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Abstract. I discuss the current situation with the muon anomalous magnetic moment. I argue that a mistake
in the theoretical predictions is a very unlikely explanation of the current discrepancy between the Standard
Model value of the muon magnetic anomaly and its measured value.

1 Introduction
I was charged by the organizers of the conference with reviewing the theory of the muon anomalous magnetic moment. I will begin by summarizing the current situation
with the muon g − 2 and then discuss the various contributions to the muon magnetic anomaly starting with the
QED one and then moving on to the hadronic vacuum polarization and the hadronic light-by-light scattering contributions. I will not talk in any detail about the electroweak
corrections to the muon magnetic anomaly since they are
well understood by now.
The enormous interest in the muon magnetic anomaly
in the particle physics community originates from the fact
that the latest and most precise measurement of this quantity by an experiment E821 performed in Brookhaven National Laboratory left us with a persistent diﬀerence between the result of the measurement [1] and the theoretical
prediction in the Standard Model [2]. The diﬀerence
−11
Δaμ = aμ − ath
,
μ = (261 ± 80) × 10
exp

(1)

amounts to 3.3 standard deviations. The uncertainty of the
measured value of g − 2 is 63 × 10−11 ; it is comparable to
the uncertainty of the theoretical result, 50 × 10−11 .
The new experiment at the Fermi National Laboratory
that will start operating in 2017 aims at reducing the experimental uncertainty by a factor four; if these plans succeed,
the experimental error will be brought down to 16 × 10−11
[3]. If we assume no changes in central values of all the
contributions and no changes in the theoretical uncertainty,
the ﬁnal discrepancy will be more than ﬁve standard deviations. By the standards of high-energy physics, this
will qualify as a discovery of physics beyond the Standard Model. Hence, we see that the stakes are quite high.
We have, on one hand, a clean electroweak observable
that shows a surprising discrepancy between expected and
measured values and, on the other hand, a forthcoming experiment that has a potential to increase the signiﬁcance of
the discrepancy further, to the point of a discovery. These
a e-mail: kirill.melnikov@kit.edu

prospects make the physics of muon g−2 quite an exciting
and intriguing ﬁeld for the next few years. At this point in
time, the best thing that the g − 2 theorists can do is to keep
scrutinizing the theory predictions to ensure that theoretical results are sound and robust, at least at the level of the
accepted uncertainties. On the other hand, it is important
to realize that the current discrepancy shown in Eq.(1) is
simply too large to be explained by a blunder on the theory side. This still leaves us with quite a few options to
explain Δaμ in Eq.(1); we will describe them below.
We begin with the discussion of the magnitude of the
diﬀerent contributions to ath
μ and their uncertainties. For
deﬁniteness, we will use results as compiled in Ref.[2];
they are shown in Table 2. The QED contribution is by
far the largest one; it is known extremely precisely. For
a proper perspective, it is useful to note that the uncertainty of the QED contribution is just 10−4 × Δaμ , i.e. completely irrelevant at the current level of discrepancy. The
electroweak contribution is small [4], see Table 2. It is
comparable to the current discrepancy between theory and
experiment and its uncertainty is a factor of ten smaller
than the expected precision of the FNAL experiment. The
situation with hadronic contributions to the muon magnetic anomaly is very diﬀerent. The so-called leading order hadronic vacuum polarization contribution is large and
its uncertainty is sizable. The NLO hadronic vacuum polarization is rather small. Since its calculation uses the
same non-perturbative input as the leading order hadronic
vacuum polarization, we believe that this error estimate is
justiﬁed and, for this reason, it plays no role in the current g − 2 discussion. The last contribution is the so-called
hadronic light-by-light scattering. It is relatively small but
for a number of reasons that we discuss below it is considered to be quite uncertain.
If we put everything together, we arrive at the theoretical prediction for the muon g − 2 in the Standard Model
−11
ath
.
μ = 116591830(50) × 10

