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Abstract. We assume that inside the hadrons there are additional partons - tensorgluons -

which carry the same charges as the gluons, but have larger spin. That assumption leads

to a possible contribution of polarised tensorgluon density to the spin of the nucleon. The

nonzero density of tensorgluons can be created inside a nucleon by radiation of tensorglu-

ons by gluons. Tensorgluons can carry a part of nucleon momentum together with gluons.

Because tensorgluons have a larger spin, they can influence the spin structure of the nu-

cleon. This contribution appears in the next to leading order, compared to the gluons and

can provide a substantial screening effect due to the larger spin of tensorgluons.

1 Introduction

We assume that inside the hadrons there are additional partons - tensorgluons - which carry the same

charges as the gluons, but have larger spin [1, 2]. That assumption leads to a possible contribution

of polarised tensorgluon density to the spin of the nucleon. The nonzero density of tensorgluons can

be created inside a nucleon by radiation of tensorgluons by gluons. The tensorgluons can carry a part

of nucleon momentum together with gluons. Because tensorgluons have larger a spin s (s=2,3,...),

they can influence the spin structure of the nucleon. Our aim is to analyse a possible contribution of

polarised tensorgluon density ΔTs into the spin of the nucleon, if they are present in the nucleon.

The spin structure of the nucleon remains the essential problem of nonperturbative QCD and

hadronic physics. One of its most significant manifestations is the so-called spin crisis, or spin puzzle,

related to the surprisingly small fraction of proton polarisation carried by the quarks [3–10]. The

contribution from the quarks spin is found out to be small, approximately 25% of the total proton

spin, and it is expected that the rest should come from the spin of gluons, quark sea polarisation

and the orbital angular momentum of quarks and gluons. This problem attracted the attention to the

peculiarities of the underlying QCD description of the nucleon spin, and, in particular, to the role of

the gluons [17–22, 26]. One of the most interesting suggestions to come out of the spin crisis was

that gluon polarisation �G may contribute significantly to the nucleon spin [20–23]. The amount of

gluon polarisation from the experiment is approximately 20% [6, 11, 12, 15, 16] and it is not by itself

sufficient to resolve the problem. It remains to identify the rest (50% ) of the nucleon spin. The

experimental indications of the small value of the polarisation carried by the quarks and gluons point

to a possible contribution of the orbital angular momentum of the constituent patrons or to a possible
contribution coming from the polarisation of additional kind of partons in the nucleon.
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Figure 1. Scattering of a photon on a proton quark q in the leading and next to leading order through the gluon

exchange.

Following the suggestion [1, 2] that there are additional patrons in the nucleon, one can propose

that the nucleon’s spin is accounted by the quark spin 1
2
ΔΣ, gluon spin 1ΔG, as well as by the ten-

sorgluon spin sΔTs and the total orbital angular momentum Lz. Physically the quantities ΔΣ,ΔG,ΔTs

represent the differences between the quark number densities, gluons and tensorgluons with spin par-

allel to the nucleon spin and those with spin anti-parallel (20). Because the spin of the nucleon is 1
2
�,

one should have the following spin sum rule of helicity weighted distributions:

1

2
ΔΣ + ΔG +

∑
s

s ΔTs + Lz =
1

2
. (1)

In this equation the helicity of the gluon is equal to one, of the tensorgluons is s = 2, 3, .. and the

summation is over all "active" tensorgluons in the nucleon. The various components of the nucleon

spin in the above equation can be measured experimentally [6, 8–10, 12, 14–16]. Our aim is to

consider a possible contribution of tensorgluons of spin s, the sΔTs contribution.

Considering the influence of polarised tensorgluons density ΔTs to the singlet part of the first

moment g1 in (6) we found an additional contribution from tensorgluons of spin s:

I0 =
1

9
(ΔΣ − n f

α(Q2)

2π
ΔG)

(
1 − α(Q2)

2π

3(12s2 − 1) − 8n f

3(12s2 − 1) − 2n f

)
+

+n f
α(Q2)

2π
ΔTs

∑2s+1
k=1

1
k

3(12s2 − 1) − 2n f
. (2)

The present paper is organized as follows. In section 2 the basic formulae for polarised electro-

production are recalled and short review of the experimental data is presented. In section 3 we are

presenting the evolution equations that describe the Q2 dependence of polarised parton densities in-

cluding polarised tensorgluons. In section 4 the solution of the evolution equations are considered in

leading and next to leading order. In Appendix we present the polarised splitting functions including

tensorgluons and the corresponding anomalous dimensions [1, 2].
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Figure 2. The typical diagram contributing to the scattering of a photon on a proton gluon G through the quark

exchange.

