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Abstract. The hadronic contributions to the anomalous magnetic moment of the muon which are relevant for

the confrontation between theory and experiment at the present level of accuracy, are evaluated within the same

framework: the constituent chiral quark model. This includes the contributions from the dominant hadronic

vacuum polarization as well as from the next–to–leading order hadronic vacuum polarization, the contributions

from the hadronic light-by-light scattering, and the contributions from the electroweak hadronic Zγγ vertex.

They are all evaluated as a function of only one free parameter: the constituent quark mass. We also comment

on the comparison between our results and other phenomenological evaluations.

1 Introduction

This proceeding is a summarized version of our article [1].

Our purpose is to establish a simple reference model to

evaluate the various hadronic contributions to the anoma-

lous magnetic moment of the muon aμ within the same

framework, and use it as a yardstick to compare with the

more detailed evaluations in the literature. Indeed, the

experimental world average of the anomalous magnetic

moment of the muon aμ, assuming CPT–invariance, viz.

aμ+ = aμ− , is (results reported in ref. [2] and references

therein)

a
(exp)
μ = 116 592 080 (63) × 10−11 (0.54 ppm) , (1)

The prediction of the Standard Model, as a result of con-

tributions from many physicists is (see e.g. refs. [3, 4] and

references therein)

a(SM)
μ = 116 591 801 (49) × 10−11 , (2)

where the error here is dominated at present by the low-

est order hadronic vacuum polarization contribution un-

certainty [5] (±42.0 × 10−11), as well as by the contribu-

tion from the hadronic light–by–light scattering, which is

theoretically estimated to be (105±26)×10−11 [6]. The re-

sults quoted in (1) and (2) imply a significant 3.6 standard

deviation between theory and experiment which deserves

attention. It is therefore important to reexamine critically

the various theoretical contributions to Eq. (2), in particu-

lar the hadronic contributions. Ideally, one would like to

do that within the framework of Quantum Chromodynam-

ics(QCD). Unfortunatley, this demands mastering QCD at

all scales from short to long distances, something which is

ae-mail: david.greynat@gmail.com

not under full analytic control at present. Therefore, one

has to resort to experimental information whenever pos-

sible, to QCD inspired hadronic models. As a result, all

the theoretical evaluations of the hadronic contributions to

aμ have systematic errors which are not easy to pin down

rigorously.

The reference model which we propose is based on the

Constituent Chiral Quark Model (CχQM) [9]. This model

emerged as an attempt to reconcile the successes of phe-

nomenological quark models, like the De Rújula-Georgi-

Glashow model [10], with QCD. The corresponding La-

grangian proposed by Manohar and Georgi (MG) is an ef-

fective field theory which incorporates the interactions of

the low–lying pseudoscalar particles of the hadronic spec-

trum, the Nambu-Goldstone modes of the spontaneously

broken chiral symmetry (SχSB), to lowest order in the chi-

ral expansion [11] and in the presence of chirally rotated

quark fields. Because of the SχSB, these quark fields ap-

pear to be massive.

This model, in the presence of S U(3)L × S U(3)R ex-

ternal sources has been reconsidered by [12]. As empha-

sized by Weinberg [13], the corresponding effective La-

grangian is renormalizable in the Large–Nc limit; however,

the number of the required counterterms depends crucially

on the value of the coupling constant gA in the model and,

as shown in [12], it is minimized for gA = 1. With this

choice, and a value for the constituent quark mass fixed

phenomenologically, the model reproduces rather well the

values of several well known low energy constants.

As discussed in ref. [12] the CχQM model has, how-

ever, its own limitations. Applications to the evaluation

of low–energy observables involving the integration of

Green’s functions over a full range of euclidean momenta

fail, in general, because there is no matching of the model
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to the QCD short–distance behaviour. There is, how-

ever, an exceptional class of low–energy observables for

which the MG–Lagrangian predictions can be rather reli-

able [12].

We present in this proceeding a summary of the dif-

ferent evaluations with the CχQM Lagrangian which has

the advantage of simplicity and can provide a consis-

tency check with the more elaborated phenomenological

approaches.

2 Hadronic Vacuum Polarization

Since the dominant contribution to the muon anomaly

from the hadronic vacuum polarization shown in Fig. (1)

is a well known representation [14] we use it to determine

the only free parameter in the CχQM Lagrangian the con-

stituent quark mass MQ
1.