(2)

The largest contributors to the uncertainty are the leading order hadronic vacuum polarization contribution and
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the hadronic light-by-light. The uncertainties of QED and
electroweak corrections and the hadronic vacuum polarization at next-to-leading order play a minor role.
Before discussing physics of the muon magnetic
anomaly in detail, I emphasize that if we choose the current discrepancy between theory and experiment as a measure of how well the various contributions to the muon g−2
need to be known, we have to conclude that there is basically not a single one that requires reﬁnements. Moreover,
we can estimate the magnitude of all the diﬀerent contributions to the muon magnetic anomaly using relatively
simple physical considerations and in this way assure ourselves that we do not do anything particularly wrong. Of
course, independent checks of the hadronic contributions
are very welcome but, in my opinion, it is highly improbable that they will give us a diﬀerent version of the g − 2
story.
Therefore, given all the stress-tests that the theory of
the muon g − 2 has been subject to and the magnitude of
the discrepancy Δaμ in Eq.(1), I believe that there are three
possible explanations of what is going on. They are as
follows:

116584718.95(8)
154 ± 2
6949 ± 37 ± 21
−98.4
105 ± 26

Table 1. Contributions to the muon anomalous magnetic
moment, in units of 10−11 . The results are taken from Ref. [2].
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Figure 1. Enhanced three- and four-loop QED contirbutions to
the muon g − 2.

• the experimental result is wrong;
• several ingredients that appear in the theory predictions
are “wrong” at the O(1σ) level; for some reason that is
not fully understood, the shifts are correlated;

experts, it appears to be impossible to say how reliable
these computations are without a completely independent
conﬁrmation of the ﬁnal result. Unfortunately, such a conﬁrmation has not yet fully happened although an impressive progress towards this goal occurred in recent years
[6]. For this reason, we must take the results of the QED
computations as they are currently reported and make our
conclusions about the signiﬁcance of the g − 2 discrepancy
based on this information. It is important to discuss why
we believe that this is the sensible thing to do.

• the discrepancy is real and is explained by physics beyond the Standard Model.
Thanks to the new experiment at Fermilab, we will be
able to check the ﬁrst item whereas a careful re-analysis
of the many Standard Model contributions, the continued
measurements of the e+ e− → hadron cross sections and
the anticipated progress in lattice computations will most
likely allow us to either conﬁrm or disprove the second
one. Hence, it is possible to imagine that during the next
decade we will be able to ﬁnd a resolution of the muon
g − 2 puzzle and understand the cause of the current discrepancy.
In what follows we will discuss the diﬀerent contributions starting from the QED one in Section 2 and continuing with the hadronic vacuum polarization in Section 3
and hadronic light-by-light in Section 4. We conclude in
Section 5.

The answer to this question is actually quite simple: at
the current level of discrepancy Δaμ in Eq.(1) we do not
need the results of the most advanced QED computations.
In fact, all that is required are the three-loop QED corrections and the leading contributions at four-loops. Both
the three-loop QED contributions to muon g − 2 and the
leading four-loop contributions are known since long ago
and have been checked several times (see the discussion in
Ref.[7] and references to the original papers therein). As
we will see, these results alone allow us to predict the QED
contribution to the muon magnetic anomaly with the precision that is better than 40 × 10−11 which is much smaller
than Δaμ .

