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Abstract. Precise data on radiative leptonic 7 decays offer the opportunity to probe the electromagnetic proper-
ties of the 7 and may allow to determine its anomalous magnetic moment which, in spite of its precise Standard
Model prediction, has never been measured. Recently, the branching fractions of the radiative leptonic 7 decays
(t = lvvy, with [ = e, 1) were measured by the BaBar collaboration. These precise measurements, with a rela-
tive error of about 3%, must be compared with the branching ratios at the next-to-leading order in QED. Indeed
the radiative corrections are expected to be of order 10%, for [ = e, and 3%, for / = u. Here, we present the
prediction of the differential decay rates and branching ratios of the radiative leptonic 7 decays in the Standard
Model at the next-to-leading order and we compare them with the recent BaBar measurements. Moreover, we
report on a dedicated feasibility study for the measurements of the 7 anomalous magnetic moment at Belle and

Belle I1.

1 Introduction

The electric dipole moment (EDM) and the anomalous
magnetic moment (g—2) of a lepton are physical observ-
ables sensitive to quantum corrections induced by virtual
particles that populate the vacuum. For this reason they are
very well suited to test the Standard Model (SM) of parti-
cle physics and to unveil unknown new physics hidden at
high energy. The electron and muon g—2 have been mea-
sured with the wonderful precision of 0.24 ppb [1] and 540
ppb [2], and they agree with the SM predictions at the level
of ~ 1.4 and ~ 3.8 standard deviations, respectively [3]. In
contrast, the short lifetime of the 7 lepton (2.9 x 10713 s)
poses many difficulties for the experimental determination
of its dipole moments and indeed it has so far prevented the
direct measurement of the g—2 by means of the 7 spin pre-
cession in a magnetic field, like in the electron and muon
g—2 experiments. In fact, the present bound on the 7 g—2
is only of O(1072), more than an order of magnitude bigger
than the leading contribution @/(27) ~ 0.001 — result ob-
tained long ago by Schwinger [4]. Therefore, experiments
must attempt the extraction of indirect bounds from 7 pair
production and decays by comparing sufficiently precise
data with the SM predictions.

We propose to measure the electromagnetic dipole
moments of the 7 lepton via radiative leptonic 7 decays
(t — lyvv with | = u,e) by means of an effective La-
grangian approach. Radiative 7 leptonic decays can in-
deed be predicted with very high precision and can be for-
mulated in term of the Bouchiat-Michel-Kinoshita-Sirlin
parameters [5-8].
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Moreover, the BABAR collaboration performed recently
the measurements of the 7 — [lyvv branching fractions
for a minimum photon energy wy = 10 MeV in the 7
rest frame [9]. The experimental precision of these mea-
surements, around 3%, requires the SM prediction of the
branching ratios at next-to-leading order (NLO). Indeed
these radiative corrections are expected to be of relative
order (a/m) In(m;/m;) In(wo/m;), corresponding to a large
10% correction for [ = e, and 3% for [ = .

After establishing our conventions in sec. 2 and in-
troducing an effective Lagrangian for the study of the 7
dipole moments, we briefly review in secs. 3 and 4 the
present theoretical and experimental status on the 7 g—2
and EDM. The SM decay rates and branching ratios at
NLO, and their comparison with recent BABAR measure-
ments, are presented in sec. 5. In sec. 6 we report the
achievable sensitivity to the 7 electromagnetic moments
at Belle II experiment. Conclusions are drawn in sec. 7.

2 The 7 lepton electromagnetic form
factors

The most general vertex function describing the interac-
tion between initial and final states of an on-shell 7 lepton,
with four-momenta p and p’ respectively, and a photon can
be written in the form

gy
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© The Authors, published by EDP Sciences. This is an open access article distributed under the terms of the Creative Commons Attribution

License 4.0 (http://creativecommons.org/licenses/by/4.0/).


http://creativecommons.org/licenses/by/4.0/

EPJ Web of Conferences 118, 01012 (2016)
FCCP2015

DOI: 10.1051/epjcont/201611801012

where e > 0 is the positron charge, m, the mass of the
T, 0w = 1/2[yu, 7] and g = p’ — p is the ingoing four-
momentum of the off-shell photon. The functions F(g?)
and F3(q?) are related, in the limit g> — 0, to the measur-
able quantities

2m;

F5(0) = ar, F3(0) = dr —, @

where a; and d, are the anomalous magnetic moment and
electric dipole moment of the 7, respectively.

