EPJ Web of Conferences 12 2 , 09003 (2016)

DOI: 10.1051/ epjconf/201612209003

CNR *15

Forging the link between nuclear reactions and nuclear structure
W. H. Dickhoff1 , a
1

Department of Physics, Washington University, St. Louis, Missouri 63130, USA

Abstract. A review of the recent applications of the dispersive optical model (DOM) is
presented. Emphasis is on the nonlocal implementation of the DOM that is capable of describing ground-state properties accurately when data like the nuclear charge density are
available. The present understanding of the role of short- and long-range physics in determining proton properties near the Fermi energy for stable closed-shell nuclei has relied
mostly on data from the (e, e p) reaction. Hadronic tools to extract such spectroscopic
information have been hampered by the lack of a consistent reaction description that provides unambiguous and undisputed results. The DOM, conceived by Claude Mahaux,
provides a uniﬁed description of both elastic nucleon scattering and structure information
related to single-particle properties below the Fermi energy. We have recently introduced
a nonlocal dispersive optical potential for both the real and imaginary part. Nonlocal
absorptive potentials yield equivalent elastic diﬀerential cross sections for 40 Ca as compared to local ones but change the -dependent absorption proﬁle suggesting important
consequences for the analysis of nuclear reactions. Below the Fermi energy, nonlocality
is essential for an accurate representation of particle number and the nuclear charge density. Spectral properties implied by (e, e p) and (p, 2p) reactions are correctly described,
including the energy distribution of about 10% high-momentum protons obtained at Jefferson Lab. The nonlocal DOM allows a complete description of experimental data both
above (up to 200 MeV) and below the Fermi energy in 40 Ca. It is further demonstrated
that elastic nucleon-nucleus scattering data constrain the spectral strength in the continuum of orbits that are nominally bound in the independent-particle model. Extension of
this analysis to 48 Ca allows a prediction of the neutron skin of this nucleus that is larger
than most predictions made so far.

1 Introduction
The properties of a nucleon that is strongly inﬂuenced by the presence of other nucleons have traditionally been studied in separate energy domains and frameworks. Positive energy nucleons are described
by ﬁtted optical potentials mostly in local form [1, 2] which generate the distorted waves employed in
the analysis of nuclear reactions. Bound nucleons have been analyzed with static potentials. At ﬁrst,
this lead to an independent-particle model (IPM) which is then modiﬁed by the interaction between
valence nucleons in a very limited conﬁguration space as in traditional shell-model calculations [3, 4].
No attention is paid in this approach to the larger energy domain of giant resonances or eﬀects associated with fast nucleons. These high-momentum nucleons have been experimentally identiﬁed as
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playing a role in the properties of nuclei and play a very important role in the success of ab initio
methods to describe nuclei that rely on interactions with substantial repulsive cores. The link between
nuclear reactions and nuclear structure is however possible by considering these potentials as representing diﬀerent energy domains of one underlying nucleon self-energy provided by the framework
of Green’s function theory [5]. This idea was implemented in the DOM by Mahaux and Sartor [6].
By employing dispersion relations, the method provides a critical link between the physics above and
below the Fermi energy with both sides being inﬂuenced by the absorptive potentials on the other side.
Such a link is not present in traditional optical potentials that have been constructed by independently
ﬁtting the real and imaginary parts.
When a Hamiltonian for the description of nonrelativistic nucleons is employed as a starting point
for the description of nuclei, a perturbation expansion can be derived for the nucleon single-particle
propagator [5]. A compact formulation for the propagator leads to the Dyson equation which relates
the propagator to a noninteracting one used as a starting point and the so-called self-energy. The latter
acts as the potential in a Schrödinger-like equation derived from the Dyson equation with solutions that
identify the properties of nucleons that are either removed or added to a ground-state nucleus. In the
latter case, the solutions describe all aspects of elastic proton or neutron scattering from a target ground
state. Removal properties can be employed to generate expectation values of one-body operators in the
ground state like densities, as well as a contribution to the ground-state energy when it is dominated
by the eﬀects of two-body interactions. The potential (self-energy) is energy dependent, complex in
certain energy domains, and its real and imaginary part obey a dispersion relation. Furthermore, at the
Hartree-Fock (HF) level the self-energy is already nonlocal and all theoretical calculations of the selfenergy conﬁrm that both the real and imaginary part of the self-energy are nonlocal. The traditional
use of the optical potential as local and nondispersive is therefore a gross misrepresentation of the
actual physics and is in need of updating to a nonlocal and dispersive implementation. The work
discussed in this contribution represents a step in this direction.
While the DOM provides an intermediary between theory and experiment, the ultimate goal is to
be able to accurately calculate the nucleon self-energy in an ab initio manner. Currently we are very
far from this goal but it should be in our sights with the help of the experience gained from the DOM.
In Sec. 2 a brief outline of the ingredients of the DOM are presented. Results are presented for a
fully nonlocal implementation of the DOM for 40 Ca in Sec. 3 including results for the particle spectral
function that quantitatively clarify the removal of single-particle (sp) strength from mean-ﬁeld orbits.
In Sec. 4 recent results for 48 Ca are presented with emphasis on the neutron skin which emerges as a
quantity that can be extracted from the ﬁt to the available data when results for 40 Ca are employed as
a starting point. Some brief conclusions and outlook are provided in Sec. 5.