2 QED
A glance at the ﬁrst entry in Table 2 shows that the QED
contribution to the muon magnetic anomaly is known with
the precision that exceeds the needs of the current theoryexperiment comparison. For this reason, it is tempting to
say that the QED corrections to g − 2 are well-established
and require no further discussion. However, the QED corrections to the muon magnetic anomaly are large and one
can easily imagine that a tiny inconsistency in their evaluation will have important consequences for the interpretation of the g − 2 puzzle. Since the state of the art computations of the muon magnetic anomaly [5] are incomprehensible for most people, except for a tiny number of

The peculiarity of the QED contributions to the muon
magnetic anomaly are the two enhancement parameters – the logarithm of the muon to electron mass ratio ln mμ /me ∼ 5 and π2 ∼ 10 that appear in certain
cases. The logarithmic enhancement is a consequence of
the renormalization-group running of either the QED coupling constant or eﬀective operators that appear once diagrams that are sensitive to mμ and me are written in such a
way that contributions of disparate energy scales are separated. We note that it is somewhat unusual in perturbative
computations to speciﬁcally address the enhancement by
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π2 factors1 but in case of the muon magnetic anomaly there
are cases when this enhancement can be sharply identiﬁed.
This happens, for example, when π2 and ln mμ /me appear
in Feynman diagrams at the same time. Such situation occurs in the light-by-light scattering diagrams with the electron loop [8], see Fig. 1 The enhancement mechanism is
very strong – at three loops, the light-by-light scattering
diagrams with the electron loop provide 96% of the full
result; all other diagrams give just about four percent.
At four loops, the situation is similar. We can not
add another photon to connect the muon line and the electron loop since the resulting contribution vanishes due to
Furry’s theorem. Instead, we generate the logarithmic enhancement caused by the running of the coupling constant
by inserting the electron vacuum polarization diagram into
any of the photon propagators, see Fig. 1. This class of diagrams gives [9]
(4),leading

aμ

= 117.4

 α 4
π

.

Figure 2. The contribution of a QED bound state to the anomalous magnetic moment of a lepton.

bound state contributions a part of conventional perturbative series. In fact such mechanism exists; it is known as
“duality” in QCD. The point is that the magnetic anomaly
is an Euclidean quantity that can be computed in QCD after the Wick rotation. If so, all the integrations over loop
momenta can be performed over paths that are far from
any of the physical singularities. For this reason, conventional perturbative expansion must be applicable. However, when one performs a computation without the Wick
rotation and, in particular, uses dispersion representation
for the photon vacuum polarization function, one has to
integrate over sub-threshold positronia or dimuonia states.
The non-perturbative O(α5 ) correction to g − 2 is then obtained. If one stops here, one concludes that there are contributions in QED that are not part of conventional perturbative series. However, such conclusion will be premature. Indeed, there is another non-perturbative contribution that appears in a form of a strong modiﬁcation of the
continuum scattering states above the e+ e− or μ+ μ− production thresholds. These non-perturbative contributions
in the continuum spectrum produce corrections to g − 2
that are equal and opposite in sign to non-perturbative corrections produced by the bound states. When the sub- and
above-threshold non-perturbative contributions are added,
they cancel each other completely; the remaining part can
be obtained within conventional perturbative expansion in
QED [13, 14].2 The reason for this is the Euclidean nature
of the muon anomalous magnetic moment, as has been
mentioned already.

(3)

It is instructive to compare the approximate and the exact
results
 α 4
aμ(4),exact = (132.68 − 1.75)
,
(4)
π
where the ﬁrst term contains contributions from all diagrams enhanced by logarithms of mμ /me ratio and the second represents contributions of all diagrams that are regular in the limit me → 0. The diﬀerence between the
full result and the leading contribution at four-loops translates into 40 × 10−11 shift at g − 2; this number is much
smaller than the current discrepancy in the muon magnetic
anomaly. Moreover, other potentially enhanced contributions at the four-loop level were recently re-evaluated [6],
conﬁrming the results of the previous computations [10].
What remains unchecked at the four-loop level is the part
of the computation that is regular in me → 0 limit. We
see from Eq.(4) that it only shifts the four-loop result by
about 5×10−11 which is absolutely negligible at the current
level of discrepancy. Finally, we note that the calculation
of ﬁve-loop QED corrections to the magnetic anomaly was
recently completed [5]. The result is consistent with a few
earlier estimates [11] that utilized the possible enhancement mechanisms that we discussed earlier. The ﬁve-loop
contribution shifts the muon anomalous magnetic moment
by about 5 × 10−11 which is negligible compared to the
current discrepancy.
Last year it was pointed out that the perturbative description of the QED corrections to the anomalous magnetic moment of an electron or a muon may be incomplete
[12]. This discussion was motivated by an observation
that contributions of QED bound states such as positronia,
dimuonia etc. change the magnetic anomaly at the ﬁveloop order, c.f. Fig. 2. However, since the bound states
are non-perturbative in a sense that inﬁnitely many Feynman diagrams need to be summed up to describe them,
it seems hard to imagine a mechanism that makes these

