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Abstract. We propose to use the Continuum Discretized Coupled Channels approach

to describe both the differential cross sections and the excitation fonctions for the (d,p)

reactions.

1 Introduction

Just after the discovery of radioactivity, it was realized that nuclear reactions can be used to explore

the structure of nuclei. In particular, since 1932 [1], the deuteron has been widely used as a projec-

tile both to investigate the spectroscopic features of the compound nucleus and to produce isotopes

relevant for technological or medical purposes. Indeed as a weakly bound two-nucleon system, this

hydrogen isotope can easily transfer one of its component to the target nucleus A
Z X to form the com-

pound nucleus A+1
Z YN+1 or A+1

Z+1YN and as a charged particle, the incident energy can be accurately

chosen allowing a selective study of the reaction. But, in spite of all these advantages and if many

differential cross sections are quite well reproduced, the (d,p) or (d,n) excitation functions are often

poorly described, meaning that our understanding of the reaction mechanism remains to be improved.

It is due to the fact that, for these reactions, many processes (such as direct and multistep transfer,

elastic and inelastic breakup...) can occur and will compete and interfere to produce the same com-

pound nucleus. The cross section prediction thus requires to solve at least a quantum three-body

problem which includes the continuum effects properly. In 1958, S. Watanabe [2] proposed to build

the deuteron optical potential by folding the projectile wave function with the nucleon-target optical

potentials in order to reproduce the elastic cross section. Then in the seventies, an improvement of this

approach was developped: an approximated way to compute the deuteron elastic and elastic breakup

cross sections was proposed by R.C. Johnson and P.J.R. Soper [3] (who used a simplified approach

involving an adiabatic approximation) and by G.H. Rawitscher [4]. Within this model (now known

as the Continuum Discretized Coupled Channels (CDCC) approach), the total wave function of the

deuteron+target system is expanded into a sum of states describing the elastic channel and breakup

ones and the cross sections for each channel are derived by solving a set of coupled differential equa-

tions. The CDCC has been widely studied and quite sucessfully applied, mainly to predict differential

cross sections (see e.g. [5–10, 12–14]). Starting from some CDCC calculations, we will propose a

semi-phenomenological method to compute the (d,p) excitation functions.
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2 A semi-phenomenological model to compute the excitation function
using the CDCC approach

2.1 A brief preview of the CDCC philosophy

The CDCC for deuteron induced reactions has been extended in order to also include the target exci-

tations [11]. This extension will be denoted by CDCC∗ and will be briefly summarized. Within this

framework, the total wave function of the d+target system depending on R, the deuteron center of

mass coordinates and on ρ, the proton-neutron relative coordinates, is written as:

|ΨJT MT (R, ρ)〉 =
∑

i l S Ip L J It

|(i l S ) Ip L JIt ; JT MT 〉

where the channels of the system for a given JT are labeled by the bin number i (i=0 for the deuteron

ground state and i > 0 for breakup ones), the deuteron spin S = 1, the relative orbital angular

momentum l, the angular momentum J, the orbital angular momentum L associated to R and the spin

of the target It where �S + �l = �Ip, �L + �Ip = �J and �It + �J = �JT .

It satisfies the Schrödinger equation:

Ĥ|ΨJT MT (R, ρ)〉 = E|ΨJT MT (R, ρ)〉
After performing a multipole expansion and after left-multiplying the Schrödinger equation by

〈c| and integrating over ρ and the angular variables, the radial parts uc(R) of the wave function are

solutions of a set of coupled differential equations:(
− �

2

2μR

d2

dR2
+
�

2L(L + 1)

2μRR2
+ V (Coul)

p − Ei

)
uc(R) = −

∑
c′

Vcc′ (R)uc′(R) (1)

where c and c′ denote the channels |(i l S ) Ip L JIt ; JT MT 〉 and |(i′ l′ S ′) I′p L′ J′I′t ; JT MT 〉 respectively.

The expressions of the form factors Vcc′ (R) = 〈c|V(ri)|c′〉 can be derived by using the Wigner-Eckart

theorem: these form factors depend on some angular momentum couplings, on the target excitation,

and on a folding of the nucleon-target optical potentials with the p-n wave functions.

The solutions of these equations are then used to compute the source term of the (d,p) reaction.

The equation of this transfer reaction is then solved within the DWBA method i.e. it is assumed that

the effect of the (d,p) channel on the elastic and breakup ones is weak.