Deviations of the 7 dipole moments from the SM val-
ues can be analyzed in the framework of dimension-six
gauge-invariant operators. Out of the complete set of 59
independent gauge invariant operators in [10, 11], only
two of them can directly contribute to the T g—2 and EDM
at tree level (i.e., not through loop effects):

Oy = (Lo wz) oo W, @)

Q13§ = <Z_TU'”VTR) ¢ By, 4)

where ¢ and /; = (v, ;) are the Higgs, and the left-handed

SU(2) doublets, o the Pauli matrices, Wlfv and B, are the

gauge field strength tensors. The leading non-standard ef-

fective Lagrangian relevant for our study is therefore given
by

1
Lo =15 [Ch o + Ca 00 +hel. (5)
After the electroweak symmetry breaking, the two opera-

tors mix and give additional, beyond the SM, contributions
to the 7 anomalous magnetic moment and EDM:

2m. \2 -
ar = 1:1 % Re [cos 0y Ci — sin HWC?\/%/:I’ (6)
- 2
d, = % Im [cos 6, C;y — sin HWCISSV]’ N

where v = 246 GeV. Deviations of the 7 dipole moments
from the SM values could be then determined, possibly
down to the level of O(107?), via precise data on 7 pair
production and 7 decays.

3 Status of the 7 lepton g—2 and EDM

The SM prediction for a, is given by the sum of
QED, hadronic and electroweak (EW) terms. The
QED contribution has been computed up to three loops:
a? = 117324 (2) x 107® [12], where the uncertainty
72 In*(m./m.)(a/n)* ~ 2 x 1078 has been assigned for
uncalculated four-loop contributions. The errors due to
the uncertainties of the O(a?) and O(a’) terms, as well
as that induced by the uncertainty of «, are negligible.
The sum of the one- and two-loop EW contributions is
azy = 474(5) x 1078 [13-16]. The uncertainty encom-
passes the estimated errors induced by hadronic loop ef-
fects, neglected two-loop bosonic terms and the missing
three-loop contribution. It also includes the tiny errors due
to the uncertainties in M, and m..

Similarly to the case of the muon g—2, the leading-
order hadronic contribution to a, is obtained via a dis-
persion integral of the total hadronic cross section of the

e*e” annihilation (the role of low energies is very im-
portant, although not as much as for a,). The result of
the latest evaluation, using the whole bulk of experimen-
tal data below 12 GeV, is a° = 337.5(3.7) X 1078 [16].
The hadronic higher-order (o) contribution @™ can be
divided into two parts: @i = a™°(vp) + a°(Ibl). The
first one, the O(a?) contribution of diagrams containing
hadronic self-energy insertions in the photon propagators,
is a°(vp) = 7.6 (2) x 1078 [17]. Note that naively rescal-
ing the corresponding muon g—2 result by a factor m? /m;,
leads to the incorrect estimate ai"*°(vp) ~ —28 % 1078 (even
the sign is wrong!). Estimates of the light-by-light contri-
bution a°(Ibl) obtained rescaling the corresponding one
for the muon g—2 by a factor m?2/ mﬁ fall short of what is
needed — this scaling is not justified. The parton-level es-
timate of [16] is a™°(Ibl) = 5(3) x 1078, a value much
lower than those obtained by naive rescaling. Adding up
the above contributions one obtains the SM prediction [16]

@ = a® +a + ™ +a™ = 117721 (5) x 1075 (8)

T

Errors were added in quadrature.