To summarize, I believe that QED corrections to the
muon magnetic anomaly are understood so well that they
can be discarded as a reason for the discrepancy in expected and measured values of the muon g−2. On the other
hand, another measure of how well we need to control the
QED corrections is provided by the expected precision of
the new FNAL experiment, 15 × 10−11 . To match this precision, a re-calculation of the ﬁnite part of the four-loop
muon g − 2 probably becomes desirable. Given impressive
recent developments in techniques for perturbative computations and their application to physics of the muon magnetic anomaly [6], there is no doubt that this task will be
accomplished on the time scale of a few years.

usual argument against this is that π2 may appear in many different ways in the ﬁnal result and there are many known cases when large
π2 contributions are compensated by large rational contributions.
1 The

2 Amusingly, this discussion was given in a more general context in
full generality almost ﬁfty years ago [15].
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;
• the contribution of ρ, ω, φ vector mesons aρ,ω,φ
μ
• the “continuum” contribution acont
that starts above
μ
√
s ∼ mφ ;
−11
Numerically, we ﬁnd aππ
, aρ,ω,φ
= 5514 ×
μ
μ ∼ 400 × 10
−11
cont
−11
10 , aμ = 1240 × 10 . Combining the three results we obtain the theoretical estimate of the leading order hadronic vacuum polarization contribution to the muon
magnetic anomaly

Figure 3. The spectral density R(s) that appears in the calculation of the leading order hadronic vacuum polarization contribution to the muon magnetic anomaly.

hvp,th

aμ

ρ,ω,φ
= aππ
+ acont
≈ 7160 × 10−11 .
μ + aμ
μ

(6)

This theoretical estimate can be compared with one of the
recent results of the data-driven evaluations [2]

3 Hadronic vacuum polarization
contribution

hvp

aμ

The next largest correction to the muon anomalous magnetic moment is the hadronic vacuum polarization. The
muon mass provides the energy scale for this contribution. This scale is smaller than the non-perturbative scale
of strong interactions ΛQCD , so that perturbative QCD is
not applicable and we have to resort to non-perturbative
methods. The only viable option is to use the dispersion representation of the hadronic vacuum polarization
which allows us to restore the full function from its imaginary part. Since the imaginary part of the hadronic contribution to photon vacuum polarization is proportional
to e+ e− → hadrons annihilation cross section, which is
known thanks to many experimental studies, we can calculate the hadronic vacuum polarization non-perturbatively.
Its contribution to the magnetic anomaly can be written as
hvp

aμ

=

α
3π

∞

ds hard
R (s) a(1) (s),
s

= (6949 ± 37.2 ± 21.0) × 10−11 .