2 The Polarised Electroproduction

The polarised electroproduction is described by two structure functions G1 and G2 in addition to the

unpolarised structure functions F1 and F2. It is convenient to use the scaling functions g1(x,Q2) =

M(p · q)G1 and g2(x,Q2) = (p · q)2G2/M, where p and M are the momentum and mass of the nucleon,

q is the momentum of the virtual photon with Q2 = −q2 and x = Q2/2(p · q). These spin-dependent

structure functions gi can be extracted from measurements where longitudinally polarised leptons

are scattered from a target that is polarised either longitudinally or transversely relative to the electron

beam [10]. For longitudinal beam and target polarisation, the difference between the cross sections for

spins aligned and antialigned is dominated at high energy by the g1 structure function. The g2 structure

function can be determined with additional measurement of cross sections for a nucleon polarised in a

direction transverse to the beam polarisation. The moments of the spin structure functions are defined

as ∫ 1

0

dx xn−1 gi(x,Q2), i = 1, 2. (3)

In analogy with the unpolarised F1 structure function

F1 =
1

2

∑
i

e2
i [qi(x,Q2) + q̄i(x,Q2)] (4)

the structure function g1 can be expressed at leading order of perturbation theory in terms of dif-

ferences between quark distributions with spins aligned qi
+ and antialigned qi− relative to that of the

nucleon Δqi = qi
+ − qi−. Thus in zero order of the perturbative QCD, i.e. in the limit of the free

quark-parton model the spin-dependent structure function g1 can be expressed as [20, 22]

g1 =
1

2

∑
i

e2
i [Δqi(x,Q2) + Δq̄i(x,Q2)]. (5)

At large Q2 the moments (3) are given by the OPE series with the expansion coefficients related to

nucleon matrix elements of the twist-2 operators and Wilson coefficient functions in the form of QCD

series in strong coupling constant α = g2/4π. The lowest (n = 1) moments of the spin-dependent
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Figure 3. Example of the diagram demonstrating the scattering of a photon on a proton gluon G in the next to

leading order through the quark and gluon exchange.

nucleon structure functions g1 defined in (3) can be represented in the following form [17–20, 22, 30,

32]:

Γ
p
1

=

∫ 1

0

dx gp
1
(x,Q2) = I3 + I8 + I0

Γn
1 =

∫ 1

0

dx gn
1(x,Q2) = −I3 + I8 + I0, (6)

where

I3 =
1

12
a3 (1 − α(Q2)

2π
+ ...)

I8 =
1

36
a8 (1 − α(Q2)

2π
+ ...)

I0 =
1

9
a0 (1 − α(Q2)

2π

33 − 8n f

33 − 2n f
+ ...). (7)

The matrix elements of the non-singlet axial currents Jk
5μ

and the singlet axial current J5μ are defined

as follows1:

< p, s|ψ̄γμγ5

λk

2
ψ|p, s > = Msμ ak, k = 1, 2, ..., 8

< p, s|ψ̄γμγ5ψ|p, s > = 2Msμ a0. (8)

The λk are generators of the flavour group and ψ = (u, d, s, ...) is a vector in flavour space. The ak, a0

are Lorentz invariant matrix elements and reflect the unknown, nonperturbative aspect of the QCD

dynamics. The nucleon states < p, s| are labeled by the momentum pμ and the covariant spin vector

sμ (s · p = 0, s2 = −1). There are perturbative corrections to the coefficient functions which are

included in expression (7).

To determine the flavour non-singlet components a3 and a8 on the right hand side of the equations

(6), (7) one should turn to the beta-decay data [9, 10, 30, 31]. The values of a3 and a8 extracted from

1The quark distributions are defined in terms of SU(3)-flavour structure [9, 10] : NS hypercharge a8 = Δu + Δd −
2Δs, NS isovector a3 = Δu − Δd, S inglet a0 = Δu + Δd + Δs.
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hyperon beta-decays under the assumption of SU(3) flavour symmetry are2 [9, 10, 30, 31, 33]:

a8 = Δu + Δd − 2Δs = 3F − D (0.58 ± 0.03)

a3 = Δu − Δd = F + D (1.270 ± 0.003) (9)

The experimental value of the quarks spin density ΔΣ = a0 can be obtained through the measurements

of the first moment integrals of g1 (6) Γ
p
1
= 0.135 ± 0.011, (7) Γn

1
= −0.028 ± 0.006, of the strong

coupling constant αs = 0.28 ± 0.02 all at < Q2 >= 5GeV2 [30, 34] and the knowledge of a3 and a8 in

(9), thus

a0 = ΔΣ = Δu + Δd + Δs = 0.33 ± 0.03. (10)

This value is unexpectedly small, compared with the naive expectation of ΔΣS U(6) � 1 and of the

Ellis-Jaffe sum rule ΔΣEJ � 0.65 [13]. By now it is experimentally well established that indeed the

matrix element a0 of the flavour-singlet axial-vector current is small and only of the order of 0.2−0.3.