2.2 Computation of the excitation functions

For a given incident energy Ed, the cross section of any reaction involves three contributions

σ(Ed) = σDirect(Ed) + σPre-eq.(Ed) + σCN(Ed) (2)

where σDirect, σPre-eq. and σCN are the direct component, the preequilibrium and the Compound Nucleus

one, respectively. For the (d,p) cross section, the direct component reads

σ(d,nucleon)
Direct (Ed) =

∑
i≤imax,ln, jn

σln, jn (Ex,i, Ed) (3)

where σln, jn (Ex,i, Ed) denotes the cross section when the nucleon is captured by the target to form the

A+1 nucleus into a state whose excitation energy, orbital angular momentum and spin are Ex,i, ln, jn,
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respectively and where imax depends on the Q-value of the reaction and on Ed. Therefore to compute

the direct component, it is firstly necessary to know all the states that will be populated by the transfer

and for each level, the associated cross section σln, jn (Ex,i, Ed) has to be computed which can be done

by integrating the differential cross section:

σln, jn (Ex,i, Ed) =

∫
dσln, jn

dΩ
(Ex,i, Ed) dΩ .

This differential cross section involves the wave function of the captured neutron which is usually

derived by assuming that the level with excitation energy Ex,i is a pure single-particle state and by

using a Woods-Saxon potential whose depth is adjusted to get the correct excitation energy. To take

into account that the state is not in fact a pure single-particle one, it is then necessary to introduce a

spectroscopic factor, S ln, jn,i, to renormalize the calculated cross section, which means that, for each

level, the experimental cross section must be known at least for one incident energy:

σln, jn (Ex,i, Ed) = S ln, jn,i

∫ dσcalc.

ln, jn

dΩ
(Ex,i, Ed)dΩ .

Thus the total direct cross section reads:

σ(d,nucleon)
Direct (Ed) =

∑
i≤imax,ln, jn

S ln, jn,i

∫ dσcalc.

ln, jn

dΩ
(Ex,i, Ed)dΩ .

However to do such calculation, one should overcome some difficulties. First, one should infer

the levels that will be populated by the transfer reaction from the knowledge of the compound nucleus

spectrum. Then, for each of these levels, one should be able to determine the spectroscopic factor

which means that, at least, one experimental cross section has been measured. Unfortunetaly these

assumptions are not always satisfied.

Therefore the direct component will be computed by using a simplified approach. Indeed, as it has

been illustrated in [11], it has been observed that the shape of the excitation function of the integrated

cross sections does not depend strongly on the level excitation energy but mainly on the orbital angular

momentum, ln. Thus it will be assumed that:

σcalc.

ln, jn (Ex,i, Ed) ∝ σ̃ln, jn (Ed) , (4)

which means that the integrated cross sections can be written as the product of an amplitude depending

on the excitation energy of the level, A(Ex,i), times a function depending only on ln and on the incident

energy:

σcalc.

ln, jn (Ex,i, Ed) ≈ A(Ex,i)σ̃ln, jn (Ed) .

For each ln, one can choose a level with a given excitation energy Ex,i0 and the associated cross

section σcalc.

ln, jn,i0
(Ed) is then computed:

σln, jn,i0 (Ed) ≡ σcalc.

ln, jn (Ex,i0 , Ed) = A(Ex,i0 )σ̃ln, jn (Ed)

meaning that

σ̃ln, jn (Ed) =
1

A(Ex,i0 )
σln, jn,i0 (Ed) ,

and that, for all excitation energies with the same ln:

σcalc.

ln, jn (Ex,i, Ed) ≈ A(Ex,i)

A(Ex,i0 )
σln, jn,i0 (Ed) .
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After some transformations, it can be shown that the direct component of excitation function reads:

σ(d,nucleon)
Direct (Ed) ≈

∑
ln, jn

(
∑

i≤imax

S ln, jn,i
A(Ex,i)

A(Ex,i0 )
)σln, jn,i0 (Ed) . (5)

Denoting
∑

i≤imax
S ln, jn,i

A(Ex,i)

A(Ex,i0 )
= Wln, jn (Ed), the direct contribution is therefore rewritten as:

σ(d,nucleon)
Direct (Ed) ≈

∑
ln, jn

Wln, jn (Ed)σln, jn,i0 (Ed) (6)

where the Wln, jn ’s are non-decreasing bounded functions of Ed thus one deduces that

∃ωln, jn , lim
Ed→∞Wln, jn (Ed) = ωln, jn ,

and that:

σ(d,nucleon)
Direct (Ed) ∼∞

∑
ln, jn

ωln, jn σln, jn,i0 (Ed) , (7)

which means that, at least for large incident energies, the excitation function can be approximated by

a linear combination of the individual cross sections, σln, jn,i0 .