(7)

The proximity of the two results is obvious and gives us
conﬁdence that we understand the physics of the hadronic
vacuum polarization quite well; of course, the uncertainty
of the theoretical estimate is hard to access a’priori.
Let us discuss now to what extent the existent datadriven evaluations are satisfactory, given the physics goals
of the current and forthcoming muon g − 2 studies.3 The
important point to emphasize in this respect is that the
hadronic vacuum polarization contribution to the magnetic
anomaly is large and it needs to be know quite precisely.
In fact, currently, it is the largest contributor to the uncertainty of the theoretical prediction of the muon magnetic
anomaly. The two uncertainties in Eq.(7) have the following origin: the ﬁrst one is related to the uncertainty of the
experimental data and how they are combined; the second
one reﬂects the poor understanding of how QED radiative corrections are applied to analyses of available data
in exclusive hadronic channels. Both of these uncertainties are relatively small compared to the current discrepancy between theory and experiment but, taken together,
they are not negligible. Moreover, these uncertainties become quite substantial when compared to the expected
precision of the FNAL experiment, which suggests that
further eﬀort is required to improve the measurements of
the e+ e− → hadrons annihilation cross sections at low energies. It is re-assuring that the corresponding program of
measurements exists both at BEPC and at Novosibirsk, so
hvp
that substantial improvements in our understanding of aμ
can be expected on a few years time scale [16, 17].
There are several important issues that are debated currently in the context of the calculation of the hadronic vacuum polarization. One is the compatibility of data sets
obtained in measurements of e+ e− → hadrons by CMD,
SND, KLOE, BABAR and BESS III experiments. All the
experiments measure the contributions of the kinematic rehvp
gion around the ρ-meson to aμ so that the results of different experiments can be compared directly. Such a comparison is shown in Fig. 4. In principle, the results of the
diﬀerent measurements are consistent but there are unwelcome systematic trends: KLOE results are smaller than the
BABAR results and somewhat smaller than SND results.

(5)

s0

where R(s) = σe+ e− →hadr /σe+ e− →μ+ μ− and a(1)
μ is the oneloop anomalous magnetic moment that appears due to√an
exchange of a photon-like vector boson with the mass s.
Note that for the evaluation of the integral in Eq.(5) the
low-energy region is of particular interest; this is so because the anomalous magnetic moment a(1)
μ decreases for
2
(s)
∼
m
/s
giving
a stronger
large vector boson masses a(1)
μ
μ
weight to the low-energy part of the integrand in Eq.(5).
Before I describe the results of the most recent computations, I would like to emphasize that it is possible to estihvp
mate aμ [7]. Such an estimate is interesting since, when
contrasted with data-driven evaluations, it gives us an idea
about how well such non-perturbative computations can
hvp
be controlled. This is not very important for aμ , where
data is available at the ﬁrst place, but it is crucial for the
hadronic light-by-light scattering contribution albl
μ , as we
describe later.
The idea behind the estimate is quite simple. We try
to model the essential features (see Fig.3) of the spectral
density R(s) at relatively low energies by accounting for
three contributions:
• the chirally-enhanced two-pion threshold contribution
√
aππ
s = mρ /2;
μ deﬁned with an upper energy cut-oﬀ at

3 For

4

a detailed discussion of this question, see Ref. [16].
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Figure 5. The so-called pion pole contribution to ahlbl
is the nuμ
merically dominant one.
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Figure 4. Comparison of recent evaluations of the ρ-meson contribution to g − 2 that employ data from diﬀerent experiments.
The plot is taken from Ref. [18].
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Figure 6. The OPE relation for the photon-photon scattering
Green’s function.

Also, the spectral densities R(s) are somewhat tilted relative to each other in BABAR and KLOE measurements.
The result of the very recent measurement by BESS III
[19] is between the BABAR and KLOE results, but deﬁnitely closer to KLOE.
The other important topic that is being currently discussed is the question about the usefulness of τ data for
the evaluation of the magnetic anomaly. The central issue is whether or not it is possible to control the isospin
violating eﬀects at the precision level that is required for
the hadronic vacuum polarization to the muon magnetic
anomaly. There were several talks about this issue during the Workshop; they seem to give an aﬃrmative answer
to this question [20, 21]. My personal opinion about this
is that it is diﬃcult to control the isospin violating eﬀect
at the level that is required to have meaningful description of the muon magnetic anomaly which implies that the
use of τ data has the potential to create a lot of confusion.
One thing, however, is clear. The recent work on the compatibility of the e+ e− and the τ data seems to imply that,
by and large, the data sets are quite compatible with each
other [20, 21]; the situation therefore, is diﬀerent compared to what was happening twelve years ago when the τ
and e+ e− data gave markedly diﬀerent predictions for the
muon g − 2. Interestingly, one can check the compatibility of the τ data with the results of the R(s) measurements
by CMD, KLOE and BABAR; when this is done [21], the
BABAR measurement appears to be disfavored.