The EDM interaction violates the discrete CP sym-
metry. In the SM, with massless neutrinos, the only
source of CP violation is the CKM-phase (and a possi-
ble 0-term in QCD sector). It can be shown [18, 19] that
all CP-violating amplitudes are proportional to the Jarl-
skog invariant J defined via the convention-invariant equa-
tion [19]

Im Vi ViV Vi = 7> e ©)

Therefore, a fundamental lepton EDM must arise from vir-
tual quarks linked to the lepton through the W boson and
also be sensitive to the imaginary part of the Vi, matrix
elements. The leading contribution is naively expected
at the three-loop level, since two-loop diagram is propor-
tional to |V;;|*. The problem was first analyzed in some
detail in [20], but it was subsequently shown that the three-
loop diagrams also yield a zero EDM contribution in the
absence of gluonic corrections to the quark lines [21]. For
this reason, lepton EDMs are predicted to be extremely
small in the SM, of the O(1073® — 1073%) e-cm [22], which
is far below the current experimental capabilities. Indeed,
present experiments can only probe dr ~ O(107'7) e-cm.
Also for the electron, d:® < 0.87 x 10728¢-cm [23] while
d™ ~ O(107%) e-cm — it is hard to imagine improvements
in the sensitivity by ten orders of magnitude! However,
new EDM effects could arise at one or two loop from new
physics that violates P and 7', and be much larger than
the tiny SM prediction even if they come from high mass
scales. They generally induce large contributions to lep-
ton and neutron EDMs [24], and although there has been
no experimental evidence for an EDM so far, there is con-
siderable hope to gain new insights into the nature of CP
violation through this kind of experiments.

4 Experimental determination

The present resolution on the T anomalous magnetic mo-
ment is only of 0(1072) [25], more than an order of mag-



EPJ Web of Conferences 118, 01012 (2016)
FCCP2015

DOI: 10.1051/epjcont/201611801012

nitude larger than its SM prediction in Eq. (8). In fact,
while the SM value of a, is known with a tiny uncertainty
of 5 x 1078, the 7 short lifetime has so far prevented the
determination of a, by measuring the 7 spin precession in
a magnetic field, like in the electron and muon g—2 experi-
ments. The present PDG limit on the T g—2 was derived in
2004 by the DEevpHI collaboration from e*e™ — e*e 147
total cross section measurements at /s between 183 and
208 GeV at LEP2 (the study of a, via this channel was pro-
posed in [26]). The measured values of the cross-sections
were used to extract limits on the T g—2 by comparing
them to the SM values, assuming that possible deviations
were due to non-SM contributions to a,. The obtained
limit at 95% CL is [25]

-0.052 < @ < 0.013, (10)

which can be also expressed in the form of central value
and error as [25]

a. =-0.018 (17). an

The present PDG limit on the EDM of the 7 lepton at 95%
CLis

-2.2 <Re(d;) <4.5 (1077 e-cm),
-2.5 <Im(d;) < 0.8 (1077 ¢-cm); (12)

it was obtained by the Belle collaboration [27] following
the analysis of ref. [28] for the impact of an effective op-
erator for the 7 EDM in the process ete™ — 1777,

The reanalysis of ref. [29] of various LEP and SLD
measurements — mainly of the e*e™ — 77 cross sections
— allowed the authors to set the indirect 20 confidence in-
terval

-0.007 < a, < 0.005, (13)

a bound stronger than that in Eq. (10). This analysis as-
sumed d, = 0.

At the LHC, bounds on the 7 dipole moments are ex-
pected to be set in 7 pair production via Drell-Yan [30, 31]
or double photon scattering processes [32]. The best limits
achievable in pp — %1~ + X are estimated to be compara-
ble with present existing ones if one assumes that the total
cross section for 7 pair production will be measured at the
14% level. Earlier proposals can be found in [33, 34].

Another proposed method to determine the @, would
use the channeling of polarized 7 leptons in a bent crystal
similarly to the suggestion for the measurement of mag-
netic moments of short-living baryons [35]. This method
has been successfully tested by the E761 collaboration at
Fermilab, that measured the magnetic moment of the X*
hyperon [36]. However the challenge with this method
is to produce a polarized beam of 7 leptons; the decay
B* — t*y. could provide such polarized 7 [37] but it has
a very tiny branching ratio of O(107%).