In our approach, the computation of the direct component of the excitation function are performed

within three steps:

• First, the individual cross sections σln, jn,i0 for a few given levels of the A+1 nucleus are calculated

within the CDCC∗-DWBA framework.

• Then the weights, ωln, jn are deduded by reproducing the experimental cross sections at some given

incident energies.

• Using the expression (7), the direct part of the excitation function is obtained overall the incident

energy range.

This semi-phenomenological approach will be illustrated in some details for 75As in the subsection

2.3 and it will be compared with some experimental excitation functions for a large set of targets in

the subsection 2.4

2.3 Excitation function for 75As

Using the CDCC∗-DWBA approach , the individual (d,p) cross sections have been computed for three

levels of 76As: the ground state with (ln, j πn ) = (4, 7/2+) and two excited levels at 0.044 MeV and

0.366 MeV and with (ln, j πn ) = (1, 3/2−), (ln, j πn ) = (3, 5/2−), respectively.

Some angular distributions of the 75As(d,p)76As reaction have been measured for deuteron inci-

dent at 12 MeV by J.F. Lemming et al. [15] and by S. Mordechai et al. [16]. Since the neutron

wave functions have not been computed for all the excited levels, when the excitation energy of the

experimental level is different from the one used in the calculations, the comparison has be done

with a “theoretical level” with the same quantum numbers. Some comparisons are plotted in Fig. 1.

In these figures, the calculated differential cross sections and the experimental data are represented

by the red curves and the black dots, respectively. An overall agreement between calculations and

measurements can be observed. The shape of the excitation function computed for the three levels

previously mentionned are plotted in arbitrary units in Fig. 2.

This excitation function has been measured by N. Baron et al. [17] at Ed = 19.0 MeV and by

H.F. Röhm et al. [18] for deuteron incident energies ranging from 18.7 to 51.3 MeV. These two sets
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of data are very different since the cross section measured by H.F. Röhm et al. at 18.7 MeV is equal

to 105 ± 7.4 mb while the one published by N. Baron et al. is equal to 76.9 ± 11.5 mb. >From the

shape of the data of H.F. Röhm et al., we have deduced that the calculated cross section with ln = 1

is the main contribution and we have extracted the corresponding weights. The comparison between

the calculation and the data is represented in the right panel of the Fig. 2.

2.4 Comparison with some experimental data

Similar calcutions have been performed for nuclei ranging from Al to Hf. A more detailled description

of the ingredients used for each nucleus is given in [11]. The comparisons with the experimental data

[19–36] are plotted in Fig. 3–14. Three conclusions can be drawn from these comparisons:

• A quite good agreement is obtained for all these nuclei.

• In most of the cases, the contribution of only one excitation function with a given orbital angular

momentum ln is needed to reproduce the experimental data, the value of ln depending on the neutron

number of the target.

• It is amazing to get such an agreeemnt within the whole energy range since one would expect that the

compound nucleus and the pre-equilibrium processes would play a role in the reaction mechanism.

Einc=12.00 MeV

Ex=0.000 MeV

ln=4

dσ
/d

Ω
 (

m
b/

sr
)

Einc=12.00 MeV

Ex=0.044 MeV

ln=1

Einc=12.00 MeV

Ex=0.087 MeV

ln=1

dσ
/d

Ω
 (

m
b/

sr
)

θc.m. (deg.)

Einc=12.00 MeV

Ex=0.121 MeV

ln=1

θc.m. (deg.)

Einc=12.00 MeV

Ex=0.165 MeV

ln=4

dσ
/d

Ω
 (

m
b/

sr
)

Einc=12.00 MeV

Ex=0.264 MeV

ln=3

Einc=12.00 MeV

Ex=0.285 MeV

ln=4

dσ
/d

Ω
 (

m
b/

sr
)

θc.m. (deg.)

Einc=12.00 MeV

Ex=0.309 MeV

ln=1

θc.m. (deg.)

Figure 1. Differential cross sections for the 75As(d,p) reaction. The experimental data (dots) are from [15].