This contribution

a(HVP)
μ =

∫ ∞

4M2
Q

dt

t
K

⎛⎜⎜⎜⎜⎝ t

m2
μ

⎞⎟⎟⎟⎟⎠ 1

π
ImΠ

(HVP)(t) , (3)

where 2

K

⎛⎜⎜⎜⎜⎝ t

m2
μ

⎞⎟⎟⎟⎟⎠ = (
α

π

) ∫ 1

0

dx
x2(1 − x)

x2 +
t

m2
μ
(1 − x)

, (4)

and 1
π
ImΠ(t) denotes the electromagnetic hadronic spec-

tral function.

X

μ

Hadrons

Figure 1. Hadronic Vacuum Polarization contribution to the

Muon Anomaly.

The constituent quark fields in the CχQM are assumed

to have gluonic interactions, since the Goldstone modes

are already in the Lagrangian, the color–SU(3) coupling

constant is supposed to be no longer running below a scale

μ0 � 2 GeV where αs(μ0) � 0.33 and non-perturbative

effects become significant. With inclusion of the leading

gluonic corrections in perturbation theory, and to leading

1There are many estimates of this contribution, as well as some of the

higher order ones, with quark models which can be found in the literature.

An earlier reference is [16] and two more recent ones [17] and [18].
2The analytic expression of K

(
t/m2
μ

)
was first given in ref. [15]; see

also ref. [20].

order in Large–Nc, the spectral function in Eq. (3) is then

1

π
ImΠ

(HVP)(t)

=

(
α

π

)
Nc

2

3

{
δ

(
1

2
− 1

6
δ2

)

+

[
Ncαs(μ0)

π

3

8
θ(μ2

0 − t) +
Ncαs(

√
t)

π

3

8
θ(t − μ2

0)

]
ρKS(t)

}
,

(5)

where ρKS(t) can be extracted from the early QED calcu-

lation of Källen and Sabry [19] (see also ref. [20]):

ρKS(t)

= δ

(
5

8
− 3

8
δ2 −

(
1

2
− 1

6
δ2

)
log

[
64

δ4

(1 − δ2)3

])

+

(
11

16
+

11

24
δ2 − 7

48
δ4

+

(
1

2
+

1

3
δ2 − 1

6
δ4

)
log

[
(1 + δ)3

8δ2

])
log

[
1 + δ

1 − δ

]

+ 2

(
1

2
+

1

3
δ2 − 1

6
δ4

) (
2 Li2

[
1 − δ
1 + δ

]
+ Li2

[
−1 − δ

1 + δ

])
.

(6)

Also, at the level of the accuracy expected from the

CχQM, it is sufficient to use the one loop expression

αs(
√

t)

π
� 1(

11
6

Nc − nf

3

)
log

√
t

Λ

, (7)

with Λ � 250 MeV and n f = 3. In order to compare

the CχQM results for a
(HVP)
μ with the phenomenological

determinations which incorporate experimental data, we

still have to estimate of the 1/Nc–suppressed effects, we

then consider the contributions from the π+π− and K+K−

intermediate states to the spectral function in Eq. (3), as

predicted by the CχQM. Notice that in this evaluation, the

point like coupling (−ie)(pμ − p′μ) of scalar QED is re-

placed by the dressed coupling:

(−ie)(pμ − p′μ) ⇒ (−ie)(pμ − p′μ)
{
1 + F (Q2)

}
, (8)

with F (Q2) the pion (kaon) electromagnetic form factor of

the CχQM which, for gA = 1, is given by the expression:

F (Q2) =
Nc

16π2

Q2

f 2
π

⎛⎜⎜⎜⎜⎜⎝−4M2
Q

Q2

⎞⎟⎟⎟⎟⎟⎠

×

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣1 +
1

2

√
1 +

4M2
Q

Q2
log

√
1 +

4M2
Q

Q2 − 1√
1 +

4M2
Q

Q2 + 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ . (9)

The form factor F (Q2), however, does not match the QCD

behaviour at large–Q2 values and, therefore, the estimate

we propose for the 1/Nc–suppresed contributions to the

the muon anomaly can only be considered as reasonable
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up to values of t in Eq. (3) below t ∼ μ0 where the asymp-

totic pQCD regime sets in. Contributions beyond t ∼ μ0

have already been taken into account by the second term

of the spectral function in Eq. (5).