The Belle II experiment at the upcoming high-
luminosity B factory SuperKEKB [38] will offer new op-
portunities to improve the determination of the 7 electro-
magnetic properties. The authors of ref. [39] proposed to
determine the Pauli form factor Fay(g?) of the 7 via 747~

production in e*e” collisions at the T resonances (Y(1S),
T(2S) and T(3S)) with a sensitivity of O(107>) or even
better. The center-of-mass energy at super B factories is
Vs ~ M-yusy = 10 GeV, so that the form factor F »w(g?) is
no longer the anomalous magnetic moment. Furthermore,
the contributions to the ee™ — 747~ cross section arise
not only from the usual s-channel one-loop vertex correc-
tions, but also from box diagrams, which should be some-
how subtracted out. The strategy proposed in [39] to elim-
inate the contamination from the box diagrams has been
to measure the observables on top of the Y resonances:
in this kinematic regime the (non-resonant) box diagrams
are numerically negligible and only one-loop corrections
to the yrt vertex are relevant.

However, it is very difficult to resolve the narrow peaks
of the (15,28, 3S) in the 7+7~ decay channel — the T'(4S)
decays almost entirely in BB — because of the natural irre-
ducible beam energy spread associated to any e*e” syn-
chrotron. If we compare the total width for the T reso-
nances (I ~ 20 — 50 keV) with the SuperKEKB beam
energy spread o, = 5.45 MeV [40], we note that at the
Belle II the "7~ events produced with beams at a centre
of mass energy /s ~ My are mostly due to non-resonant
interaction. The situation at Belle was similar (the energy
spread at KEKB was o, = 5.24 MeV [41]). Eventually,
the measurement of the e*e™ — 777~ cross section on top
of the Y resonances will not eliminate the contamination
of the box diagrams.

5 Radiative 7 leptonic decays: theoretical
framework

In the next two sections we propose a new method to de-
termine the electromagnetic dipole moments of the 7 via
measurements of its radiative leptonic decays. The SM
prediction, at NLO, for the differential rate of the radiative
leptonic decays

™ > Fvvy, (14)

with [ = e or yu, of a polarized 7* with mass m; in its rest
frame is
AT o) _aGpmy  xp
dxdydQdQ,  (4mS 1+ 6y(my,m,)

x|GF xpia-piJ Fyn-p,K + xyﬁ,ﬁ-(ﬁ,xﬁy)L],
(15)

where Gy = 1.1663787(6) x 107 GeV~? [42] is the
Fermi constant, defined from the muon lifetime, and
a = 1/137.035999 157 (33) is the fine-structure con-
stant [43, 44]. Calling m the mass of the final charged
lepton (neutrinos and antineutrinos are considered mass-
less) we define r = m/m, and ry, = m./M,, where M,
is the W-boson mass; p and n = (0,7) are the four-
momentum and polarization vector of the initial 7, with
n>=-landn-p =0. Also, x = 2E;/m., y = 2E,/m,
and B; = |FII/E; = /1 —4r?/x2, where p; = (E}, p;) and

py = (E,, Py) are the four-momenta of the final charged
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lepton and photon, respectively. The final charged lepton
and photon are emitted at solid angles €; and €,, with
normalized three-momenta p; and p,, and c is the cosine
of the angle between p; and p,. The term oy,(m,,m,) =
1.04 x 1079 is the tree-level correction to muon decay in-
duced by the W-boson propagator [45, 46]. Equation (15)
includes the possible emission of an additional soft photon
with normalized energy y’ lower than the detection thresh-
old yo < 1: ¢y’ < yo < y. The function G(x, y, c; yo) and,
analogously, J and K, are given by

G(x,y,c,y0) =

a
go(X, y,2) + ra gw(X, Y, 2) + — 9ol 4,5 0) |,

(16)

T3y

where z = xy(1 — ¢B;)/2; the LO function gy(x, y, z), com-
puted in [47-50], arises from the pure Fermi V-A in-
teraction, whereas gy(x,y, ) is the leading contributions
of the W-boson propagator derived in [46]. The NLO
term gyo(X,y,2,Yo) is the sum of the virtual and soft
bremsstrahlung contributions calculated in [51] (see also
refs. [52, 53]). The function L(x,y, z), appearing in front
of the product 7 - (ﬁl X ﬁy), does not depend on yy; it is
only induced by the loop corrections and is therefore of
O(a/m). The (lengthy) explicit expressions of G, J, K and
L are provided in [51]. If the initial 7* are not polarized,
eq. (15) simplifies to