2 Green’s functions and the dispersive optical model
The self-energy Σ j provides the critical ingredient to solve the Dyson equation for the nucleon propagator G j . Employing an angular momentum basis, it reads

δ(k − k ) (0)
(0)
G
(k;
E)
+
G
(k;
E)
dq q2 Σ j (k, q; E) G j (q, k ; E).
(1)
G j (k, k ; E) =
k2
The noninteracting propagators G(0) only contain kinetic energy contributions. The solution of this
equation generates S  j (k; E) = Im G j (k, k; E)/π, the hole spectral density, for negative continuum
energies. The spectral strength at E, for a given  j, is given by
 ∞
S  j (E) =
dk k2 S  j (k; E).
(2)
0

2
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For discrete energies one solves the eigenvalue equation for the overlap functions


 
φn j (k) = ΨnA−1  ak j Ψ0A ,

(3)

for the removal of a nucleon with momentum k and discrete quantum numbers  and j [7]. The
removal energy corresponds to ε−n = E0A − EnA−1 with the normalization for such a solution αqh given
by
⎛
 ⎞−1
∂Σ j (αqh , αqh ; E)  ⎟⎟⎟
⎜⎜⎜⎜
n
S  j = ⎜⎝1 −
(4)
 ⎟⎟⎠ ,
∂E
ε−n
which is referred to as the spectroscopic factor. We note that from the solution of the Dyson equation
below the Fermi energy, one can generate the one-body density matrix by integrating the non-diagonal
imaginary part of the propagator up to the Fermi energy and therefore access the expectation values
of one-body operators in the ground state including particle number, kinetic energy and charge density [5]. The latter is obtained by folding the point density with the nucleon form factors [8]. For
positive energies, it was already realized long ago that the reducible self-energy provides the scattering amplitude for elastic nucleon scattering [9].
The self-energy fulﬁlls the dispersion relation which relates the physics of bound nucleons to
those that propagate at positive energy [5]. It contains a static correlated HF term and dynamic parts
representing the coupling in the A ± 1 systems that start and end at the Fermi energies for addition
(ε+F = E0A+1 − E0A ) and removal (ε−F = E0A − E0A−1 ), respectively. The latter feature is particular
to a ﬁnite system and allows for discrete quasi particle and hole solutions of the Dyson equation
where the imaginary part of the self-energy vanishes. It is convenient to introduce the average Fermi
energy εF = 12 ε+F − ε−F and employ the subtracted form of the dispersion relation calculated at this
energy [6, 7]


 ∞ 
dE
1
1
Re Σ j (k, k ; E) = Σ j (k, k ; εF ) −P
−
Im Σ j (k, k ; E  )
E − E  εF − E 
ε+F π


