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Abstract. The theoretical aspects of the various hadronic contributions to the anomalous magnetic moment of
the muon are reviewed, as well as perspectives of their future evolution.

Table 1. The contributions to aμ (in units of 10−10 ) using the
latest published values

1 Introduction
The anomalous magnetic moment of the muon aμ has been
measured [1] with an unprecedented relative accuracy of
0.54ppm by the E821 experiment at the Brookhaven AGS.
Its value reads [2]
aμ = 11 659 209.1(5.4)(3.3) · 10−10 .
exp

(1)

At the theoretical level, the anomalous magnetic moment
of the muon receives contributions from all interactions
of the standard model. The by far dominant contribution
comes from the electromagnetic sector, which accounts for
more than 99.99% of its total value. The second most important contribution comes from the strong interactions,
and ﬁnally the weak interaction provide, as expected, the
smallest contribution. The values of these diﬀerent contributions have been gathered in Table 1 below (in units of
10−10 ). We will brieﬂy discuss them in turn. Before that,
let us consider the two following points.
• If one adds up the various contributions given in Table 1, one obtains a value which diﬀers from the experimental one. The diﬀerence ranges from 2.8σ [5, 8]
exp

aμ

−10
− aSM
,
μ = 23.9(8.6) · 10

(2)

to 3.5σ [4, 7]
exp

aμ

−10
− aSM
,
μ = 27.6(8.0) · 10

(3)

depending on the input values used. Although this discrepancy is with us for quite some time now, it is nevertheless
too small to provide conclusive evidence for the existence
of physical degrees of freedom beyond those described by
the standard model. For an overview of the possibilities
concerning the latter, see e.g. Ref. [11], as well as Refs.
[12–14] for more speciﬁc scenarios.
• Two new experiments are being planed, one at FNAL
[15, 16] and the other one at J-PARC [17], with the aim of
reducing the experimental uncertainty by a factor of 4 [18].
If all other values remain unchanged, i.e. those shown in
a e-mail: marc.knecht@cpt.univ-mrs.fr

QED
HVP-LO
HVP-NLO
HVP-NNLO
HLxL
EW 1 loop
EW 2 loops

+11 658 471.9
 +692.3(4.2)
+694.9(4.3)
−9.84(7)
+1.24(1)
 +10.5(2.6)
+11.6(3.9)
+19.48(1)
−4.12(10)

[3]
[4]
[5]
[5]
[6]
[7]
[8]
[9]
[10]

Table 1 as well as the central value in Eq. (1), then this reduction of the uncertainties would by itself lead to roughly
a 5σ discrepancy between theory and experiment. Things
need, however, not develop as nicely as that, and in order to avoid ending up in a similar inconclusive situation
as the present one regarding the existence of new physics,
these experimental eﬀorts need to be met by a comparable
improvement of the theoretical accuracy.

2 QED and weak contributions
The contributions to aμ coming from quantum electrodynamics and from the weak interactions belong to the
realm of perturbation theory, which makes their evaluation straightforward, although quite tedious when it comes
to including higher orders.
The value coming from pure (multi-ﬂavour) QED includes contributions up to order O(α5 ), i.e ﬁve loops. The
one-loop contribution was computed by J. Schwinger [19]
long time ago. Analytical results are also available for the
two- and three-loop corrections (for a survey and references to the original publications, see [20]). Finally, the
corrections at four and ﬁve loops were obtained more recently [3, 21], through numerical integration of Feynmanparameterised loop integrals. There are no uncertainties
attached to the QED value at the level of precision shown
here, which is suﬃcient to match the present experimental
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Fig. 1, which are enhanced by a ln(MZ /mμ ) factor (which
is eventually canceled by the corresponding contribution
involving lepton loops instead of the blob). Although this
contribution provides a substantial fraction of the uncertainty of the total two-loop electroweak correction to aμ ,
there is no need to increase its accuracy for the time being. Notice that the discrepancy between theory and experiment represents about two times the total (one and two
loops) correction from the electroweak sector. Moreover,
the two-loop correction shown in Table 1 also contains
an estimate of the leading-log three loop corrections [29].
There is therefore no reason to expect that higher-order
electroweak contributions could account even for part of
the discrepancy between theory and experiment.
Let us then leave the realm of perturbation theory and
turn towards the remaining corrections, where the strong
interactions are predominant.