The question raised was the following: why the quark spin content of the nucleon is so small?

One of the possible answers considered in the literature consists in the realisation that the singlet

component a0 receives an additional contribution from the gluon polarisation �G [20–23, 35]

ΔG =

∫ 1

0

dx[G+(x,Q2) −G−(x,Q2)], (11)

which is the amount of spin carried by polarised gluons in the polarised nucleon.

In general, the value of the matrix elements (8) depend on the renormalisation scale μ2. Only if

the operator is conserved, one can show that the matrix elements are μ2 independent [36]. Because

the non-singlet currents J3,8
5μ

are exactly conserved in the massless limit, the anomalous dimension of

the non-singlet axial current vanishes at all orders. Thus a3 and a8 in (7) are renormalisation group

invariant (μ2 independent), they have a real physics meaning and are protected from substantial QCD

radiative corrections [36]. Perturbative corrections to the coefficient functions are presented in (7)

[17–23].

The singlet axial current J5μ = ψ̄γμγ5ψ in (8) is not conserved [27, 28]:

∂μJ5μ = n f
α

2π
trG ∧G = n f

α

2π
∂μKμ. (12)

Its expectation value a0(μ2) depends on the renormalisation point μ2 and it is therefore not a physical

quantity and receives anomalous contribution [17–23]. Therefore the interpretation of the quark spin-

density a0 = ΔΣ in (7), (8) and (10) as the matrix element of the flavour singlet axial charge was

reconsidered [20–23]. The modified singlet axial current

J5μ − n f
α

2π
Kμ (13)

is conserved, as follows from (12), and its matrix element defines the invariant spin-density, which

includes the polarisation of the gluons ΔG in the nucleon

< p, s|J5μ − n f
α

2π
Kμ|p, s >= 2Msμ â0, (14)

where now [22]

â0 = ΔΣ − n f
α

2π
ΔG = Δu + Δd + Δs − n f

α

2π
ΔG. (15)

2The invariant matrix elements F and D measured in beta-decay are: F = 0.459 ± 0.008 and D = 0.798 ± 0.008. [9, 10].
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Figure 4. Example of the diagram demonstrating the scattering of a photon on a tensorgluon T, which appears in

the next to leading order through the quark and gluon exchange.

Thus the matrix elements of the flavor singlet axial vector current are determined not solely by

the first moment of the quark distributions, but also by the first moment of a spin-dependent gluon

distribution ΔG. This leads to possible explanations for the small value of â0 extracted from polarised

deep inelastic experiments (10) that have been suggested in the literature [20, 22], which includes a

spin screening (15) from positive gluon polarisation ΔG. From the evolution equations it follows that

the gluon polarisation grow as

ΔG(Q2) ∼ const
α(Q2)

at large Q2. This corresponds to a scaling contribution α(Q2)ΔG(Q2) = const to the first moment

Iep,en (6) of g1 (see formulas (41) and (42)). This suggestion sparked a program to measure ΔG which

finally provides the first evidence for nonzero gluon polarisation in the proton [6, 12, 15].

The polarised gluon distribution function ΔG was obtained from a QCD fit to the data on the spin-

dependent structure function g1. The QCD fits for ΔG were found in [6, 12, 15], one with a positive

and one with a negative first moment ΔG, which describe the data equally well. The absolute value is

of the order of |ΔG| � 0.2− 0.3 for Q2 = 3GeV2 and the uncertainty from the fit is of the order of 0.1.

This amount of gluon polarisation is not, by itself, sufficient to resolve the problem of the small value
of â0. However that gluon polarisation ΔG ≈ 0.2 − 0.3 would still make a significant contribution to

the nucleon polarisation [6, 12, 15, 16].

Considering the influence of polarised tensorgluons density ΔTs to the spin of the nucleon we

found that I0 = I
′
0 + I

′′
0 , the singlet component of the first moments of g1 in (6) receives additional

contribution I
′′
0 from tensorgluons (see Fig. 4):

I
′
0 =

1

9
(ΔΣ − n f

α(Q2)

2π
ΔG)

(
1 − α(Q2)

2π

3(12s2 − 1) − 8n f

3(12s2 − 1) − 2n f
+ ...