These considerations provide us with a framework to

fix the constituent quark mass MQ. The prediction of the

CχQM, as described above, should be compared to the

phenomenological contribution from hadrons formed of u,

d and s quarks only, at the level of one–photon exchange.

Contributions like for example the one from an intermedi-

ate π0γ state should therefore be excluded so far (more on

that later on), as well as those involving c, b and t quarks.

From the numbers quoted in TABLE II of ref. [5], we then

find that this restriction reduces the phenomenological de-

termination of the anomaly from hadronic vacuum polar-

ization to a central value

a(HVP)
μ |phen. � 653 × 10−10 (10)

shows that fixing MQ in the range

MQ = (240 ± 10) MeV , (11)

reproduces the phenomenological determination within an

error of less than 10%. This determination of the con-

stituent quark mass is the value which we shall system-

atically use for MQ when evaluating the predictions for

the other hadronic contributions to the muon anomaly. We

wish to emphasize, however, that the error of 10 MeV in

Eq. (11) only reflects the phenomenological choice that we

have made in order to fix MQ. As discussed in the Intro-

duction the CχQM is only a model of low energy QCD

and, as such, there is no a priori way to fix MQ from first

principles. The error in Eq. (11) does not reflect the sys-

tematic error due to other plausible ways of fixing MQ.

3 Hadronic Vacuum Polarization

Contributions at Next–to–Leading Order

After having fixed the constituent quark mass, it is then

possible to evaluate next-to-leading order contributions to

aμ. For obvious reason, we will present here only the dif-

ferent diagram classification that we used and the results

obtained. All details and complete discussion can be found

in [1].

X

e H
μ

x 2

Figure 3. Feynman diagrams corresponding to the Class B con-

tribution to the muon anomaly.

As we can see in table 1, we obtain quite reasonable

results except from the contribution in the class D coming

from the π0γ intermediate state. In order to understand

this, we can simplify the phenomenological determina-

tion as much as possible to see where the big contribution

�

� �

�

Figure 4. HVP Contributions at O(α) corresponding to the Class

C.

�

�

�

Figure 5. Feynman diagrams corresponding to the Class D con-

tribution to the muon anomaly.

Class Result ×10−11 Pheno.×10−11

A −171 ± 10 −(207.3 ± 1.9) [24]

B 89 ± 7 106.0 ± 0.9 [24]

C 2.2 ± 0.3 3.4 ± 0.1 [24]

3.0 ± 0.1 [31]

D(πγ) 2.2 ± 0.1 44.2 ± 1.9 [5, 24]

D(Q–loop) 13.5 ± 0.5

Total −64 ± 12 −98.4 ± 0.6exp ± 0.4rad [30]

Table 1. Results for the HVP contributions of O
(
α
π

)3
in the

CχQM.

comes from. For that, it will be sufficient to approximate

this contribution as follows:

a
(πγ)
μ ∼

(
α

π

) ∫ ∞

m2
π

dt

t

1

3

m2
μ

t

1

π
ImΠ

(πγ)(t) , (12)

and use a narrow width expression for the spectral func-

tion, which as we shall soon see, is dominated by the ω

contribution. This results in the simple formula:

a
(πγ)
μ ∼ 1

3

m2
μ

M2
ω

4

π

Γ(ω→ e+e−)

Mω

Γ(ω→ π0γ)

Γω
= 53 × 10−11 ,

(13)

which reproduces, in order of magnitude, the phenomeno-

logical estimates. We can, therefore, see that the big

number comes from the large experimental value of the

branching ratio

Γ(ω→ π0γ)

Γω
� 8 × 10−2 . (14)

Notice that in the case of the ρ contribution the corre-

sponding branching ratio is much smaller:

Γ(ρ→ π0γ)

Γρ
� 6 × 10−4 . (15)

It is the large branching ratio in Eq. (14) which the CχQM

fails to reproduce!
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Phenomenologically, the large branching ratio
Γ(ω→π0γ)

Γ(ρ→π0γ)
is due to the ω–φ mixing and the fact that the φ

is an almost pure ss̄ state. By construction, the CχQM

form factor is S U(3) invariant and, therefore, like any

model which is S U(3) invariant, fails to reproduce this

phenomenological fact.