T (yo) aGim)  8n*xB
dxdcdy — (4m)° 1+ 6y(my,m,)

G (x,y,¢,90). (1)

At the LO, the analytic integration over the allowed
kinematic ranges leads, for a minimum photon energy yy =
2wg /my, to [49, 54]

R ) = S22 1) 18
Lo Wo) = 1927r3 3n Yo), ( )
. 1 3\ -
H (yo) = 3Liz(yo) - 773 (6 + yb) Yolnijo +
17 _ 4
+(lnr+ E)(6lnyo+6yo+y0)+

+ % (125 +45yo - 3393 + Typ) G0, (19)
where 5o = 1 — yo and the dilogarithm is defined by
Lir(z) = - fozdt I"(IT_’) Terms depending on the mass ratio
r have been neglected in the expression for H(y), with the
obvious exception of the logarithmic contribution which
diverges in the limit r — 0. However, terms in the in-
tegrand G,(x, y, c) proportional to r*> were not neglected
when performing the integral to obtain (19), as they lead
to terms of O(1) in the integrated result H(yy). This fea-
ture, first noted in [55], is due to the appearance of right-
handed electrons and muons in the final states of (14) even
in the limit » — 0, and is a consequence of helicity-flip
bremsstrahlung in QED [55-58].

At the NLO, which allows for double photon emission,
the branching ratios of the radiative decays (14) can be
distinguished in two types due to the double real emission:

e The "inclusive" branching ratio, 8™ (yo), where in the
final state there is at least one photon with energy higher
than yy.

e The "exclusive" branching ratio, BEXC (y), where in the
final state there is one, and only one, photon of energy
larger than the detection threshold yy.

It is clear that at the LO the theoretical predictions for
these exclusive and inclusive branching ratios coincide —
double bremsstrahlung events are simply not considered.

Exclusive and inclusive branching ratios for the radia-
tive decays (14) were computed, for a threshold wy =
yo(m./2) = 10 MeV, in ref. [51] and are reported in
table 1. Uncertainties were estimated for uncomputed
NNLO corrections, numerical errors, and the experimen-
tal errors of the lifetimes. The former were estimated to be
SBEC (/) In r In(wy/mz) BE™ For wy = 10 MeV
they are about 10% and 3% for T — eyvy and 7 — uvvy,
respectively. They appear with the subscript "N" in table 1.
Numerical errors, labeled by the subscript "n", are smaller
than those induced by missing radiative corrections. These
two kinds of uncertainties were combined to provide the
theoretical error of the final B¢ and 8™ predictions, la-
beled by the subscript "th". The uncertainty due to the ex-
perimental error of the lifetimes is labeled by the subscript
",

The recent measurements by the BaBar collaboration
of the branching ratios of the radiative decays v — [yvy,
with [ = e and y, for a minimum photon energy wy =
10 MeV in the 7 rest frame, are [9]:

B (T — evvy) = 1.847 (15)4(52)y X 1072, (20)
Bexw (T = pyvy) =3.69 3)(10)5y X 1077, 1)

where the first error is statistical and the second is sys-
tematic. These results are substantially more precise than
the previous measurements of the CLeo collaboration [59].
The experimental values in eqgs. (20,21) must be com-
pared with our predictions for the exclusive branching ra-
tios in table 1. For 7 — uvvy decays, the branching
ratio measurement and prediction agree within 1.1 stan-
dard deviations (1.107). On the contrary, the experimen-
tal and theoretical values for 7 — eyvy decays differ by
2.02(57) x 1073, i.e. by 3.50. This puzzling discrepancy
deserves further researches.