)
, (16)

I
′′
0 = n f

α(Q2)

2π
ΔTs

∑2s+1
k=1

1
k

3(12s2 − 1) − 2n f
+ ... . (17)

In the absence of tensorgluons ( s=1) the I
′
0 in (16) reduces to the standard QCD result (7) and I

′′
0 = 0

(ΔT = 0 ). In the presence of the tensorgluons of spin s the result depends on the spin factor (12s2−1),

which appears in the Callan-Simanzik beta function coefficient [1, 2], as well as on the contribution
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of the tensorgluon density ΔTs, which scales similar to the quark density ΔΣ (see formulas (36) and

(37)). In general, one should sum there over all "active" tensorgluon spins. It is difficult to assist the

effect of the tensorgluons because it is not known if ΔTs is positive or negative. Note that if ΔTs is

negative, i.e. if tensorgluons give negative contribution to the proton helicity, then the sign is correct

for additional compensation of ΔΣ to occur.

In the next sections we shall derive evolution equations which include the tensorgluon polarisation

and their contribution to the singlet part of the structure functions.

3 Polarisation of Tensorgluons in Nucleon

Our aim is to analyse a possible contribution of polarised tensorgluons ΔTs into the spin of the nucleon

if they are present in a nucleon. For that one should generalise the evolution equations for quark,

gluons and tensorgluons derived in [1, 2] into the case of polarised tensorgluons. The generalisation

of the DGLAP evolution equations which account for polarisation of tensorgluons can be written in

the following form:

dqi
+(x, t)
dt

=
α(t)
2π

∫ 1

x

dy
y

[
qi
+(y, t)Pq+q+ (

x
y

) + qi
−(y, t)Pq+q− (

x
y

) +

+G+(y, t)Pq+G+
(

x
y

) +G−(y, t)Pq+G− (
x
y

)
]

dqi−(x, t)
dt

=
α(t)
2π

∫ 1

x

dy
y

[
qi
+(y, t)Pq−q+ (

x
y

) + qi
−(y, t)Pq−q− (

x
y

) +

+G+(y, t)Pq−G+
(

x
y

) +G−(y, t)Pq−G− (
x
y

)
]

dG+(x, t)
dt

=
α(t)
2π

∫ 1

x

dy
y

[ 2 f∑
i=1

qi
+(y, t)PG+q+ (

x
y

) +

2 f∑
i=1

qi
−(y, t)PG+q− (

x
y

) +

+G+(y, t)PG+G+
(

x
y

) +G−(y, t)PG+G− (
x
y

) +

+T+(y, t)PG+T+
(

x
y

) + T−(y, t)PG+T− (
x
y

)
]

(18)

dG−(x, t)
dt

=
α(t)
2π

∫ 1

x

dy
y

[ 2 f∑
i=1

qi
+(y, t)PG−q+ (

x
y

) +

2 f∑
i=1

qi
−(y, t)PG−q− (

x
y

) +

+G+(y, t)PG−G+
(

x
y

) +G−(y, t)PG−G− (
x
y

) +

+T+(y, t)PG−T+
(

x
y

) + T−(y, t)PG−T− (
x
y

)
]

dT+(x, t)
dt

=
a(t)
2π

∫ 1

x

dy
y

[
G+(y, t)PT+G+

(
x
y

) +G−(y, t)PT+G− (
x
y

) +

+T+(y, t)PT+T+
(

x
y

) + T−(y, t)PT+T− (
x
y

)
]

dT−(x, t)
dt

=
α(t)
2π

∫ 1

x

dy
y

[
G+(y, t)PT−G+

(
x
y

) +G−(y, t)PT−G− (
x
y

) +

+T+(y, t)PT−T+
(

x
y

) + T−(y, t)PT−T− (
x
y

),
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where t = ln(Q2/Q2
0). This set of equations can be simplified by observing that parity conservation in

QCD implies the relations

PB+A± (z) = PB−A∓ (z) (19)

for any A and B and that the sums and the differences

qi = qi
+ + qi

−, G = G+ +G−, T = T+ + T−,
Δqi = qi

+ − qi
−, ΔG = G+ −G−, ΔT = T+ − T− (20)

evolve separately. Physically the quantities Δqi,ΔG,ΔT represent the differences between the number

densities of quarks, gluons and tensorgluons with spin parallel to the nucleon spin and those with spin

anti-parallel. It is also convenient to define the sum and the difference of splitting functions:

PBA(z) = PB+A+
(z) + PB−A+

(z), ΔPBA(z) = PB+A+
(z) − PB−A+

(z). (21)