 ε−F 
dE
1
1


,
(5)
−
Im Σ j (k, k ; E )
+P
E − E  εF − E 
−∞ π
where P represents the principal value. The beauty of this representation was recognized by Mahaux
and Sartor [6, 10] since it provides a link with empirical information both for the real part of the
nonlocal self-energy at the Fermi energy (probed by a multitude of HF calculations) as well as through
empirical knowledge of the imaginary part of the optical potential also constrained by experimental
data. Consequently Eq. (5) yields a dynamic contribution to the real part linking both energy domains
around the Fermi energy. Empirical information near εF is emphasized by Eq. (5) because of the
E −2 -weighting in the integrands. The real self-energy at the Fermi energy will be denoted by ΣHF .
Early implementations of the DOM employed a local form of the imaginary part of the potential
and transformed the nonlocality of ΣHF to a local energy-dependent potential [6]. Traditional volume
and surface absorption terms with Woods-Saxon form factors were employed. Initial revival of the
DOM in St. Louis contained the idea that a simultaneous ﬁt to 40 Ca and 48 Ca allows an extrapolation
to more neutron-rich calcium isotopes generating a data-driven extrapolation to the drip line [11, 12].
As will be seen later, a clear motivation to generate more neutron scattering data on 48 Ca emerged
from this work culminating in a comprehensive DOM article for several relevant parts of the chart of
nuclides [13] while still employing local potentials.
The DOM thus provides an ideal strategy to predict properties for exotic nuclei by utilizing extrapolations of the potentials towards the respective drip lines [11, 13, 14]. While it is possible to correct
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the artiﬁcial energy dependence of the HF self-energy for some properties near the Fermi energy like
spectroscopic factors, it was necessary to employ the approximate expressions of limited accuracy for
the properties of nucleons below the Fermi energy like occupation numbers that were developed by
Mahaux and Sartor [6] . By restoring the proper treatment of nonlocality in the HF contribution, it
was possible to overcome this problem [7] although the local treatment of the absorptive potentials
yielded a poor description of the nuclear charge density and particle number.
Recently a fully nonlocal treatment of these potentials for the nucleus 40 Ca was presented [15]
with the aim to include all available data below the Fermi energy that can be linked to the nucleon
single-particle propagator [5] while maintaining a correct description of the elastic-scattering data.
The result is a DOM potential that can be interpreted as the nucleon self-energy constrained by all
available experimental data up to 200 MeV. Such a self-energy allows for a consistent treatment of
nuclear reactions that depend on distorted waves generated by optical potentials as well as overlap
functions and their normalization for the addition and removal of nucleons to discrete ﬁnal states.
The re-analysis of such reactions may further improve the consistency of the extracted structure information. Extending this version of the DOM to N  Z allows for predictions of properties that
require the simultaneous knowledge of both reaction and structure information since at present few
weakly-interacting probes are available for exotic nuclei [16].