light-by-light scattering contribution4 and the fact that the
calculation of ahlbl
μ only vaguely relies on the experimental
data, there seems to be an uneasy feeling towards it. As the
result, both the central value and the uncertainty estimate
are being frequently questioned.
I begin by summarizing a few solid facts that we know
about hadronic light-by-light scattering contribution. First
of all, this contribution is non-perturbative since the energy scale set by the muon mass is small. Unfortunately,
the use of robust non-perturbative methods such as e.g. the
dispersion relations with experimentally-measured spectral densities, is very diﬃcult in case of hadronic light-bylight.5 As the consequence, most of the current computations of ahlbl
μ rely on models of low-energy hadron interactions. It is important to emphasize, however, that these
models are constructed following parametric considerations. Indeed, to describe low-energy strong interactions
physics, we can employ two parameters: 1) large number
of colors Nc can be used to construct the 1/Nc expansion;
2) the apparent smallness of the pion mass mπ relative to
the scale of strong interactions ΛQCD allows us to treat a
pion as a pseudo-Goldstone boson and uniquely predict
its interactions with photons to leading order in the chiral
expansion. The smallness of the pion mass suggests that
loops of charged pions should provide the dominant contribution to the muon magnetic anomaly; the proximity of
Nc = 3 to Nc = ∞ suggests that Green’s functions relevant
for the description of hadronic light-by-light scattering can
be constructed as linear combination of contributions of
non-interacting hadronic resonances. The existent studies
of ahlbl
show that contributions that are enhanced by the
μ
large number of colors are (numerically) more important
than the contributions that potentially exhibit the chiral enhancement.
Two statements can be made about hadronic light-bylight scattering contribution that are exact in the large-Nc

4 Hadronic light-by-light scattering
contribution
We will now discuss the current situation with the hadronic
light-by-light scattering contribution to the muon anoma=
lous magnetic moment. It is estimated to be ahlbl
μ
(105 ± 26) × 10−11 [22]. Clearly, ahlbl
is
not
large
and
its
μ
uncertainty, when compared to the current diﬀerence between theory and experiment, can be tolerated. However,
given the persistent nature of the g − 2 discrepancy, the
volatile history of theoretical calculations of the hadronic

