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Abstract

Clusters are quite important at various situations in heavy-ion col-
lisions and in excited low-density nuclear matter. Antisymmetrized
molecular dynamics has been improved to take into account the cor-
relations to form light clusters such as deuterons and α particles. The
present status of this approach for the description of multifragmenta-
tion is reported. Calculated results demonstrate strong impacts of clus-
ters in various observables including those usually regarded as probes
of the density dependence of symmetry energy.

1 Introduction

Fragments and light clusters are copiously produced in various situations
in heavy-ion collisions. For example, in Xe + Sn central collisions at 50
MeV/nucleon, the INDRA data [1] show that only 10% of total protons in
the system are emitted as free protons and all the other protons are bound
in light clusters, such as α particles, and in heavier fragment nuclei. Even
though the incident energy is raised, the free-proton ratio increases only
gradually [2]. A similar feature can be found in the data of Ref. [3] which
shows the cluster mass fractions as functions of the excitation energy of
the vaporized 36Ar projectile nucleus. The cluster composition in excited
low-density nuclear matter can also be an important factor to describe core-
collapse supernovae [4].
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Recently the heavy-ion data from Texas A&M have been analyzed to
extract the cluster composition and other properties of nuclear matter as
functions of the evolution of the temperature and the density [5]. Com-
parison of the extracted equilibrium constants for the cluster composition
with various equation-of-state (EOS) models suggests necessity of a cluster
suppression mechanism such as medium effects [6]. Nevertheless, in general,
the link between heavy-ion collisions and EOS should be carefully checked
because of the dynamical nature of collisions.

The property of a cluster in medium is typically calculated with an
inmedium Schrödinger equation as in Ref. [7]. A cluster can exist as a bound
state, depending on the density of the medium and the momentum of the
cluster relative to the medium. Then, in actual systems, many clusters may
coexist and change the nuclear matter properties and the collision dynamics.

It is therefore demanded that the transport models should solve the time
evolution of collisions by correctly treating cluster correlations. However,
transport models have been developed based on the single-nucleon motions,
and only few models treat cluster correlations explicitly. In a version of BUU
by Danielewicz et al. [8], clusters up to 3H and 3He have been introduced
as new particle species and the equations for the distribution functions are
coupled by the collision terms representing various reactions of clusters and
nucleons. A recent calculation demonstrates that collision dynamics is in-
fluenced by the clusters [9]. On the other hand, in the antisymmetrized
molecular dynamics (AMD) approach, we have introduced cluster correla-
tions by improving the two-nucleon collision procedure [10]. The aims of the
rest of this article are to report the present status of this approach and to
demonstrate the importance of clusters in the studies of heavy-ion collisions.

2 AMD with clusters

In AMD, a many-body state is described by a Slater determinant of Gaussian
wave packets. The time evolution of the wave-packet centroids is determined
by the motion in the mean field, derived from the time-dependent variational
principle, and the stochastic two-nucleon collision process. The latter is a
quantum mechanical transition from an AMD state to another AMD state
with a transition rate

Wi→f =
2π

h̄
|〈Ψf |V |Ψi〉|2δ(Ef − Ei). (1)

The most basic version is described in Ref. [11], where only the states of the
colliding nucleons are changed by a two-nucleon collision.
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It has been known that this basic version of AMD does not well repro-
duce the fragmentation in collisions of heavy nuclei such as Xe + Sn central
collisions at 50 MeV/nucleon, with serious underproduction of α particles
and overproduction of nucleons (see Ref. [10]). It should be noted that
the AMD wave function is suitable for describing cluster correlations in the
ground state and low-lying excited states of nuclei [12]. The problem is the
too small probability that clusterized states are realized during the evolution
of reactions. In fact, after a two-nucleon collision, one (or both) of the scat-
tered nucleons may accidentally form a cluster with surrounding nucleon(s).
The probability of this kind of cluster formation should be calculated as a
transition to a specific quantum state because it does not necessarily agree
with the classical phase space to form a cluster.