We derive then from (18) the master equation for differences:

d
dtΔqi(x, t) = α(t)

2π

∫ 1

x
dy
y

[
Δqi(y, t)ΔPqq( x

y
) + ΔG(y, t)ΔPqG( x

y
)
]

d
dtΔG(x, t) = α(t)

2π

∫ 1

x
dy
y

[∑2n f

i=1
Δqi(y, t)ΔPGq( x

y
) + ΔG(y, t)ΔPGG( x

y
) + ΔT (y, t)ΔPGT ( x

y
)
]

d
dtΔT (x, t) = α(t)

2π

∫ 1

x
dy
ry

[
ΔG(y, t)ΔPTG( x

y
) + ΔT (y, t)ΔPTT ( x

y
)
]
. (22)

In the case of non-singlet (NS) quark densities the above equation reduces to the one of the standard

QCD:

d
dt
ΔqNS (x, t) =

α(t)
2π

∫ 1

x

dy
y
ΔqNS (y, t)ΔPqq(

x
y

), (23)

where qNS (y, t) = q(x, t) − q̄(x, t). The splitting function Pq−q+ = 0 and therefore ΔPqq = Pq+q+ = Pqq.

It follows then that the moments of ΔqNS evolve in Q2 with the same logarithmic exponent as qNS and

therefore as the non-singlet parts of F1 and g1.

The integral

Δqi =

∫ 1

0

dx[Δqi(x, t) + Δq̄i(x, t)] (24)

represents the fraction of the proton’s spin carried by the quarks and the anti-quarks of the flavour qi.

The summation over all quark flavour contributions gives the total fraction of the nucleon spin carried
by light quark and antiquarks (below the contribution of the heavy quarks has been neglected):

ΔΣ =

∫ 1

0

dx
∑

i

[Δqi(x, t) + Δq̄i(x, t)] = Δu + Δd + Δs. (25)

As we already reviewed in the introduction, the conservation of the SU(3) singlet axial current,

valid for massless quarks, is broken in QCD by the Adler-Bell-Jackiw anomaly [27, 28]. While the

anomalous dimension of the non-singlet axial current vanishes at all orders [17, 18], the singlet axial

current anomalous dimension is different from zero. Due to this non-conservation in the singlet sector

there is a gluon contribution at all values of Q2 in the singlet part of the integral of g1. This gluon

term ΔG in (15)

â0 = ΔΣ − n f
α

2π
ΔG (26)
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Figure 5. We assume that inside the hadrons there are additional partons - tensorgluons - which carry the same

charges as the gluons, but have larger spin [1, 2]. The nucleon’s spin is accounted then by the quark spin 1
2
ΔΣ,

gluon spin 1ΔG, as well as by the tensorgluon spin sΔTs and the total orbital angular momentum Lz (28).

can in principle be large and we are interested to consider a possible contribution of the tensorglu-

ons polarisation as well. With this aim we shall introduce in addition to the gluon polarisation the

corresponding tensorgluon helicity content in the polarised nucleon:

ΔG =

∫ 1

0

dx[G+(x,Q2) −G−(x,Q2)], ΔT =

∫ 1

0

dx[T+(x,Q2) − T−(x,Q2)], (27)

with G±,T± being the gluon and tensorgluons densities with helicities ±1 and ±s respectively in a

nucleon with helicity + 1
2
. ΔG represents the amount of helicity carried by the gluons in the nucleon

and ΔTs, the amount carried by the tensorgluons.

The nucleon’s spin is accounted by the quarks’ spin as well as by gluon and tensorgluon spins ΔG,

ΔTs and the total orbital angular momentum Lz. Because the spin of the nucleon is 1/2 one should

have

1

2
ΔΣ + ΔG +

∑
s

s ΔTs + Lz =
1

2
. (28)

In this equation the helicity of the gluon is equal to one and of tensorgluon is s = 2, 3, .., and the

summation is over all "active" tensor bosons in the nucleon. The various components of the nucleon

spin in the above equation can be measured experimentally. The gluon sector ΔG can be measured

in deep inelastic scattering experiments in which gluon-gluon or gluon-quark scattering dominates.

One of the most interesting suggestions to come out of the spin crisis is that ΔG may contribute

significantly to the nucleon. Our aim is to consider a possible contribution of the tensorgluon spin

s�Ts.