4 The theory prediction for ahlbl changed sign several times during its
μ
relatively short history.
5 See Refs. [23–25] for the recent attempts to push forward with the
data-driven evaluation of ahlbl
μ .
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for ahlbl
change if one changes the gluon-quark coupling
μ
[34]. Alternatively, one can combine the constituent quark
loop with π0 contribution to ensure that the chiral limit
of the theory is correct [35]; in this case the quark loop
contribution and the pion loop contribution must conspire
to give the correct result for ahlbl
μ . It turns out that whatever one does, the result comes out to be in in the range
c
ahlbl,N
≈ (120 − 150) × 10−11 which is perfectly consistent
μ
with the results of more detailed computations based on
low-energy hadron models shown in Eq.(10).
Although further improvements in understanding the
large-Nc part of the hadronic light-by-light scattering contributions are clearly warranted, the major current issue in
the theory of ahlbl
μ is whether the sub-leading in Nc contributions are under control. The largest eﬀect comes from
loops of charged pions, which is the leading contribution
+ −
in the chiral expansion. One ﬁnds aπμ π = −40 × 10−11 .
However, it is interesting to point out that this particular
contribution is not robust and that the pion loop changes
strongly if pion-photon interactions are modiﬁed to account for contributions of vector mesons. Another illustration of this fact is that introducing such modiﬁcations in
two diﬀerent ways gives two results that diﬀer by a significant amount. The reason for this behavior was analyzed
in Ref. [27]. It was found in that reference that the pion
loop is sensitive to larger values of the loop momenta than
one naively expects. Moreover, these values of the loop
momenta are suﬃciently high to be sensitive to hadronic
modiﬁcations of the interaction vertices and propagators.
One can also learn from these results that ﬁrst non-trivial
power correction to the chiral limit is insuﬃcient and one
needs quite a number of such terms to obtain the reliable
result.
A separate, but related issue is the question by how
much pion polarizability modiﬁes the pion loop contribution [38, 39]. The pion polarizability is a modiﬁcation of the pion-photon interaction due to the following
higher-dimensional operator in the low-energy Lagrangian
Lpol ∼ Fπ−2 π+ π− Fμν F μν . This term is clearly not part of
the leading chiral Lagrangian and it is also not generated
when eﬀects of heavy mesons are modeled by using vector meson dominance or similar models. It is argued in
Refs. [38, 39] that eﬀects of the pion polarizability are
large and very uncertain; it is estimated in Refs. [38, 39]
that the pion loop contribution, including the polarizability
operator, is in between −10 × 10−11 and −70 × 10−11 .
It is important to stress that, as the consequence of
these issues, the sub-leading in Nc contribution to muon
g − 2 is, currently, the leading source of the uncertainty in
the ﬁnal theoretical estimate of ahlbl
μ . Given this situation,
it is interesting to ask to what extent our understanding of
the sub-leading in Nc contributions can be improved in the
future and we have seen some positive signs of the possible improvements during the Workshop. Indeed, it was
argued in [40] that out of the two standard references for
the pion loop contributions – the Hidden Local Symmetry
(HLS) result −4 × 10−11 of Ref. [36, 37] and the vector
meson dominance (VMD) result −19 × 10−11 of Ref.[29],
only the VMD calculation satisﬁes the short-distance con-

approximation. First, we know that in the large-Nc approximation and in a situation where the mass gap between the
pion and the ρ-meson is large, the hadronic light-by-light
scattering contribution to the muon anomaly is given by
the following formula [26]
 α 3  N 2 m2
mρ
c
0
albl
3
ln2
+ ...
(8)
μ [π ] =
π
3 (4πFπ )2
mπ
The ellipses stand for terms that are enhanced by a single
power of ln mρ /mπ and for terms that are regular in mρ →
∞ limit. This contribution originates from the diagrams
in Fig.5 where π0 is exchanged between the photon pairs.
In addition, there is a constraint on the behavior of the
photon-photon scattering amplitude at large virtualities of
the photons that follows from perturbative QCD [27]. It is
based on the OPE relation for the time-ordered product of
two vector currents

i d4 xd4 ye−iq1 x−iq2 y T jμ1 (x) jμ2 (y)

2i
=
d4 ze−i(q1 +q2 )z 2 μ1 μ2 δρ qδ jρ5 (z) + ...
(9)
q
Pictorially, this equation is illustrated in Fig. 6. The axialvector current – that appears on the right-hand side of
Eq.(10) – has a non-vanishing matrix element between the
hadron vacuum and π0 ; this allows to connect the shortdistance computation of the photon-photon scattering amplitude where OPE is applicable and the long-distance description of the photon-photon scattering amplitude where
π0 exchange plays the primary role. The two constraints
refer to opposite momenta scales, the very small and the
very large; Eq.(10) shows that these constraints are connected and can be modeled by the π0 -exchange extrapolated to high-invariant masses in a consistent way [27].
Our best estimates of the large-Nc part of the hadronic
light-by-light scattering contribution to the muon magnetic anomaly utilize models of the light-by-light scattering amplitudes based on pseudo-scalar (π0 , η, η ) and
pseudo-vector (a1 ) exchanges , subject to two constraints
mentioned above [27–31]. The current consensual result
for the large-Nc part of the hadronic light-by-light scattering contribution to g − 2 is [22]
c
ahlbl,N
= (128 ± 13) × 10−11 .
μ