error on aμ , but also the precision that forthcoming experiments expect to reach. The contributions at order O(α4 )
that dominate the coeﬃcient Cμ(8) of the perturbative series
aQED
=
μ



Cμ(2n)

 α n

n

π

,

(4)

come from Feynman graphs with internal electron loops,
which are enhanced because they produce powers of
ln(mμ /me ). These contributions have been evaluated recently [22, 23], using asymptotic expansion techniques
in the small quantity me /mμ , thus providing an independent and welcome check (at a level of precision admittedly lower than the direct numerical evaluation [3, 21],
but still higher than the one forthcoming experiments are
aiming at). Looking more closely at the structure of the
coeﬃcients Cμ(2n) of the perturbative series in Eq. (4), one
notices that they increase drastically starting from the third
order,

3 Hadronic vacuum polarization

Cμ(2) = 1/2 Cμ(4) = 0.765 857 425(17)

The contribution known as hadronic vacuum polarization
(HVP) occurs ﬁrst at order O(α2 ), cf. Fig. 2. It provides
to date the largest hadronic correction to aμ , but also the
largest contribution to the theoretical uncertainty (see Table 1). The leading order HVP correction can be expressed
in the following way [30–32]

1  α 2 ∞ ds
aHVP−LO
=
(7)
K(s)Rhad (s),

2
3 π
s
4Mπ

Cμ(6) = 24.050 509 96(32)
Cμ(8) = 130.877 3(61) Cμ(10) = 751.92(93).

(5)

This naturally raises the question whether a large coeﬃcient Cμ(12) could at least partly explain the ∼ 3σ discrepancy between theory and experiment mentioned above.
Looking for diagrams that are enhanced by the presence
of a maximal number of ln(mμ /me ) factors leads to the estimate [3]
Cμ(12)

 α 6
π

∼ 0.6 · 10 ·
4

 α 6
π

−12

∼ 1 · 10

.

with


K(s) =

(6)

dx
0

This is way too small to explain even part of the discrepancy.

1

x2

x2 (1 − x)
,
+ (1 − x) ms2

(8)



and Rhad (s) represents the R-ratio of the cross section for
e+ e− → hadrons. This contribution can therefore be evaluated using available experimental input. The two most
recent evaluations from Refs. [4] and [5] are shown in Table 1 (for more details concerning these two evaluations,
see Ref. [33]). They are in good agreement (being based
on the same data sets, this should not be a surprise) and
give a relative precision of 0.6%, despite some tension between, for instance, the high-precision data collected by
both BaBar and KLOE in the region of the ρ resonance,
as shown in Table 2. Results from data collected in this
region by the BESIII experiment have recently become

Figure 1. The hadronic contribution to the two-loop electroweak
corrections to aμ . The shaded blob represents the VV A QCD
three-point function. It is connected to the muon line by a photon
line and by the neutral Z 0 , through the axial coupling of the latter
to quarks and leptons.

The evaluation of the contributions at one loop coming from the electroweak sector [9] go back to the ﬁrst
loop calculations done within Weinberg’s model for leptons [24]. The two-loop corrections were addressed somewhat later only [25–29]. Table 1 shows the value obtained by the recent reevaluation from Ref. [10]. The main
change is a reduction of the uncertainty, due to the fact that
the mass of the electroweak scalar boson is now known.
These two-loop corrections also involve hadronic contributions, in particular those from the diagrams shown in

(a)

(b)

Figure 2. Diagrammatic representation of aHVP−LO
, the leading
μ
hadronic vacuum polarization contribution to aμ . In diagram (a),
the shaded blob represents the VV QCD two-point function.
Also shown is a next-to-leading contribution, diagram (b), actu(see text).
ally included in aHVP−LO
μ

2
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Table 2. The contribution to aHVP−LO
(in units of 10−10 ) coming
μ
+ −
from the measurement of the e e → π+ π− cross section in the
region between 600 and 900 MeV. Values taken from Fig. 7 in
Ref. [34].

