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The no-wall holographic model for vector quarkonia
Sergey Afonin1 , and Ilya Pusenkov1 ,
1

Saint Petersburg State University, 7/9 Universitetskaya nab., St.Petersburg, 199034, Russia

Abstract. We use the no-wall holographic approach (a relative of the soft-wall one) to
construct a universal description of vector mesons with arbitrary quark masses. The proposed model predicts a speciﬁc dependence of the parameters of radial Regge trajectories
on the quark masses in a reasonable agreement with the meson phenomenology and some
theoretical expectations.

The bottom-up holographic approach to QCD introduced in Ref. [1] has many interesting applications in the phenomenology of the strong interactions. Usually this approach is applied to the
spectroscopy of light hadrons and the related physics [2]. The heavy-quark sector is addressed relatively seldom (see, e.g., [3, 4] and references therein). In this sector, only the unﬂavored vector
mesons have a rich established radial spectrum [5] that can be compared with theoretical predictions.
Our aim is a description of this spectrum within the no-wall holographic approach [6].
The action of the simplest holographic no-wall model is deﬁned by
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where
g = |detg MN |,

F MN = ∂ M VN − ∂N V M ,

D M Xi = ∂ M Xi − iV M Xi ,

(2)

and M, N = 0, 1, 2, 3, 4. The action (1) is deﬁned in the AdS5 space with the metrics
g MN dx M dxN =

R2
(ημν dxμ dxν − dz2 ).
z2

(3)

Here ημν = diag(1, −1, −1, −1) and R denotes the AdS5 radius. Below we set R = 1 for simplicity.
The holographic coordinate z ≥ 0 has the interpretation of inverse energy scale. The UV boundary
z = 0 represents the 4D Minkovski space. The 5D vector ﬁeld V M (x, z) is dual to the 4D conserved
vector current jμ = ψ̄q γμ ψq for any quark ﬂavor q. The gauge invariance of the action (1) allows to
choose a convenient axial gauge Vz = 0. On the UV boundary, the scalar ﬁelds Xi are identiﬁed with
sources of various QCD operators with canonical dimension i. The corresponding 5D masses are [7]
m2i = i(i − 4).

(4)
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By assumption, the ﬁelds Xi acquire z-dependent vacuum expectation values Xi  which represent the
x-independent solutions of the equation of motion,

m2
1
∂z 3 ∂z Xi = 5i Xi ,
z
z

(5)

Xi |z=0 = 0.

(6)

with the UV boundary condition
The vector physical modes are deﬁned by the plane-wave ansatz Vμ (x, z) = eipx v(z)εμ . The mass
spectrum of these modes is given by the eigenvalues Mn2 = p2n of the corresponding equation of
motion,

2g2 
M2
1
Xi 2 .
(7)
∂z ∂z vn + n vn = 35 vn
z
z
z
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The change of variables vn = z ψn brings this equation into the Schrödinger form

3
2
2
−∂z ψn +
+ 2g5 f (z) ψn = Mn2 ψn ,
(8)
4z2
where
f (z) =

1 
Xi 2
z2 i

(9)

determines the analogue of potential in the Schrödinger equation.
Let us consider the dimension-two operator, i = 2, and neglect all others. The solution of Eq. (5)
satisfying (6) reads
X2  = C2(1) z2 + C2(2) z2 ln z.
(10)
Choosing C2(2) = 0, the equation (8) coincide with the equation on the mass spectrum in the standard
holographic soft-wall model [8].
The potential in Eq. (8) is written near the UV boundary, where, by assumption, the holographic
correspondence allows to use the QCD inputs. In order to calculate the mass spectrum we must
continue the function f (z) to the infrared domain, z → ∞. The linear radial Regge spectrum observed
in the unﬂavored light and heavy quarkonia [9] can be obtained only if
f (z)|z→∞ = a2 z2 .

(11)

The UV asymptotics of the 5D ﬁeld dual to the dim2 operator provides the correct IR asymptotics
automatically.
The dependence of the linear mass spectrum on the quark mass appears from the v.e.v. X3  as
the ﬁeld X3 is dual to the quark bilinear operator q̄q. The quark mass emerges from the following
AdS/CFT prescription: The solution of classical e.o.m. for a scalar ﬁeld Φ corresponding to an
operator O of canonical dimension i near the 4D boundary z → 0 has the form [10]




2
4−i
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i O(x)
(12)
+ O(z ) ,
Φ(x, z) → z
Φ0 (x) + O(z ) + z
2i − 4
where Φ0 (x) acts as a source for O(x) with the v.e.v. O(x). In the real QCD, the quark mass m acts
as the source for the operator q̄q.
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For the canonical dimension i = 3, the solution of Eq. (5) satisfying (6) is X3  = C3(1) z + C3(2) z3 .
According to the prescription (12), this solution can be rewritten in terms of the physical quantities,
σ
(13)
X3  = ξmz + z3 ,
2ξ
where σ stays for the quark condensate q̄q and the normalization factor ξ is [11],
Nc
.
4π2
The solution (13) allows to extract explicitly the m-dependent terms in (9),
ξ2 =

f (z) → ξ2 m2 + mσz2 + f˜(z),

(14)

(15)

σ2 6
z
4ξ2

is absorbed into the new sum f˜(z). The Regge form of the spectrum
where the contribution
appears in the case of the asymptotics

f˜(z)z→∞ = a2 z2 + δ,
(16)
which will be considered as our choice of f˜(z).
We arrive then at the following equation on the mass spectrum,
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(17)

The spectrum of Eq. (17) is

√
√
Mn2 = 4 2 g5 σm + a2 (n + 1) + 2g25 ξ2 m2 + 2g25 δ.

(18)

This expression demonstrates the parametric dependence of the linear spectrum on the quark mass m.
The spectrum (18) can be written in a more compact form,

Mn2 = α + βm(n + 1) + γm2 + δ.
(19)
The value of constant γ follows from the relations (14) and the normalization factor for the 5D mass2
less vector ﬁelds, g25 = 12π
Nc [1],
γ = 2g25 ξ2 = 6.
(20)
The ensuing phenomenological ﬁts are elaborated in Ref. [3]. It can be also shown [3] that the behavior
of the obtained slope in the chiral limit, m → 0, matches a prediction of the dual Veneziano-like
amplitudes with the chiral symmetry breaking [12].
The spectrum (19) predicts that the binding energy grows linearly with the quark mass in the heavy
quark limit, m → ∞, due to the relation (20) showing that γ > 4. This behavior seems to agree with
the experimental data [5]. For instance, one has for the ground states Mψ − 2mc ≈ 0.56 GeV and
MΥ − 2mb ≈ 1.1 GeV if mc,b are taken at 2 GeV (taking mb at 5 GeV leads to MΥ − 2mb ≈ 2.5 GeV).
Such a behavior admits a simple interpretation: When a non-relativistic quark of mass m is created
2
and moves with the velocity v, the binding energy must compensate its kinetic energy mv2 .
It should be emphasized that the mass relation of the kind (18) emerges within a whole class of
holographic models and we have presented a particular model from this class. An example of another
model of this sort is constructed in Ref. [3].
The proposed approach can be applied to various physical problems including the hadron spectroscopy, ﬁnite-temperature and density eﬀects, hadron formfactors etc.
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