4 Hadronic light-by-light contribution

In the CχQM there are two types of contributions: the

Constituent Quark Loop (CQL) contribution shown in

Fig. (6) and the Goldstone Exchange Contribution shown

+ Perm.

μ

q1q2q3

Figure 6. Constituent Quark Loop Contribution to the Muon

Anomaly in the CχQM.

in Fig. (7) with constituent quark loops at each vertex. We

shall consider these two types of contributions, both lead-

ing in the 1/Nc–expansion, separately.

This contribution can be obtained from the QED an-

alytic calculation of Laporta and Remmidi [33] with the

result

a
(HLbyL)
μ (CQL,MQ = 240 MeV) = 82.2 × 10−11 . (16)

The second contribution coming from the π0 exchange

lies on [36] the evaluation of the vertex π0γ∗γ∗ form factor

in the CχQM,

F (χQM)

π0∗γ∗γ∗

(
q2

2, q
2
1, q

2
3

)
= − ie2Nc

12π2 fπ

∫ 1

0

dxx

∫ 1

0

dy
2M2

Q

D
,

(17)

whith

D = M2
Q − x(1 − x)(1 − y)q2

1 − x2y(1 − y)q2
2 − xy(1 − x)q2

3 .

(18)

Numerically, one can evaluate this contribution and

obtain,

a
(HLbyL)
μ (π0)χQM = (68 ± 3) × 10−11 , (19)

which does not include the systematic error of the model,

agrees well with the phenomenological determinations of

this contribution which, according to the most recent up-

date [39] and depending on the underlying phenomeno-

logical model for the form factors F (χQM)

π0∗γ∗γ∗

(
q2

2
, q2

1
, q2

3

)
vary

between

a
(HLbyL)
μ (π0)phen. = (57.4 ± 4.6) × 10−11 (20)

and

a
(HLbyL)
μ (π0)phen. = (80.1 ± 4.7) × 10−11 . (21)

It is a fact that asymptotically, for MQ → ∞, the

π0 contribution largely dominates the Constituent Quark

Loop contribution:

a
(HLbyL)
μ (π0)

a
(HLbyL)
μ (CQL)

∣∣∣∣
MQ→∞

∼
NcM2

Q

16π2 f 2
π

1

ζ(3) − 19
24

log2 MQ

mπ
;

(22)

however, this asymptotic behaviour is far from being

reached at values of MQ between 230 MeV and 250 MeV,

for which the Constituent Quark Loop contribution still

dominates over the Goldstone contribution.

For the total hadronic light–by–light contribution in

the CχQM, which includes the quark loop contribution as

well as the π0–exchange contributions, we then find

148 × 10−11 ≤ a
(HLbyL)
μ (CχQM) ≤ 153 × 10−11 (23)

for 250 MeV ≥ MQ ≥ 230 MeV. This result, which does

not include the systematic error of the model, has to be

compared with the phenomenological estimate

a(HLbyL)
= (122 ± 18) × 10−11 , (24)

for the total of the hadronic contributions not suppressed in

the 1/Nc–expansion (see e.g. ref. [40] for details). Within

the expected systematic uncertainties they compare rather

well.

The interesting feature which emerges from this cal-

culation is the observed balance between the Goldstone

contribution and the Quark Loop contribution. Indeed, as

the constituent quark mass MQ gets larger and larger, the

Goldstone contribution dominates; while for MQ smaller

and smaller it is the Quark Loop contribution which

dominates. This is illustrated by the plot of the total

a
(HLbyL)
μ (CχQM) versus MQ shown in Fig. (8). What this

plot shows is in flagrant contradiction with the results re-

ported in ref. [41] based in a calculation using a Dyson–

Schwinger inspired model. In this model, the authors find

a contribution from the π0–exchange which, within errors,

is compatible with the other phenomenological determina-

tions and, in particular, with our CχQM result in Eq. (19);

yet their result for the equivalent contribution to the quark

loop turns out to be almost twice as large with a total con-

tribution

a(HLbyL)(ref. [41]) = (217 ± 91) × 10−11 . (25)