4 Evolution Equation in Leading and Next to Leading Order

At leading order the QCD evolution of ΔΣ, ΔG and ΔT can written from (22) as

d
dt

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
ΔΣ

ΔG
ΔT

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ =
α(t)
2π

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
Δγ(1)

qq 2n fΔγ
(1)
qG 0

Δγ(1)
Gq Δγ(1)

GG Δγ(1)
GT

0 Δγ(1)
TG Δγ(1)

TT

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
ΔΣ

ΔG
ΔT

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ , (29)
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where [2] (see Appendix A for the values of the corresponding anomalous dimensions)

Δγ1 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 0 0

3
2
C2(R) C2(G)

∑
s(12s2−1)

6
− 2

3
n f T (R) C2(G)

∑2s+1
k=1

1
k

0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ , (30)

and C2(G) = N,C2(R) = N2−1
2N ,T (R) = 1

2
for the SU(N) groups. Let us represent the �γ1 as

Δγ1 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 0 0

C1 b C3

0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ ,
where [2]

C1 =
3

2
C2(R), b = C2(G)

∑
s(12s2 − 1)

6
− 2

3
n f T (R), C3 = C2(G)

2s+1∑
k=1

1

k
(31)

and
dα(t)

dt
= − b

2π
α2(t). (32)

The eigenvalues of the matrix Δγ1 are λ1 = b, λ2,3 = 0 and the corresponding eigenvectors

S =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
−C3

C1
− b

C1
0

0 1 1

1 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ , S −1 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 0 1

−C1

b 0 −C3

b
C1

b 1 C3

b

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
define the transformation Δγ1 = SΛS −1, where Λ = diag(0, 0, b), which allows to represent the

evolution equation (29) in the following form:

d
dt

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
ΔΣ

ΔG
ΔT

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ =
α(t)
2π

SΛS −1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
ΔΣ

ΔG
ΔT

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ . (33)

Multiplying this equation from the left by S −1 we shall get

d
dt

[
S −1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
ΔΣ

ΔG
ΔT

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
]
=
α(t)
2π

Λ

[
S −1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
ΔΣ

ΔG
ΔT

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
]
,

and it is useful to introduce the new coordinates⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
y1(t)
y2(t)
y3(t)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ = S −1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
ΔΣ

ΔG
ΔT

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

ΔT
− 1

b (C1Σ +C3ΔT )
C1

b Σ + ΔG +
C3

b ΔT

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ . (34)

The evolution equation takes a diagonal form:

d
dt

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
y1(t)
y2(t)
y3(t)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ =
α(t)
2π

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 0 0

0 0 0

0 0 b

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
y1(t)
y2(t)
y3(t)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ . (35)

The first equation gives
dy1(t)

dt =
dΔT (t)

dt = 0, and we conclude that the helicity density of tensorgluons

does not evolve with Q2:

ΔT (t) = ΔT. (36)
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From this and from the second equation dy2(t)/dt = 0 it follows that the quark helicity distribution

also does not evolve with Q2 (dΔΣ(t)/dt = 0):

ΔΣ(t) = ΔΣ. (37)

From the last equation
dy3(t)

dt =
α(t)
2π

b y3(t) it follows then that

d α(t) y3(t)
dt

=
dα(t)

dt
y3(t) + α(t)

dy3(t)
dt

= − b
2π
α2(t) y3(t) + α(t)

α(t)
2π

b y3(t) = 0, (38)

where we use (32). Thus

α(t) y3(t) = Const (39)

and therefore from the last equation in (34)

α(t)
2π

ΔG(t) = Const − α(t)
2πb

[C3ΔT +C1ΔΣ] → Const. (40)

as t → ∞ and α(t) → 0. Here we use the fact that ΔΣ and ΔT are t-independent (36), (37). In the

absence of tensorgluons the equation reduces to the Altarelli-Ross equation:

α(t)
2π

ΔG(t) = Const − α(t)
2πb

C1ΔΣ→ Const. (41)

Therefore it is natural to introduce the quantity [22]

ΔΓ =
α(t)
2π

ΔG(t) (42)

and consider its behaviour in the next to leading order. One should notice that the coefficient in front

of the tensorgluon density C3 in (40) grows with spin as ln s, therefore its contribution can still be

numerically large for higher spins. The main conclusion which follows from the above consideration
is that the densities ΔΣ and ΔT are Q2 independent and that the gluon density grows with Q2 as
ΔG ≈ 1/α(Q2).

