been studied theoretically by several
groups (see Ref. [15] and references therein). Data about the various mechanisms (total TF, complete CF and incomplete ICF fusion) are also available
in the literature [7, 8, 16].
Total fusion
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Figure 3: Total fusion cross sections with (black lines) and without (red lines)
removal of the neutron capture. The dashed lines represent the single-channel
calculations, and the solid lines represent the full calculations. The Coulomb barrier
energy VB is indicated by a vertical arrow.

The total fusion cross section essentially involves two contributions: the
complete fusion, where the whole projectile is absorbed, and the incomplete
fusion, where only a part of the projectile charge is absorbed by the target.
As far as the total fusion is concerned, the cross section can be obtained
by using the scattering matrices. The CDCC total fusion cross sections
obtained in this way are shown in Fig. 3 as red lines. Above the Coulomb
barrier, the present calculation overestimates the data by about a factor two.
This overestimation is due to the diﬀerent deﬁnitions adopted for fusion in
the experiment and in the calculation. In other words, the theory deﬁnes
fusion as the absorption of the whole projectile or any of its fragments,
including the neutron. On the other hand, the experimental cross section
only includes contributions from the absorption of charge [7]. Thus, the two
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cross sections diﬀer by the neutron absorption which, owing to the lack of a
Coulomb barrier, may be quite large.
The CDCC calculation can be adapted to the experimental conditions
by using an equivalent deﬁnition of the fusion cross section, and by removing
the neutron-target imaginary potential. The results obtained in this way are
shown in Fig. 3 as black lines. By excluding the neutron capture, we obtain
an excellent agreement with experiment above Ecm ≈ 40 MeV. This is more
clearly shown in the inset, drawn in a linear scale. We conﬁrm previous
CDCC calculations [15, 21] which conclude that the inﬂuence of breakup
channels increases at sub-barrier energies. Below the Coulomb barrier, the
single-channel calculation is in better agreement with experiment, and the
full calculation overestimates the data. This discrepancy is common to most
CDCC fusion calculations (see, for example, Fig. 1 of Ref. [15]), and deserves
further investigation.

5

Conclusion

We have applied the CDCC formalism to the 9 Be+208 Pb system. In a
ﬁrst step, we have computed 9 Be wave functions in a three-body α + α + n
model. These calculations were performed for low-lying states, but also for
pseudostates, which represent positive-energy approximations of the continuum. The main advantage of the hyperspherical approach is that it treats
the three-body continuum without any approximation concerning possible
8 Be + n or 5 He + α cluster structures, which are in fact strictly equivalent.
The three-body model of 9 Be relies on α + α and α + n (real) interactions, which reproduce very well the elastic phase shifts. With these bare
interactions, the 9 Be ground state is slightly too bound. We therefore introduce a phenomenological three-body force to reproduce the experimental
ground-state energy. The spectroscopic properties of low-lying states is in
fair agreement with experiment.
We used ﬁrst the 9 Be wave functions in a CDCC calculation of the
9 Be+208 Pb elastic scattering at energies close to the Coulomb barrier. As
expected, including continuum channels improves the theoretical cross sections. A fair agreement with the data is obtained.
We also applied the four-body CDCC to the 9 Be+208 Pb fusion, by using
the same potentials as for elastic scattering. The total fusion cross section
is found in good agreement with experiment, except at very low energies,
where we overestimate the data.
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