3 Conclusion

In order to get a better description of differential and integral cross sections for the (d,p) reaction, a

semi-phenomenological approach has been built. Its starting point are some CDCC∗-DWBA calcula-

tions of the individual cross sections for a restricted number of states of the compound nucleus since it

has been numerically observed that the shape of the integrated cross section as function of the incident

energy is almost independent of the excitation energy of the compound nuleus state. It is then shown
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●
■
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)
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d
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Figure 2. Left panel: integrated cross sections in arbitrary unit for the three levels of 76As defined in the text.

Right panel: comparison between the 75As(d,p)76As experimental excitation function [17, 18] and a linear com-

bination of the theoretical excitation functions as defined by Eq. (7).

that the direct part of the excitation function can be written as a linear combination of these individual

excitation functions. A quite good agreement between the experimental excitation functions and the

calculated ones has been obtained for a large number of nuclei. But despite this agreement, many

open questions remain to be answered, in particular it is not clear why there is no room left for other

reaction mechanisms such as compound nucleus or pre-equilibrium processes.
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Figure 4. Left panel: integrated cross sections in arbitrary unit for five levels of 58Fe. Right panel: comparison

between the 58Fe(d,p)59Fe experimental excitation function [22–25] and a linear combination of the theoretical

excitation functions as defined by Eq. (7).
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Figure 5. Left panel: integrated cross sections in arbitrary unit for five levels of 59Co. Right panel: comparison

between the 59Co(d,p)60Co experimental excitation function [26, 27] and a linear combination of the theoretical

excitation functions as defined by Eq. (7).
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Figure 6. Left panel: integrated cross sections in arbitrary unit for three levels of 81Br. Right panel: comparison

between the 81Br(d,p)82Br experimental excitation function [17, 28] and a linear combination of the theoretical

excitation functions as defined by Eq. (7).
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Figure 7. Left panel: integrated cross sections in arbitrary unit for six levels of 84Kr. Right panel: comparison

between the 84Kr(d,p)85mKr experimental excitation function [29] and a linear combination of the theoretical

excitation functions as defined by Eq. (7).
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Figure 8. Left panel: integrated cross sections in arbitrary unit for six levels of 86Kr. Right panel: compari-

son between the 86Kr(d,p)87Kr experimental excitation function [29] and a linear combination of the theoretical

excitation functions as defined by Eq. (7).
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Figure 9. Left panel: integrated cross sections in arbitrary unit for six levels of 180Pd. Right panel: comparison

between the 108Pd(d,p)109Pd experimental excitation function [25] and a linear combination of the theoretical

excitation functions as defined by Eq. (7).
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Figure 10. Left panel: integrated cross sections in arbitrary unit for five levels of 140Ce. Right panel: comparison

between the 140Ce(d,p)141Ce experimental excitation function [30, 31] and a linear combination of the theoretical

excitation functions as defined by Eq. (7).
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Figure 11. Left panel: integrated cross sections in arbitrary unit for five levels of 142Ce. Right panel: comparison

between the 142Ce(d,p)143Ce experimental excitation function [30, 31] and a linear combination of the theoretical

excitation functions as defined by Eq. (7).

141
Pr(d,p)

142
Pr

Norm. cal. cross sections (l=1)

Norm. cal. cross sections (l=3)

σ (d
,p

)
(a

.u
.)

E
d
(MeV)

141
Pr(d,p)

142
Pr

Hermanne et al

Lange et al

Baron et al

Norm. cal. cross sections (l=1)

●
▲
■

σ (d
,p

)
(m

b
)

E
d
(MeV)

Figure 12. Left panel: integrated cross sections in arbitrary unit for two levels of 141Pr. Right panel: compar-

ison between the 141Pr(d,p)142Pr experimental excitation function [17, 32, 33] and a linear combination of the

theoretical excitation functions as defined by Eq. (7).
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Figure 13. Left panel: integrated cross sections in arbitrary unit for three levels of 165Ho. Right panel: compar-

ison between the 165Ho(d,p)166Ho experimental excitation function [17, 34, 35] and a linear combination of the

theoretical excitation functions as defined by Eq. (7).
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Figure 14. Left panel: integrated cross sections in arbitrary unit for five levels of 181Hf. Right panel: comparison

between the 180Hf(d,p)181Hf experimental excitation function [36] and a linear combination of the theoretical

excitation functions as defined by Eq. (7).
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