3 Results for 40 Ca
The nonlocal DOM potential generated in Ref. [15] was motivated by theoretical calculations of the
self-energy for 40 Ca which either emphasized long-range correlations (LRC) [17] or short-range correlations (SRC) [18]. In Ref. [17] the results of the ab initio Faddeev random phase approximation
(FRPA) which emphasizes the coupling of nucleons to low-lying collective states and to giant resonances, were compared with local DOM results. The nonlocality of the DOM potentials was represented by simple Gaussians which allow an analytic projection onto orbital angular momentum. We
can now compare volume integrals for the potentials generated in Ref. [15] with these ab initio results.
In Fig. 1 we compare these volume integrals for the imaginary part of the potentials as a function of
energy in a domain which spans 200 MeV on either side of the Fermi energy for several orbital angular momenta [19]. We observe that the DOM results have been constrained by level information,
the experimental charge density,high-momentum removal data from Jeﬀerson Lab [20, 21] extending
to very negative energies as well as available elastic scattering data up to 200 MeV. The FRPA calculations were performed in a limited conﬁguration space which is clearly illustrated in Fig. 1. We
note that the agreement between DOM and FRPA results is particularly good in the vicinity of the
Fermi energy but the quality of the FRPA calculations is limited to about 60 MeV on either side of
the Fermi and also deteriorates with increasing angular momentum illustrating the limitations of the
conﬁguration space.
The traditional good quality of DOM ﬁts of elastic scattering data is maintained with the nonlocal
implementation as illustrated in Fig. 2 for both proton and neutron elastic scattering [15]. Similar
statements pertain to the reaction cross section for protons and total and reaction cross section for
neutrons [15]. The quality of the description of data below the Fermi energy is however dramatically
improved over earlier DOM calculations with a local absorptive potential [7]. In Fig. 3 the experimental charge density of 40 Ca [22] is compared with the DOM ﬁt [15]. The accurate description of the
charge density can only be obtained by incorporating a nonlocal absorptive potential which decreases
the admixture of higher orbital angular momentum components in the ground state suﬃciently fast
to allow particle number to be described properly. We note that local absorptive potentials exhibit no
such orbital angular momentum dependence and overestimate particle number substantially [7].
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Figure 1. Comparison of volume integrals for diﬀerent orbital angular momenta for the nonlocal DOM (solid)
and FRPA (dashed) calculations in a wide energy domain. The curves are centered at the neutron Fermi energy
for 40 Ca.

Since elastic scattering data only depend on the asymptotic form of the elastic scattering wave
function, it is important to realize that by employing the nonlocal DOM in a wide energy domain, it is
possible to assess where the spectral strength of mostly occupied states resides in the continuum [23].
The corresponding particle spectral function for a ﬁnite system requires the complete reducible selfenergy Σred . This reducible self-energy is calculated by employing a momentum-space scattering code
discussed in Ref. [18]. In an angular-momentum basis, iterating the irreducible self-energy Σ to all
orders, yields

red



Σ j (k, k ; E) = Σ j (k, k ; E) + dqq2 Σ j (k, q; E) G(0) (q; E) Σred
(6)
 j (q, k ; E),
where G(0) (q; E) = (E − 2 q2 /2m + iη)−1 is again the free propagator. The propagator is then obtained
from the Dyson equation in the following form [5]
G j (k, k ; E) =

δ(k − k ) (0)

(0) 
G (k; E) + G(0) (k; E) Σred
 j (k, k ; E) G (k ; E).
k2

(7)

The on-shell matrix elements of the reducible self-energy in Eq. (6) are suﬃcient to describe all aspects of elastic scattering like diﬀerential, reaction, and total cross sections as well as polarization
data [18]. While only this element is strictly related to data, the DOM analysis in its nonlocal implementation correctly and simultaneously describes all relevant data at all energies (up to 200 MeV) both
below and above the Fermi energy [15]. We therefore assume that the DOM reducible self-energy is
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Figure 2. Calculated and experimental elastic-scattering angular distributions of the diﬀerential cross section
for bothn+40 Ca and p+40 Ca. Data for each energy are oﬀset for clarity. References to the data can be found in
Ref. [13].
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Figure 3. Comparison of experimental charge density of 40 Ca [22] (thick hashed line representing a 1% error)
with the DOM ﬁt (solid curve).
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reasonably unique and may therefore provide insight into the depletion of the Fermi sea. The spectral
representation of the particle part of the propagator, referring to the A + 1 system, appropriate for a
treatment of the continuum and possible open channels is given by [6]
Gpj (k, k ; E)

=

n+ 
 φn+
 j (k) φ j (k )
n

∗

E − En∗A+1 + iη

+


c

∞



dE 

Tc



cE

χcE
 j (k) χ j (k )

E − E  + iη

Overlap functions for bound A + 1 states are given by
 
 A+1 
A

,
φn+
 j (k) = Ψ0 ak j Ψn

∗

.