Expanding the splitting functions and anomalous dimensions into perturbative series

ΔPi j = ΔP(1)
i j +

as(t)
2π

ΔP(2)
i j +

(as(t)
2π

)2
ΔP(3)

i j + . . . (43)

one can get from (22):

d
dt

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
ΔΣ(t)
ΔΓ(t)
ΔT (t)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ =
(as(t)

2π

)2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
Δγ(2)

qq 2n fΔγ
(3)
qG 0

Δγ(1)
Gq Δγ(2)

GG Δγ(1)
GT

0 Δγ(3)
TG Δγ(2)

TT

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
ΔΣ(t)
ΔΓ(t)
ΔT (t)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ . (44)

Here we have taken into account that there are no direct interactions between tensorgluons and quarks

γ(2)
Tq = γ(2)

qT = 0 [1, 2]. The Q2 evolution of the singlet component of the first moment (6) is given by

the short-distance operator product expansion [17–19, 22]:

I0 =
1

9
c(as(t))E(as, as(t))O(as), (45)

where we take into account the presence of the tensorgluons:

c(as(t)) =
(
1 + cΣas(t), cΓ + c

′
Γas(t), cT + c

′
T as(t)

)
, O(as) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
ΔΣ(t)
ΔΓ(t)
ΔT (t)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ (46)
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and

E(as, as(t)) = 1 +
as − as(t)

4πb
Δγ , (47)

γ is the matrix of anomalous dimensions in equation (44). Substituting the matrix of anomalous

dimensions (47) , (44) and the vectors (46) into the (45) we shall get

I0 =
1

9

{[
1 +

as − as(t)
4πb

(
Δγ(2)

qq + cΓΔγ
(1)
Gq − bcΣ

)
+ cΣas

]
ΔΣ +

+

[
1 +

as − as(t)
4πb

(
Δγ(2)

GG +
1

cΓ
Δγ(3)

qG +
cT

cΓ
Δγ(3)

TG − b
c
′
Γ

cΓ

)
+

c
′
Γ

cΓ
as

]
cΓΔΓ +

+

[
cT +

as − as(t)
4πb

(
cTΔγ

(2)
TT + cΓΔγ

(1)
GT − bc

′
T

)
+ c

′
T as

]
ΔT

}
. (48)

One can see the appearance of the tensorgluon contribution ΔT into the first moment of the singlet

polarised structure function. In this expression the anomalous dimensions associated with the quark

and gluon interactions were computed in [17–19, 22]. These values are Δγ(2)
qq = 0 and

cΓ = −n f , cΣ = − 3

4π
C2(R), c′Γ = cΓcΣ

Δγ(1)
Gq =

3

2
C2(R), Δγ(3)

qG = c2
ΓΔγ

(1)
Gq, Δγ(2)

GG = 0. (49)

Because there are no interactions between photon and tensorgluons through the quark exchanges, the

coefficients cT and c′T vanish. Hence, keeping terms proportional to α(t) and using the above values

for the anomalous dimensions, the first moment of the singlet part of the proton structure function

(48) takes the following form:

I
′
0 =

1

9

[
1 − as(t)

4πb
(cΓΔγ

(1)
Gq − bcΣ)

]
(ΔΣ − n fΔΓ)

I
′′
0 = −1

9

[as(t)
4πb

cΓΔγ
(1)
GT

]
ΔT,

where I0 = I
′
0 + I

′′
0 . The coefficient of the beta function b of the running coupling constant is given in

(31). Given that C2(G) = 3, C2(R) = 4
3

and T (R) = 1
2

we finally get:

I
′
0 =

1

9
(ΔΣ − n f

αs(t)
2π

ΔG)

(
1 − as(t)

2π

3
∑

(12s2 − 1) − 8n f

3
∑

(12s2 − 1) − 2n f
+ ...

)
(50)

I
′′
0 = n f

∑
s

as(t)
2π

ΔTs

∑2s+1
k=1

1
k

3
∑

(12s2 − 1) − 2n f
+ ... (51)

Comparing this result with the standard QCD case one can see that the assumed presence of the ten-

sorgluons inside the proton modifies the singlet part of the polarised proton structure function in two

ways. On the one hand, there is a contribution 3
∑

(12s2 − 1) in the numerator and the denominator

to the radiative correction I
′
0 which effectively lowers its value. On the other hand, there is an addi-

tional contribution I
′′
0 of the tensorgluons ΔTs. The overall sign of this contribution depends on the

values of the spin s of the tensorgluon and of its density ΔTs. Note that if ΔTs is negative, i.e. if ten-

sorgluons give negative contribution to the proton helicity, then the sign is correct for the additional

compensation of ΔΣ to occur.
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Appendix A

Since PB+A± (z) = PB−A∓ (z), we only need to evaluate PB+A+
(z), PB−A+

(z). Then

PBA(z) = PB+A+
(z) + PB−A+

(z), ΔPBA(z) = PB+A+
(z) − PB−A+

(z).