Therefore, in the new version of AMD with cluster correlations, the
transitions to the clusterized final states are explicitly taken into account, by
including those states in the set of final states {|Ψf 〉}. When two nucleons N1

and N2 collide, we consider the cluster-forming reaction N1+B1+N2+B2 →
C1 + C2 in the most general case. Here B1 (B2) is a nucleon or a set of
nucleons which is forming a cluster C1 (C2) with the nucleon N1 (N2). The
transition rates are still given by Eq. (1). See Ref. [10] for more details. We
consider the formation of clusters up to α clusters as C1 and C2. A cluster
is represented by placing the Gaussian wave packets of nucleons at the same
phase-space point, so that the overlap probabilities from the matrix element
in Eq. (1) are expressed analytically. The interaction V in Eq. (1) is that
between N1 and N2, and therefore we need the two-nucleon matrix elements
which are essentially given once we have chosen a parametrizattion of two-
nucleon collision cross sections which may be modified in medium. For
example, in the calculations in the next section, we have chosen a so-called
screened cross section [9]

σNN = σ0 tanh(σfree/σ0), σ0 = yρ−2/3, y = 0.85. (2)

No parameters have been introduced to adjust individual probabilities of
different cluster formation reactions, but the overall cluster production
probability is suppressed for low momentum-transfer collisions by a fac-
tor 1− exp[−q2/(64 MeV/c)2]. There are many possible final states {|Ψf 〉}
corresponding to different ways to form clusters. The non-orthogonality of
these states should be carefully handled [10]. Finally, it should be com-
mented that the formed cluster (C1 or C2) is treated in the following time
evolution just as several nucleons which are accidentally at the same point
(except for the extension in the next paragraph). A cluster may be broken
by the mean field or by a two-nucleon collision between a nucleon in it and
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another nucleon in the system like a process d + X → n + p + X ′. It is
also possible that, in the final state of this two-nucleon collision, the same
cluster is formed again like an elastic process d+X → d+X ′. Thus, without
introducing many parameters, various kinds of cluster reactions have been
introduced.

Many of light nuclei (Li, Be etc.) have only one or a few bound states
which may be regarded as bound states of internal clusters. Then the same
issue exists about the mismatch of classical phase space and the quantum-
mechanical transition. Therefore, for a better description, inter-cluster cor-
relation is introduced as a stochastic process of binding clusters. The basic
idea is to replace the relative momentum between clusters by zero if moder-
ately separated clusters (1 < Rrel < 5 fm) are moving away from each other
with a small relative momentum (Rrel · Prel < 0 and P 2

rel/2μ < Emax
rel ). It

is allowed that more than two clusters are linked by this condition and to
be bound simultaneously. The energy conservation should be achieved by
scaling the relative momentum between the center-of-mass of the bound clus-
ters (CC system) and a third particle chosen with a suitable criterion. The
numerical results depend on the adopted conditions for this cluster-cluster
binding process. In the following calculations, we have chosen Emax

rel = 8
MeV, but it is reduced by a factor e−(ACC/35)2 when many clusters (with
total mass number ACC of the CC system) are to be bound simultaneously.
The binding is not considered if 10 ≤ ACC ≤ 18, in order to compensate the
issue of the overbinding of the nuclei in this mass region with the adopted
effective interaction.

3 Basic characters of multifragmentation

In this section, the calculated fragment charge distributions for multifrag-
mentation in some central collisions are shown in comparison with experi-
mental data. All the calculations were performed with the AMD with cluster
correlations with the same model parameters as described in the previous
section. The Skyrme SLy4 interaction was adopted with the spin-orbit term
neglected. The decays of excited fragments at the end of the AMD calcula-
tion were calculated by a statistical decay code.

Figure 1 shows the comparison for Xe + Sn collisions at 50 and 32
MeV/nucleon. The light particle multiplicities (multiplied by the parti-
cle mass number) are also shown in the inset. The overall distribution of
the fragments (Z ≥ 3) and the individual multiplicities of light charged
particles are all reproduced very well. The deviations in the yields around
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Figure 1: Fragment charge distribution in central Xe + Sn collisions (0 < b < 2
fm) at the incident energies of 50 (left) and 35 (right) MeV/nucleon, calculated by
AMD with cluster correlations. The inset shows the multiplicities of light particles
multiplied by the mass number. The INDRA experimental data are taken from
Ref. [1].