Experiment
BaBar
KLOE 08
KLOE 10
KLOE 12
BESIII

2π
aHVP−LO
(600 − 900 MeV)
μ
376.7(2.0)(1.9)
368.9(0.4)(2.3)(2.2)
365.3(0.9)(2.3)(2.2)
366.7(1.2)(2.4)(0.8)
368.2(2.5)(3.3)

Figure 3. The hadronic light-by-light contribution to aμ . The
blob represents the hadronic four-point function (see text).

4 Hadronic light-by-light
available [34] and are also shown in this Table. Ref. [35]
provides an updated evaluation of aHVP−LO
including these
μ
and other data more recent than those available at the time
of Refs. [4, 5]. One may notice that the discrepancy between theory and experiment given in Eqs. (2) and (3)
represents about 3% or 4% of the value of aHVL−LO
, which,
μ
as already mentioned, is itself known with a relative accuracy of about 0.6%. T he evaluation of aHVP−LO
would thus
μ
have to be wrong by several standard deviations in order
to explain this discrepancy.
At present, the contribution from hadronic vacuum polarization is the main source of the total theoretical error.
In order to match the experimental precision future experiments plan to achieve, the uncertainty on this quantity should be reduced below the 0.5% level. Forthcoming high-precision data from BaBar and KLOE-2, but also
from BESIII, Belle II, the experiments at VEPP-2000 in
Novosibirsk [36], or perhaps still other sources [37], will
hopefully help to reach this goal.
In recent years, a lot of eﬀorts have been devoted to
explore the possibilities to obtain reliable determinations
of aHVP−LO
from QCD simulations on the lattice. Several
μ
strategies are being considered in order to overcome the
diﬃculties that this computation presents, and I refer to a
dedicated presentation [38] at this workshop for more details. I will only make a remark at this stage. What is
usually understood under aHVP−LO
is not only the contriμ
bution shown on the diagram on the left in Fig. 2, but also
comprises the contribution shown on the diagram on the
right of this same Figure. The reason for this situation is
rather easy to understand. From an experimental point of
view, it is not possible to correct the data for contributions
arising from the exchanges of virtual photons between the
ﬁnal-state hadrons, or for the emission of soft photons with
energies below the detection threshold of the experiment.
Furthermore, some radiative modes, like e+ e− → π0 γ, are
explicitly included in the evaluation of aHVP−LO
. This last
μ
ﬁnal state, for instance, measured in the energy range between 600 MeV and 1030 MeV, produces by itself a contribution of 4.4(1.9) · 10−10 to aHVP−LO
. Should the fuμ
ture lattice evaluations of HVP reach the sub-percent level,
then comparison with the data-based determinations will
be meaningful only if the second contribution in Fig. 2
and radiative corrections are evaluated separately, or if the
numerical simulations include both QCD and QED ﬁeld
conﬁgurations, which might eventually turn out to be the
most expedient way to address this issue.

Let us consider the second hadronic correction of importance as far as the contribution to the total theoretical
uncertainty is concerned, namely hadronic light-by-light
scattering (HLxL), represented on Fig. 3. The vertex
function it depicts is expressed as follows, with p (resp.
p  ) the four-momentum of the ingoing (resp. outgoing)
muon, and k = p  − p,
(p  , p)u(p) =
ū(p  )ΓHLxL
ρ


i
= ū(p  ) γρ F1HLxL (k2 ) +
σρτ kτ F2HLxL (k2 ) u(p)
2m
 4  4
d
d
q
q
1
1
2
= −ie6
4
4
2
2
(2π)
(2π) q1 q2 (q1 + q2 − k)2
1
1
× 
2
2