(8)

(9)

whereas those in the continuum are given by
 
 A+1 
A

χcE
 j (k) = Ψ0 ak j ΨcE

(10)

indicating the relevant channel by c and the energy by E. Excitation energies in the A + 1 system
are with respect to the A-body ground state En∗A+1 = EnA+1 − E0A . Each channel c has an appropriate
threshold indicated by T c which is the experimental threshold with respect to the ground-state energy
of the A-body system. The overlap function for the elastic channel can be explicitly calculated by
solving the Dyson equation while it is also possible to obtain the complete spectral density for E > 0

cE  ∗
S pj (k, k ; E) =
χcE
(11)
 j (k) χ j (k ) .
c

The overlap functions for bound particle states and their normalization (spectroscopic factor) can
be calculated in the same fashion as the corresponding quantities for hole states [18]. The spectral
density at continuum energies is obtained from crossing the branch cut on the real axis. In practice,
this requires solving the scattering problem twice at each energy so that one may employ
S pj (k, k ; E) =

i
G p (k, k ; E + ) − Gpj (k, k ; E − )
2π  j

(12)

with E ± = E ± iη, and only the elastic-channel contribution to Eq. (11) is explicitly known. Equivalent
expressions pertain to the hole part of the propagator Gh j [6].
The calculations are performed in momentum space according to Eq. (6) to generate the oﬀ-shell
reducible self-energy and thus the spectral density by employing Eqs. (7) and (12). Because the
momentum-space spectral density contains a delta-function associated with the free propagator, it is
convenient for visualization purposes to consider a Fourier transform to coordinate space


2
p

2
S  j (r, r ; E) =
dkk dk k2 j (kr)S pj (k, k ; E) j (k r ),
(13)
π
which has the physical interpretation for r = r as the probability density S  j (r; E) for adding a
nucleon with energy E at a distance r from the origin for a given  j combination. By employing the
asymptotic analysis to the propagator in coordinate space following e.g. Ref. [5], one may express
the elastic-scattering wave function that contributes to Eq. (11) in terms of the half on-shell reducible
self-energy obtained according to
1/2 



2mk0
2
(0)
χelE
j
(r)
=
(k
r)
+
dkk
j
(kr)G
(k;
E)Σ
(k,
k
;
E)
,

0


j
0
j
π2
where k0 is related to the scattering energy in the usual way. We subtract this contribution to the
spectral function given by its absolute square from S  j (r; E) in Fig. 4 for diﬀerent energies in the
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Figure 4. Diﬀerence between the particle spectral function for s1/2 and the contribution of the elastic-scattering
wave function multiplied by r2 , as a function of both energy and position. Asymptotically with r, this diﬀerence
is constant and determined only by the inelasticity.

channel with  = 0, j = 1/2. Asymptotically at large distances, the inﬂuence of other open channels
is represented by an almost constant shift whereas, inside the range of the potential, a pattern related
to the absorptive properties of the potential and the orbits that are occupied emerges.
The presence of strength in the continuum associated with mostly-occupied orbits (or mostly
empty but E < 0 orbits) is then obtained by double folding the spectral density in Eq. (13) in the
following way


p

n− 
S n+j (E) = drr2 dr r2 φn−
(14)
 j (r)S  j (r, r ; E)φ j (r ),
using an overlap function





 
A−1 
ar j Ψ0A ,
S n j φn−
 j (r) = Ψn

(15)

corresponding to a bound orbit with S n j the relevant spectroscopic factor and φn−
 j (r) normalized to
1 [18]. In the case of an orbit below the Fermi energy, this strength identiﬁes where the depleted
strength resides in the continuum. The occupation number of this orbit is given by an integral over a
corresponding folding of the hole spectral density


n−
2
h

n− 
S  j (E) = drr dr r2 φn−
(16)
 j (r)S  j (r, r ; E)φ j (r ),
where S h j (r, r ; E) provides equivalent information below the Fermi energy as S pj (r, r ; E) above. An
important sum rule is valid for the sum of the occupation number for the orbit nn j and its depletion
number dn j [5]
 εF
 ∞
(17)
1 = nn j + dn j= dE S n−j (E)+ dE S n+j (E),
−∞

εF

8

EPJ Web of Conferences 12 2 , 09003 (2016)