Z = 4 at both energies have not been well understood. As well as the cluster
correlations (to form clusters up to α particles), the cluster-cluster correla-
tions are quite important to reproduce the data at both incident energies
simultaneously.

The fragment multiplicities were calculated by the same model for vio-
lent collisions of 40Ca + 40Ca at 35 MeV/nucleon (left part of Fig. 2) and
central collisions of Au+Au at 250 MeV/nucleon (right part of Fig. 2). The
reproduction of data is almost satisfactory if we consider the wide difference
of the system sizes and the incident energies. The α particles in Ca + Ca
at 35 MeV/nucleon are underproduced in contrast to the overproduction
in Xe + Sn at 50 MeV/nucleon. However, the reproductions of these two
systems are much more consistent than with any other previous versions of
AMD. The yield of relatively heavy fragments in the Au+ Au collision may
depend on the details of the cluster-cluster binding process.

The yields of clusters and fragments in these various reaction systems
represent the essential information on how many-body spatial correlations
develop in expanding systems with various expansion speeds and/or thermal
excitations. A consistent description of this feature is an important mile-
stone to enable precise studies of other features, as in the following sections.
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Figure 2: Left: Fragment charge distribution in violent events in 40Ca + 40Ca
collisions at 35 MeV/nucleon. A filter for the experimental setup has been applied
to the calculated events, and the violent events are selected by the same condition
as for the experimental data [13]. Right: Fragment charge distribution in central
Au+Au collisions at 250 MeV/nucleon. The calculated result by AMD with cluster
correlations is compared to the FOPI experimental data [2].

4 Clusters at 50 MeV/nucleon

Emission of light particles, in systems of various neutron-proton asymme-
tries, is expected to be a probe of nuclear matter properties such as the
density dependence of the symmetry energy and the neutron-proton effec-
tive mass difference (see Ref. [14] and references therein). It is evidently
important to have a good theoretical understanding of emission of clusters.

The left part of Fig. 3 shows the calculated distributions of the emitted
light particles as functions of the energy per nucleon ε = E/A in the center-
of-mass system in the central collisions of neutron-rich nuclei 124Sn + 124Sn
at 50 MeV/nucleon. The distributions are weighted by the mass number of
the particles. It is clearly seen that a large part of nucleons are bound in α
particles in the low energy part. The neutron-proton ratio is (N/Z)gas ≈ 2
for the sum of these particles (A ≤ 4). This is significantly larger than
the ratio (N/Z)system = 1.48 for the total system, which is understood as
the effect of neutron fractionation. Since the same numbers of neutrons and
protons are bound in many α particles (and deuterons), only a small number
of protons and 3He are left. Consequently the free n/p ratio and the t/3He
ratio can be very large, (Ngas − 2nα)/(Zgas − 2nα) � (N/Z)gas. In the right
part of Fig. 3, the free n/p ratio is compared with the experimental values
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Figure 3: Left: The mass-weighted distributions of the energies ε = E/A of light
particles emitted to the angles 70◦ < θ < 110◦ in the center-of-mass system of
124Sn + 124Sn central collisions at 50 MeV/nucleon. Right: The spectral n/p ratio
of free neutrons and protons and the (N/Z)gas ratio of the sum of light particles.

from Ref. [14]. The n/p ratio can be very large (∼ 10 at low energies) due
to the above-mentioned effect of the α-particle formation. The exact value
of the n/p ratio is probably quite sensitive to the details of the emission
of α particles. On the other hand, the (N/Z)gas ratio for the sum of these
light particles takes a moderate value (∼ 2) without a strong dependence
on the energy ε. It seems that the present calculation with the Skyrme
SLy4 interaction (corresponding to L = 46 MeV) is slightly overestimating
(N/Z)gas compared to the data.