(p − q1 ) − m (p − q1 − q2 )2 − m2
×ū(p  )γμ ( p  −  q1 + m)γν ( p  −  q1 −  q2 + m)γλ u(p)
∂
×kσ ρ Πμνλσ (q1 , q2 , k − q1 − q2 , −k)
(9)
∂k
in terms of the QCD correlator Πμνλσ (q1 , q2 , q3 , q4 ), q1 +
q2 + q3 + q4 = 0, the Fourier transform of the vacuum expectation value of the time ordered product of four lightquark electromagnetic currents. To extract aHLxL
, the corμ
responding contribution to the anomalous magnetic moment, from this vertex function, one needs to project on the
Pauli form factor F2HLxL (k2 ), and then let the momentum kμ
go to (0, 0, 0, 0). In contrast to aHVP
, there is no direct and
μ
HLxL
with an experimental observsimple connection of aμ
able, i.e. something that would look like Eq. (7). In order
to evaluate this contribution, one either has to rely on models that aim at reproducing the dynamics of the strong interactions in the whole ranges of integration over the loop

Figure 4. Various contributions to the four-point function
Πμνρσ (q1 , q2 , q3 , q4 ): poles due to single-meson intermediate
states (left), charged meson loops (middle), two-meson intermediate states (right). The shaded blobs indicate the corresponding
form factors.

3
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momenta q1 and q2 in Eq. (9), or proceed through numerical simulation of QCD on a space-time lattice. Concerning the latter, see Ref. [39]. In order to implement
the ﬁrst approach, one needs some guiding principles. At
our disposal, we have the chiral low-energy expansion and
the 1/Nc expansion [40]. The second one turns out to be
more useful from a practical point of view: the integration
over the two momenta q1 and q2 in Eq. (9) does not only
receive important contributions from the region where the
chiral expansion stays relevant. From the point of view of
the large-Nc expansion, one may identify individual contributions to the four-point function Πμνλσ (q1 , q2 , q3 , q4 ),
like single-meson poles, or meson loops and two-particle
intermediate states, and so on, as illustrated on Fig. 4,
π0,η,η poles

Πμνρσ (q1 , q2 , q3 , q4 ) = Πμνρσ
π± ,K ± loops
+ Πμνρσ
(q1 , q2 , q3 , q4 )

An important aspect for the theoretical description of
the four-point function Πμνρσ (q1 , q2 , q3 , q4 ) are its properties at short-distances. Various possibilities have to be
considered. First, since Πμνρσ (q1 , q2 , q3 , q4 ) is not an order
parameter, one has to match the low- and medium-energy
part, that is described in terms of resonances, to the perturbative regime of QCD when all momenta reach high
(euclidian) virtualities. Another quite interesting situation
is provided by the limit, ﬁrst considered in Ref. [57] (for
q1 in the euclidian region)
lim Πμνρσ (λq1 , q2 − λq1 , q3 , q4 ) =

λ→∞

=

(q1 , q2 , q3 , q4 )
(10)

Only two full calculations, Refs. [42, 43] and [44–46],
have to date attempted to provide a description as complete as possible of the various contributions to the fourpoint function Πμνρσ (q1 , q2 , q3 , q4 ). Although there are differences if speciﬁc contributions are compared on an individual basis, both groups obtained similar results for their
ﬁnal numbers for aHLxL
, with later updates correcting for
μ
the sign of the pion-pole contribution, which was found to
be wrong in the original publications, as ﬁrst pointed out
in Ref. [47]. In order to describe the QCD dynamics in
the crucial region of intermediate energies, models like the
extended Nambu–Jona-Lasinio model [48, 49] and/or the
hidden local symmetry model [50, 51], which couples the
lowest-lying vector resonance to the pseudoscalars, were
used. The ﬁnal result turns out to be numerically quite
close to the contribution due to the exchange of a single
neutral pseudoscalar between pairs of photons (see the ﬁrst
contribution on Fig. 4), the remaining contributions canceling each others. For a critical review, as well as updates,
see Ref. [52]. Subsequent developments have focused on
speciﬁc aspects, like: i) the reevaluation of individual contributions coming from the exchanges of single mesons,
the pseudoscalars [8, 47, 53], the axial [35, 54], scalar or
tensor mesons [54], ii) the large-Nc expansion, iii) shortdistance constraints, and iv) dispersive approaches.
Concerning the large-Nc expansion, the general structure of aμHLxL reads [7, 55, 56]
 α 3 N

m2μ

lim Πμνρσ (λq1 , λq2 , q3 − λq1 − λq2 , −q3 ),

λ→∞

π

c
Fπ2

48π2

(13)