6 7 dipole moments via  — lyvv decays

The effective Lagrangian (5) generates additional non-
standard contributions to the differential decay rate in
eq. (15). For a 7* they can be summarised in the shifts

G - G+ a, G,
K - K + a. K,

J = J+a.J, (22)
L - LF (mje)d-Ly. (23)

Tiny terms of O(d;?), O(JTZ) and O(d.d,) were neglected.
Deviations of the 7 dipole moments from the SM values
can be determined, possibly down to the level of O(1073)
comparing the SM prediction for the differential rate in
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Table 1. Branching ratios of radiative 7 leptonic decays for a
minimum photon energy wy = 10 MeV. Inclusive (8™) and
exclusive (8%) predictions are separated into LO contributions
(B.0) and NLO corrections (B</F*). Uncertainties were
estimated for uncomputed NNLO corrections (N), numerical
errors (n), and the experimental errors of the lifetimes (7). The
first two types of errors were combined to provide the final
theoretical uncertainty (th). The last line reports the
experimental measurement of ref. [9].

T > evvy

Bio 1.834 x 1072

Blre | ~1.06 (1),(10)y x 1073
BE | —1.89(1),(19)y x 1073
Bhe | 1728 (10)y(3), X 1072
BExe | 1,645 (19)n(3), x 1072
Bexp 1.847 (15)5‘(52)5), x 1072

T = uvvy

3.663 x 1073
-5.8(1),(2)y x 1073
-9.1(1),(3)y x 1073
3.605 (2)in(6), X 1073
3.572 (3)mn(6), x 1073
3.69 (3)(10) 4y x 107

eq. (15), modified by the terms G,, J,, K, and L;, with
sufficiently precise data.

The possibility to set bounds on &, via the radia-
tive leptonic 7 decays in (14) was suggested long ago in
Ref. [60]. In that article the authors proposed to take ad-
vantage of a radiation zero of the LO differential decay rate
in (15) which occurs when, in the 7 rest frame, the final
lIepton [ and the photon are back-to-back, and / has maxi-
mal energy. Since a non-standard contribution to a, spoils
this radiation zero, precise measurements of this phase-
space region could be used to set bounds on its value.
However, studies with Belle data show no significant im-
provement of the existing limits: the a, upper limit (UL)
that can be achieved with the whole Belle statistics, about
09x10° 7 pairs, is only UL(a,) ~ 2 [61].

A more powerful method to extract @, and d, consists
in the use of an unbinned maximum likelihood fit of events
in the full phase space. In this approach we considered
e*e™ — 717 events where both T leptons decay subse-
quently into a particular final state: 7% (signal side) de-
cays to the radiative leptonic mode, the other 7* (tag side)
decays to some well known mode with a large branching
fraction. As a tag decay mode we chose ¥ — p*v —
n*n%, which also serves as spin analyser and allows us to
be sensitive to the spin dependent part of the differential
decay width of the signal decay using effects of spin-spin
correlation of the 7 leptons [62]. With this technique we
analyzed a data sample of ((¥vvy, n*n%v) events corre-
sponding to the total amount of data available at Belle and
the one planned at the Belle II experiment.

The feasibility study shows that no improvement is ex-
pected from Belle data. However the experimental sensi-
tivity on a, at the Belle II experiment, oz = 0.012 [61],
can already be competitive with DeLpHI results in (11). On
the other hand, the expected sensitivity on the 7 EDM,
o; = 6.1 x 107 7¢-cm [61], is still worse than the most
precise measurement of d, done at Belle in 7 pair produc-
tion [27].

7 Conclusions

The magnetic and electric dipole moments of the 7 lepton
are largely unknown. We proposed to use radiative 7 lep-
tonic decays to measure these electromagnetic properties
at B factories. Deviations of the 7 dipole moments from
the SM predictions can be determined via an effective La-
grangian approach.

We studied at the NLO in the SM the differential decay
rates and branching ratios of T — lyvv (I = u,e) decays.
Our prediction for [ = u agrees within 1.10- with the recent
BaBar measurements of B(t — wyvvy), for a minimum
photon energy threshold wy = 10 MeV. On the contrary
the measurement of B(r — eyvy) differs from our predic-
tion by 3.50". This puzzling discrepancy deserves further
researches.

Our feasibility study showed that the measurement of
the T anomalous magnetic moment at Belle II can be al-
ready competitive with the current bound from DELPHI ex-
periment, while the expected sensitivity to the tau EDM
is still worse than the most precise measurement done at
Belle.
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