5 Nuetron-proton dynamics at 300 MeV/nucleon

Heavy-ion collisions at several hundred MeV/nucleon provide us an oppor-
tunity to explore compressed nuclear matter. In the AMD calculation with
clusters, the maximum density slightly higher than 2ρ0 is reached at about
t = 20 fm/c, in 132Sn+ 124Sn central collisions at 300 MeV/nucleon. In such
neutron rich systems, the neutron-proton ratio in the compressed part of the
system is sensitive to the value of the symmetry energy at high densities [15].
The left part of Fig. 4 shows the neutron-proton density difference at t = 25
fm/c defined by Δnp(r) = 4πr2[(A/N)ρn(r) − (A/Z)ρp(r)] for the angle-
averaged densities ρn(r) and ρp(r). The coefficients are defined by using A,
N and Z of the reaction system so that we have

∫ ∞
0 Δnp(r)dr = 0. The

results are shown by two lines for the effective interactions corresponding to
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Figure 4: Left: The difference between neutron and protons densities defined as
in the text as a function of the distance from the center of the system at the time
t = 25 fm/c in 132Sn + 124Sn central collisions at 300 MeV/nucleon. The collective
radial velocity is also shown. Right: The (N/Z)gas ratio for the sum of emitted
particles 1 ≤ A ≤ 4 for the final state of the same reaction system.

L = 46 MeV (solid) and L = 108 MeV (dashed). As expected, the central
high-density part becomes less neutron rich than the exterior low-density
part, and the effect is stronger for the stiffer symmetry energy.

The AMD calculations here were performed with the free nucleon-
nucleon cross sections, with a parameter set for cluster correlations different
from Sec. 2. For the stiffer symmetry energy, the density dependent term of
the Skyrme SLy4 interaction v

(L=46)
ρ = 1

6 t3(1+x3Pσ)ρ(r1)αδ(r1−r2) was re-
placed by v

(L=108)
ρ = 1

6 t3(1+x′
3Pσ)δ(r1−r2)ρ(r1)α + 1

6 t3(x3−x′
3)ρ

α
0 Pσδ(r1−

r2) with x′
3 = −0.5. The momentum dependence of the energy functional

was modified for high energy collisions in a similar way to Ref. [16].
An important question is, of course, how this effect at an early stage

can be observed in experiments. The charged pion ratio can be a good
probe [15]. We here explore another complementary possibility of using
spectra of nucleons and clusters. A hint is found in the left part of Fig.
4 in which the radial expansion velocity is also shown. The almost linear
dependence on the distance from the center suggests that the system is very
simply expanding in this high energy collision. Therefore the exterior part,
which is neutron rich, will contribute to the high velocity particles in the final
state, while the neutron-poor interior part will be observed as low velocity
particles. In fact, this very simple picture seems correct in the calculation
as in the right part of Fig. 4 which shows the (N/Z)gas spectral ratio for
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the sum of light particles 1 ≤ A ≤ 4. The relation between the two lines for
the different density dependences of the symmetry energy in the (N/Z)gas

spectral ratio is similar to Δnp(r) in the left part.
It should be noted that in the literature the n/p spectral ratio has been

found to be insensitive to the density dependence of the symmetry energy,
while it is sensitive to the neutron-proton effective mass difference [17], based
on the stochastic mean field (SMF) calculation without cluster correlations.
On the other hand, the present AMD calculation takes into account the
cluster correlations. In fact, when we turn off the cluster correlations in
AMD, we find the sensitivity to the symmetry energy is lost in the (N/Z)gas

spectral ratio. This suggests that the expansion dynamics is largely influ-
enced by cluster correlations, which is understandable because the number
of particles (namely clusters and nucleons) is smaller in the calculation with
cluster correlations than without them. The interaction between particles
ceases at an earlier time with cluster correlations, while the interaction be-
tween nucleons continues longer in the calculations without clusters so that
the final neutron and proton spectra are modified from those at early times.
This effect is similar to what we found in a different context in the compar-
ison of AMD and SMF [18].

6 Summary

Clusters are important in heavy-ion collisions, not only simply because they
are emitted, but also because formation and existence of light clusters influ-
ence very much the global reaction dynamics and the bulk nuclear matter
properties. AMD has been extended to include cluster correlations in the
final states of two-nucleon collisions. The binding of several clusters to
form a nucleus should also be considered. The consistent reproduction of
basic character of multifragmentation is much more satisfactory than be-
fore. Some observables, such as the n/p spectral ratio, are sensitive to the
α-particle formation. If cluster correlation is strong, the expansion is sim-
ple in collsions at 300 MeV/nucleon so that the high-density effect of the
symmetry energy is reflected almost directly in the (N/Z)gas spectral ratio.
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