DOI: 10.1051/ epjconf/201612209003

CNR *15

0

10

40
-1

0s1/2
0p3/2
0p1/2
0d5/2
0d3/2
1s1/2
0f7/2
0f5/2

Ca

-1

Sn(E) [MeV ]

10

-2

10

-3

10

-4

10

-100

-50

εF

0

50

100

E [MeV]

Figure 5. Calculated spectral strength, both below and above the Fermi energy, for bound orbits in 40 Ca. The
spectral strength is constrained by elastic-scattering data, level structure, charge density, particle number, and the
presence of high-momenta below the Fermi energy [15].

equivalent to a†n j an j + an j a†n j = 1. Strength above εF , as expressed by Eq. (14), reﬂects the presence
of the imaginary self-energy at positive energies. Without it, the only contribution to the spectral
function comes from the elastic channel. The folding in Eq. (14) then involves integrals of orthogonal
wave functions and yields zero. Because it is essential to describe elastic scattering with an imaginary
potential, it automatically ensures that the elastic channel does not exhaust the spectral density and
therefore some spectral strength associated with IPM bound orbits also occurs in the continuum.
We display in Fig. 5 the results of the DOM spectral function for the most relevant bound orbits in 40 Ca including the hole spectral function of Ref. [15]. Because the DOM analysis assumes
that the imaginary part of the self-energy starts at εF , the spectral strength is a continuous function of the energy. The method of solving the Dyson equation for E < 0 is very diﬀerent than
that for E > 0. The continuity of the curves at E = 0 conﬁrms the numerical aspects of both of
these calculations. Below the Fermi energy, the spectral strength contains peaks associated with the
0s1/2 , 0p3/2 , 0p1/2 , 0d5/2 , 1s1/2 , and 0d3/2 orbits with narrower peaks for orbits closer to the Fermi energy. Their strength was calculated for the overlap functions associated with the location of the peaks
by solving the Dyson equation without the imaginary part but with self-consistency for the energy
of the real part [7]. The strength of these orbits above the Fermi energy exhibits systematic features
displaying more strength when the IPM energy is closer to the continuum threshold [24]. We make
this observation quantitative by listing the integrated strength according to the terms of Eq. (17) in
Table 1. For the depletion we integrate from 0 to 200 MeV which corresponds to the energy domain
constrained by data in the DOM. We also include the 0 f7/2 and 0 f5/2 spectral functions in Fig. 5 and
corresponding results in Table 1 noting that the strength in the continuum from 0 to 200 MeV further
rises to 0.202 and 0.320, respectively. From εF to 0 the strength for these states is also included in
the sum and decreases from 0.722 to 0.591, respectively. This illustrates that there is a dramatic increase of strength into the continuum when the IPM energy approaches this threshold. Such orbits
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Table 1. Occupation and depletion numbers for bound orbits in 40 Ca. The dnl j [0, 200] depletion numbers have
only been integrated from 0 to 200 MeV. The fraction of the sum rule in Eq. (17) is given in the last column.

orbit

nn j

0s1/2
0p3/2
1p1/2
0d5/2
1s1/2
0d3/2
0 f7/2
0 f5/2

0.926
0.914
0.906
0.883
0.871
0.859
0.046
0.036

dn j
[0,200]
0.032
0.047
0.051
0.081
0.091
0.097
0.202
0.320

nn j + dn j
[εF , 200]
0.958
0.961
0.957
0.964
0.962
0.966
0.970
0.947

correspond to valence states in exotic nuclei [14, 25, 26]. The 1p3/2 and 1p1/2 spectral functions are
not shown as they mimic the behavior of the 0 f7/2 distribution but their presence causes the wiggles
in the 0p3/2 and 0p1/2 spectral functions due to slight nonorthogonality. The sensitivity to the separation from the continuum is associated with the pronounced surface absorption necessary to describe
the elastic-scattering data in this energy range. The few percent missing strength most likely resides
above 200 MeV and is associated with the eﬀect of SRC as discussed in Ref. [18].