(10)

c
We can check our understanding of ahlbl,N
in a number
μ
of diﬀerent ways. Since the hadronic light-by-light scattering contribution to g − 2 is Euclidean, we never need to inc
tegrate over the resonance regions when evaluating ahlbl,N
.
μ
It is then possible to think that there should be a duality
between hadronic light-by-light scattering contribution to
g − 2 calculated using hadronic models and the constituent
quarks. The only parameter that a constituent quark can
have – its mass – can be estimated by requiring that the
same theory works for the leading order hadronic vacuum
polarization. This approach, pioneered in Refs.[32, 33],
−11
gives ahlbl
.
μ ≈ 130 × 10
One can check the stability of this result in a couple
of ways. For example, one can include the “gluon” corrections to both light-by-light and hadronic vacuum polarization diagrams and check by how much the results
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cross sections at Novosibirsk and Beijing and a better understanding of the hadronic light-by-light scattering contribution. The hope here is related to the new modeindependent approaches that are currently being developed, the improved measurements of photon transition
form factors [41, 42] that appear to be possible at highluminosity e+ e− colliders and with continuous progress in
applications of lattice QCD to hadronic light-by-light scattering that seems to be reaching the breakthrough moment
[43].
The BSM contribution as an explanation of the discrepancy in muon g − 2 is, arguably, the most exciting
option. The likely candidate is still the supersymmetry
with relatively small chargino and neutralino masses and
relatively large value of tan β. Here the interplay with direct measurements at the LHC is crucial but so far there
is no contradiction between the LHC data and the masses
of electroweakinos required to explain the muon magnetic
anomaly [44].

+

Figure 7. Decomposition of the chirally enhanced contributions
to the photon-photon scattering amplitude in the dispersive approach of Refs.[23, 24].

straints on π+ π− γγ vertex and leads, e.g. to the ﬁnite
π+ − π0 mass diﬀerence. This fact would strongly favor
+ −
the VMD result aπμ π = −19 × 10−11 and would reduce the
uncertainty since the previous uncertainty estimate was designed to cover both the VMD and the HLS model results.
The analysis reported in Ref. [40] also seems to disfavor
large eﬀects of polarizability at least as long as one stays in
the kinematic regime where the chiral expansion is wellbehaved.
As we already mentioned, another interesting idea that
was put forward recently is to use dispersion relations for
the photon-photon scattering amplitude to make computations of hadronic light-by-light scattering less modeldependent [23–25]. For the subleading-Nc contributions,
the decomposition of the photon-photon scattering amplitude shown in Fig. 7 is derived in Refs. [23, 24]. The ﬁrst
term on the right hand side, the four-pion cut, is simple
and unique: it is chirally-enhanced pion box contribution
modiﬁed by pion form factors on the external photon legs.
The second term, the two-pion cut, is diﬃcult; its analysis
currently assumes the partial-wave expansion. The important point is that the four-pion cut is the same in VMD
and HLS models and it is not aﬀected by the pion polarizability issues. This means that all the “hot topics” in the
current discussion of the hadronic light-by-light scattering
contribution to g − 2 reside in the two-pion cut contribution. This suggests that the dispersive approaches have
a great chance to establish their credibility and usefulness by showing that the above issues (VMD vs. HLS
and the polarizability) can be understood and clariﬁed in a
model-independent way. If anything, this is a simpler task
than the complete model-independent analysis of hadronic
light-by-light scattering contribution to the muon magnetic
anomaly, but it is a very important one.
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