which doesn’t seem to have been discussed so far. The
limit where all virtualities become large (in the euclidian region) starts with a loop of massless quarks, supplemented with corrections from perturbative QCD,
pQCD

lim Πμνρσ (λq1 , λq2 , λq3 , λq4 ) = Πμνρσ (q1 , q2 , q3 , q4 ) + · · ·,

λ→∞

(14)
with q1 + q2 + q3 + q4 = 0. In the approaches mentioned
above, this condition is met through the presence of a constituent quark loop, which reproduces the correct limit at
leading order, while the sum of the other contributions has
then to vanish in this limit. In contrast to the previous
situation, the constraint of Eq. (12) appears to be more
“democratic", in the sense that all terms in the decomposition (10) can in principle contribute. This means that, in
the limit considered in Eq. (12), they have to combine in
order to build up, in the limit considered, the three-point
correlation function on the right-hand side.
Recent (non lattice) developments concerning
aμHLxL have come from the side of dispersion relations. One approach [58–60] uses a decomposition of
Πμνρσ (q1 , q2 , q3 , q4 ) into a set of invariant functions, for
which dispersion relations are written. In the corresponding absorptive parts one then isolates the one-particle
(poles), two-particle, and so on, contributions, as illustrated on Fig. 4. The large-Nc expansion, together
with the suppression of contributions involving higher
invariant masses, provide the justiﬁcation for considering
contributions with only a low number of intermediate
states. Notice, however, that, for instance, the two-pion
states also contains resonant contributions (scalars or
tensors) that, like the poles from the pseudoscalar mesons,
occur already at leading order in the large-Nc limit.
The idea is then to evaluate these dispersion relations
in terms of experimental input for, for instance, various
form factors they involve [61]. Whether experiment will

Mρ
Mρ
+ cχ ln
+ κ +O(Nc0 ).
Mπ
Mπ
(11)
The coeﬃcient of the ln2 constitutes an exact result [47,
55], whereas the constant cχ is related to the amplitude
for the decay π0 → e+ e− [55, 56] and can in principle
be obtained from a suﬃciently accurate measurement of
the corresponding branching fraction. Nothing can be said
from ﬁrst principles on the constant κ and on the subleading O(Nc0 ) corrections, and here one is redirected to the
existing model calculations, as provided by Refs. [42, 43]
and [44–46].
aHLxL
= Nc
μ

(12)

with q2 + q3 + q4 = 0. In this expression, Wμνρ (q1 , q2 )
denotes the Fourier transform of the the three-point QCD
correlation function involving two hadronic electromagnetic currents and the ﬂavour-neutral axial currents (including the ﬂavour-singlet one). Finally, one might in principle also consider the behaviour in the limit

K̄
+ Πππ,K
μνρσ (q1 , q2 , q3 , q4 )

+··· .

γ
1 2i q1
μνγ τ Wρστ (q3 , q4 , q2 ) + O(1/λ2 ),
λ 3 q21

ln2

4
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be able to provide the necessary input data for all form
factors involved at the required accuracy remains an
open question [62]. A second approach [63, 64] writes
a dispersion relation directly for the form factor F2 (k2 )
itself, using the representation in Eq. (9). The task
consists then again to identify and evaluate the various
discontinuities. So far, it has been shown [63] that one can
recover the contribution from the pion pole through this
method, using a vector-meson-dominance representation
for the corresponding form factor. What is so far missing
in these dispersive approaches, is how the short-distance
properties will be implemented, that is how the various
individual contributions will be made to talk to each
others in the relevant asymptotic regimes.
The present discrepancy between theory and experiment represents about three times the values of aHLxL
reμ
ported in Table 1. Although the present determinations of
aμHLxL are still highly model dependent, they seem to incorporate the relevant physics in an appropriate manner.
Other determinations relying on simple models, like, for
instance, the constituent chiral quark model [65, 66] or
holographic QCD [67, 68], do not show signiﬁcant deviations from the results given in Table 1, although the uncertainties coming from the models themselves are of course
diﬃcult to estimate. Finally, higher-order corrections to
aHLxL
have also been estimated [69], and found to be quite
μ
small.
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