4 Results for 48 Ca
Recent developments of the DOM have concentrated on the description of 48 Ca employing nonlocal
potentials [19]. With adequate data for elastic proton scattering and the availability of an accurate
charge density for this nucleus, it possible to answer the question how the properties of protons are
changed when eight neutrons are added to 40 Ca. With recent new data for elastic neutron scattering [13] and the notion that neutrons in 40 Ca are as well described as protons due to isospin symmetry,
it is also possible to assess the consequences for neutrons. In particular, the rms radius of the neutron
distribution of 48 Ca may be receiving experimental scrutiny from a parity-violating elastic scattering
experiment at Jeﬀerson Lab [27] clarifying important properties of nuclei with neutron excess relevant
for the physics of neutron stars. It may well be that available neutron data for 48 Ca already indirectly
constrain information related to the neutron properties in the ground state. We note that the particle
spectral function associated with elastic scattering shown in Fig. 4 for an  = 0 neutron in 40 Ca clearly
exhibits evidence of awareness of ground-state properties as it exhibits a two-node structure at low energy as required by the presence of mostly occupied 0s1/2 and 1s1/2 orbits. Similar plots for d-waves
exhibit a single node, whereas higher -values display no node [19].
In complete analogy with previous local DOM analyses an asymmetry-dependent potential proportional to (N − Z)/A is included for the analysis of 48 Ca. Nonlocality is also implemented for this
component while the N = Z potential associated with 40 Ca is kept the same except for the radius
parameters that are determined by 48 Ca data [19]. Whereas proton and neutron spectral functions for
40
Ca as illustrated in Fig. 5 are equivalent except for a shift in energy to take into account the Coulomb
potential for protons, this is no longer the case for 48 Ca. It is therefore necessary to treat proton elastic
scattering in momentum space in such a way that the relevant information can be obtained but the
full treatment of the Coulomb potential is avoided. The appropriate method has been explored in
Refs. [28–30] and we have adopted it here by screening the Coulomb potential in such a way that its
contribution is completely included in the domain where the nuclear potential acts [19]. The results
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Figure 6. Calculated spectral strength, both below and above the Fermi energy, for proton bound orbits in 48 Ca.
The spectral strength is constrained by elastic-scattering data, level structure, charge density, and particle number.

for the proton spectral functions for 48Ca are shown in Fig. 6 and exhibit a slight discontinuity at
E = 0 where the treatment of the Coulomb potential at positive energy is particularly delicate. We
note that the 0s1/2 spectral function in Fig. 6 has a wider peak than the corresponding result for 40 Ca
as the width of this orbit is not properly constrained in 48 Ca. One would not expect a substantial
diﬀerence between these nuclei however for this quantity. Similarly, there are no experimental highmomentum removal constraints for this nucleus which would be very helpful in clarifying the change
from N = 20 to N = 28 for protons with high momenta.
Near the Fermi energy suﬃcient experimental data exist and it is possible to make a quantitative
comparison of spectroscopic factors between these two nuclei as shown in Table 2. We ﬁrst note
that the spectroscopic factors of the 0d3/2 and 1s1/2 orbits in 40 Ca are larger by about 10-15% than
the numbers extracted in the analysis of the (e, e p) reaction of Ref. [31]. The relativistic analysis of
the (e, e p) reaction in Ref. [32] clariﬁed that the treatment of nonlocality leads to diﬀerent distorted
proton waves as compared to conventional non-relativistic optical potentials, yielding about 10-15%
larger spectroscopic factors. No matter where the absolute values are situated, it is clear from Table 2 that proton spectroscopic factors for these orbits are smaller in 48 Ca whereas neutron ones are
larger. Since these results are strongly constrained by experimental elastic scattering data, it appears
to provide some support for the notion that the spectroscopic factors of the more strongly bound vaTable 2. Spectroscopic factors for orbits in the immediate vicinity of the Fermi surface in 40 Ca and 48 Ca. Proton
and neutron spectroscopic factors in 40 Ca are identical.