Hence for the �Pqq [24]:

Pq−q+ (z) = 0

�Pqq = Pq+q+ (z) = Pqq = = C2(R)
[

1 + z2

(1 − z)+
+

3

2
δ(z − 1)

]
, (52)

for the �PGq(z)

PG+q+ (z) = C2(R)
1

z
, PG−q+ (z) = C2(R)

(1 − z)2

z

PGq(z) = PG+q+ (z) + PG−q+ (z) = C2(R)
1 + (1 − z)2

z

�PGq(z) = PG+q+ (z) − PG−q+ (z) = C2(R)
1 − (1 − z)2

z
, (53)

for the �PqG(z)

Pq+G+
(z) =

z2

2
, Pq−G+

(z) =
(z − 1)2

2

PqG(z) = Pq+G+
(z) + Pq−G+

(z) =
z2 + (z − 1)2

2

�PqG(z) = Pq+G+
(z) − Pq−G+

(z) =
z2 − (z − 1)2

2
(54)

as well as for the �PGG(z)

PG+G+
(z) = C2(G)

[
(1 + z4)

(
1

z
+

1

(1 − z)+

)
+

(∑
s(12s2 − 1)

6
− 2

3

T (R)

C2(G)

)
δ(z − 1)

]

PG−G+
(z) = C2(G)

(1 − z)3

z

�PGG(z) = C2(G)
[
(1 + z4)

(
1

z
+

1

(1 − z)+

)
− (1 − z)3

z
+

(∑
s(12s2 − 1)

6
− 2

3

T (R)

C2(G)

)
δ(z − 1)

]
.

The behaviour at small x → 0 of the unpolarised and polarised splitting functions is different

lim
x→0

PGG(z) = C2(G)
(
1

z
+

1

z

)
, lim

x→0
�PGG(z) = C2(G)

(
1

z
− 1

z

)
= 0. (55)
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The polarised splitting function �PGG(z) has moderate behaviour at small x’s. The polarised splitting

functions which are including tensorgluons were found in [1, 2]. For the non-diagonal functions they

are:

PT+G+
(z) = C2(G)

z2s+1

(1 − z)2s−1

PT−G+
(z) = C2(G)

(1 − z)2s+1

z2s−1

�PTG(z) = C2(G)
[ z2s+1

(1 − z)2s−1
− (1 − z)2s+1

z2s−1

]
, (56)

and at small x both functions are singular

lim
x→0

PTG(z) = C2(G)
1

z2s−1
, lim

x→0
�PTG(z) = −C2(G)

1

z2s−1
. (57)

Comparing this behaviour with the gluon splitting functions (55) one can see that here the polarised

splitting function has enhanced singular behaviour in the small x region. Finally for the PTG function

we have

PG+T+
(z) = C2(G)

1

z(1 − z)2s−1

PG−T+
(z) = C2(G)

(1 − z)2s+1

z

�PGT (z) = C2(G)
[

1

z(1 − z)2s−1
− (1 − z)2s+1

z

]
. (58)

In the small x region we have behaviour which is similar to gluon (55)

lim
x→0

PGT (z) = C2(G)
2

z
, lim

x→0
�PGT (z) = 0. (59)

The tensor-tensor splitting function is helicity conserving:

PT−T+
(z) = 0 (60)

�PTT (z) = PT+T+
(z) = C2(G)

[ z2s+1

(1 − z)+
+

1

(1 − z)z2s−1
+

+

2s+1∑
j=1

1

j
δ(z − 1)

]

and is singular in the small x region both functions are singular

lim
x→0

PTT (z) = C2(G)
1

z2s−1
, lim

x→0
�PTT (z) = C2(G)

1

z2s−1
. (61)

The matrix of anomalous dimensions is [24]:

∫ 1

0

dzzn−1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
�Pqq(z) 2n f�PqG(z) 0

�PGq(z) �PGG(z) PGT (z)

0 �PTG(z) �PTT (z)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
�γqq(n) 2n f�γqG(n) 0

�γGq(n) �γGG(n) �γGT (n)

0 �γTG(n) �γTT (n)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ ,
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where ∫ 1

0

dz�Pqq(z) = 0, n = 1,

∫ 1

0

dz�PqG(z) = 0,

∫ 1

0

dz�PGq(z) =
3

2
C2(R),

∫ 1

0

dz�PGG(z) =

∑
s(12s2 − 1)

6
C2(G) − 2

3
T (R),

and for the tensorgluons [1, 2]

∫ 1

0

dz�PGT (z) = C2(G)

2s+1∑
k=1

1

k
, n = 1, (62)

∫ 1

0

dz�PTG(z) = 0,

∫ 1

0

dz�PTT (z) = 0.
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