The central value of this result would require a ridicously

small value of MQ in order to be reproduced by the CχQM

and, furthermore, for such a small value of MQ the π0–

exchange contribution would be far too small as compared

to all the phenomenological estimates, including the one

in ref. [41]. We conclude that a range of values such as

170 ≤ a
(HLbyL)
μ × 1011 ≤ 308 , (26)

allowed by the result quoted in Eq. (25), cannot be di-

gested within the CχQM and in our opinion this casts se-

rious doubts about the compatibility of the model used in

ref. [41] with basic QCD features.
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5 Hadronic Electroweak Contributions

These are the contributions to the muon anomaly which

appear at the two–loop level in the electroweak sector.

They are the ones generated by the hadronic γγZ vertex,

with one γ and the Z–boson attached to a muon line, as

illustrated by the Feynman diagrams in Fig. (9).

μ

Z Z

μp

p′ − q

p′ p

p + q

p′

Had. Had.

Figure 9. Feynman diagrams with the hadronic γγZ vertex

which contributes to the muon anomaly.

These contributions are particularly interesting be-

cause, a priori, they could be enhanced by a large

log(M2
Z
/m2
μ) factor. However, due to the anomaly–free

coupling assignments in the Standard Model, there is an

important cancellation of UV–scales between the lepton

and the quark contributions within a given family [42, 43].

What is left out of this cancellation in the sector of the

u, d and s quarks, where the strong interactions play a sub-

tle role at long distances, is governed by the dynamics of

spontaneous chiral symmetry breaking [42, 44–47].

μ

+ Perm.

Z

Figure 10. Feynman diagrams in the CχQM of the γγZ vertex

type.

The CχQM, where the hadronic blob in Fig. (9) is

replaced by a constituent quark loop as illustrated in

Fig. (10), offers a simple way to estimate these contri-

butions as, with gA = 1, for mc = 1.5 GeV and MQ =

240 MeV,

a(HEW)
μ

∣∣∣∣
e,u,d;μ,s,c

(CχQM)

=
GF√

2

m2
μ

8π2

α

π

⎛⎜⎜⎜⎜⎜⎝−2

3
log

M2
Q

m2
μ

− 4 log
m2

c

m2
μ

− 5 +
8

9
π2

⎞⎟⎟⎟⎟⎟⎠
= −5.0 × 10−11 (27)

with the systematic errors of the model, is compatible with

the phenomenological determination [46]:

a(HEW)
μ

∣∣∣∣
e,u,d;μ,s,c

= (−6.7 ± 0.5) × 10−11 . (28)

6 Conclusions

From the previous considerations we conclude that the

CχQM provides a useful and simple reference model to

evaluate the hadronic contributions to the anomalous mag-

netic moment of the muon. The effective Lagrangian of

this model is renormalizable in the Large–Nc limit [13]

and, as shown in [12], the number of the required coun-

terterms in this limit is minimized for a choice of the axial

coupling: gA = 1. The only free parameter of the model is

then the mass of the constituent quark mass MQ which in

Section II, from a comparison with the phenomenological

determination of the lowest order hadronic vacuum polar-

ization contribution to the muon anomaly, has been fixed

to

MQ = (240 ± 10) MeV , (29)

This range of values for MQ reproduces the phenomeno-

logical determination within an error of less than 10%.

All the other hadronic contributions have then been eval-

uated for this range of values of MQ with the results

which are summarized in Table 2, despite one exception

from the contribution from the π0γ intermediate state to

hadronic vacuum polarization where the CχQM, because

of its S U(3) invariance, fails to reproduce the phenomeno-

logical determination which is particularly enhanced be-

cause of the large observed branching ratio in Eq. (14).

Class Result in 10−10 units

HVP 652
+47

−42

HVP to O
(
α
π

)3 −6.4 ± 1.2

HLbyL 15.0 ± 0.3

HEW −0.5

Table 2. Summary of results for the hadronic contributions to

the muon anomly in the CχQM.
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Figure 2. Feynman diagrams corresponding to the Class A contribution to the muon anomaly.
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Figure 7. Goldstone Exchange Contribution to the Muon Anomaly in the CχQM.
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Figure 8. a
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μ (CχQM) versus MQ in 10−11 units.
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