orbit
1s1/2
0d3/2
0 f7/2

40

Ca
0.78
0.76
0.73

p 48 Ca
0.71
0.65
0.59
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n 48 Ca
0.83
0.80
0.84
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Figure 7. Calculated and experimental elastic-scattering angular distributions of the diﬀerential cross section for
n+48 Ca in the local (left panel) [13] and nonlocal DOM implementation [19]. Data for each energy are oﬀset for
clarity. References to the data can be found in Ref. [13].

lence orbits of the minority nucleon decrease whereas the ones for the less bound majority nucleons
increases with increasing nucleon asymmetry [25]. For the particle spectroscopic factor of the proton
0 f7/2 orbit a similar observation can be made. We note that for neutrons this orbit switches from being
mostly empty to mostly occupied between these two nuclei but also in this case the spectroscopic
factor increases from 40 Ca to 48 Ca. For protons it is quite clear what the explanation of this decrease
of the valence spectroscopic factors amounts to. Elastic scattering reaction cross section data clearly
show more surface absorption for protons in 48 Ca than for 48 Ca [12]. The correspondingly larger
imaginary part of the potential will therefore remove additional strength in 48 Ca from valence proton
orbits as compared to 40 Ca leading to an unavoidable reduction of the spectroscopic factors.
In a previous local DOM analysis of elastic neutron scattering from 48 Ca [13] some diﬃculties
were encountered in describing the three sets of available diﬀerential cross section. As shown in
Fig. 7 the nonlocal ﬁt is apparently capable of describing these data quite satisfactorily when the
ﬁts are compared side by side. The ﬁt of the proton elastic scattering data is of the same quality as
achieved with the local DOM [19]. Results for the ﬁts to reaction cross sections for both protons and
neutrons and total cross sections for neutrons are also well represented in the nonlocal DOM [19].
Finally, results for the charge density of 48 Ca are compared with the experimental results [22]
together with results for the neutron distribution and the weak charge in Fig. 8. The quality of the
charge density ﬁt is similar as for 40 Ca shown in Fig. 3. As the main diﬀerence between the proton
and neutron distribution is associated with 0 f7/2 neutrons, it is reasonable to expect the interior densities to be comparable as shown in Fig. 8. This observation suggests that at higher energy where
elastic scattering for protons is dominated by volume physics the protons interact with a similar com-
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Figure 8. Comparison of calculated and experimental charge density for 48 Ca. The calculated weak charge
distribution (dashed line as well as the neutron matter distribution are plotted as well [19].

position of nucleons in 40 Ca and 48 Ca. This notion is conﬁrmed by comparing volume integrals of the
imaginary part of the potentials as a function of energy for these nuclei [19].
The result for the neutron skin accordingly is quite large Rn − R p = 0.249 ± 0.023 fm considerably
larger than a prediction of an ab initio coupled-cluster calculation [33] and larger than most mean-ﬁeld
results compiled in Ref. [34]. The error quoted for the nonlocal DOM result is obtained by scrambling
the available elastic scattering data with the assigned experimental errors for neutron scattering on
48
Ca. A clear impetus therefore exists to extend our nonlocal DOM analysis to a description of 208 Pb
where a measurement for the neutron skin has already been reported [35] but unfortunately with a
large error bar.

5 Conclusions and outlook
The overview presented in this contribution clearly demonstrates that it is possible to fruitfully employ
the link between nuclear reactions and structure as provided by the DOM. The biggest step forward
in recent years has been the implementation of fully nonlocal and dispersive optical potentials for
Ca isotopes allowing for an accurate ﬁt of ground-state properties like the nuclear charge density.
The analysis of scattering data employing the particle spectral density furthermore documents the
depletion of orbits that are mostly occupied in the ground state. Apparently the present DOM implementation is also capable of predicting ground-state properties like the neutron skin with suggestive
results that clamor for experimental probing. Future work on 208 Pb is clearly called for. In addition
it is important to point out that the nonlocal analysis leads to distorted waves that are quite diﬀerent
from those obtained from local potentials potentially leading the new results when e.g. transfer reactions are analyzed with nonlocal potentials [36]. DOM ingredients based on local potentials already
generate more consistent results for the analysis of transfer reactions [37].
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