EPJ Web of Conferences 125 , 05022 (2016)

DOI: 10.1051/ epjconf/201612505022

QUARKS-2016

Bound states in a model of interaction of Dirac ﬁeld
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Abstract. In the framework of the Symanzik approach model of the interaction of the
Dirac spinor ﬁeld with the material plane in the 3 + 1-dimensional space is constructed.
The model contains eight real parameters characterizing the properties of the material
plane. The general solution of the Euler-Lagrange equations of the model and dispersion
equations for bound states are analyzed. It is shown that there is a choice of parameters
of the model in which the connected states are characterized by dispersion law of a massless particle moving along the material plane with the dimensionless Fermi velocity not
exceeding one.

1 Introduction
Recently, the physics of quantum macro-phenomena has attracted the attention of many researchers.
For success of the theoretical investigations in this ﬁeld it is important to build a model in which
the most essential features of the mechanism of generating the studied quantum eﬀect would be presented. If such model is constructed in the framework of usual quantum ﬁeld theory[1], one needs a
considerable modiﬁcation of its methods, since the properties of the vacuum change essentially because of interaction of quantum ﬁelds ﬂuctuations with macroscopic objects. In this way quantum
macro-eﬀects may appear in dynamics of material bodies which cannot be explained in by means of
classical physics.
It was ﬁrst shown theoretically in 1948 by Casimir [2]. In his model according to calculations
carried out by him, the interaction of ideally conducting uncharged plates of planar capacitor with
photon vacuum ﬂuctuations generates an attraction force between ones. This phenomenon, called the
Casimir eﬀect (CE), is observed experimentally [3–6], and the emperical results obtained for materials
with high conductivity are, with a high degree of accuracy, in agreement with theoretical ones.
At distances of 10 to 1000 nm the lows as classical and quantum physics are essential. They form
a special nanophysics with its highly unusual phenomena, one of the striking example of which is
the CE. Investigation of nanophysics is important not only from the general theoretical point of view,
but there is every reason to hope for an eﬀective practical use of their results in the creation of new
technologies and devices.
The theoretical phenomena such as CE are studied very intensively in numerous works [6, 7].
However often, these investigations are based on the simpliﬁed models which applicability area is
very limited. This make it diﬃcult to achieve a holistic understanding speciﬁty of nanophysics and
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the internal relationship of its various manifestations. Therefore, they are not meaningless attempts to
build and research models assigned for studying a wide range of nanophysical phenomena.
It is natural to assume that this type of models should be constructed on the basis of the most
important, universal, well-established physical principles. From all the used currently methods, the
closest to that is the Symansik approach [8] for modeling the interaction of quantum ﬁeld system
with classical macro object, which is presented by an additional action functional (defect action),
concentrated in the spatial domain where, this inhomogeneity - a macroscopic object - is located.
An important assumption is also that the standard requirements for quantum ﬁeld models (locality,
renormalizability, symmetry properties) are fulﬁlled.
The Symanzik approach has been used in many investigations and, in particular, for modeling the
interaction of QED ﬁelds with two-dimensional objects [9–14].In this paper we use it for modeling
the interaction of spinor Dirac ﬁeld with material plane and studying the property of localized near
one bound states.

2 Statement of problem
Within the Symanzik approach, the general form of the action functional modeling the interaction of
the quantum ﬁeld with material object (defect) can be written as:
S (ϕ) = S V (ϕ) + S de f (ϕ).
Here, S V is the action of the basic quantum ﬁeld model, and S de f is the defect action:



L(ϕ(x))d D x, S de f (ϕ) =
Lde f (ϕ(x))d D x
S V (ϕ) =
Γ

where Γ is a subspace of dimension D ≤ D in a D-dimensional space [8]. In the quantum electrodynamic (QED) the action S V (ϕ) is the functional of photon vector ﬁeld Aμ (x) and Dirac spinor ﬁelds
ψ̄(x), ψ(x),
1
S V (ϕ) = S (ψ̄, ψ, A) = − Fμν F μν + ψ̄(i∂ˆ − m + ieÂ)ψ
4
with Fμν = ∂μ Aν − ∂ν Aμ . Gauge invariance, locality, and renormalizability as the basic principles of
QED impose strong constraints on the possible form of the defect action S de f (ϕ). Taking them into
account by modeling the interaction of QED ﬁelds with a two-dimensional surface without charges
and currents, one obtains the following result: S de f (ϕ) = S de f (A)+S de f (ψ̄, ψ). If the surface is deﬁned
by equation Φ(x) = 0, x = (x0 , x1 , x2 , x3 ). then S de f (A) is the Chern-Simons action

a
ελμνρ ∂λ Φ(x)Aμ (x)Fνρ (x)δ(Φ(x)) d4 x,
S de f (A) =
2
where ελμνρ is the totally antisymmetric tensor (ε0123 = 1), and the parameter a is a dimensionless
coupling constant. This expression is the most general form of a gauge-invariant functional of Aμ
concentrated on a defect surface being invariant in respect to reparameterization of one and not having
any negative-dimension parameters. The most general form of the defect action S de f (ψ̄, ψ) is written
as
16 

S de f (ψ̄, ψ) =
α j ψ̄(x)Γ j ψ(x)δ(Φ(x)) d4 x,
j=1

where Γ j are the 16 basis Dirac matrices and α j are dimensionless coupling constants.
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As the material defect we consider the plane x3 = 0. In this case

S (ψ, ψ) =
ψ(x)(i∂ˆ − m + Ω(x3 ))ψ(x)dx,

(1)

and the matrix Ω(x3 ) = Qδ(x3 ) describes the coupling of Dirac ﬁelds with the plane. Because Ω(x3 )
and δ(x3 ) have the dimension of mass, the matrix Q is dimensionless. We suppose that the defect
plane is isotropic and homogeneous. It means that S (ψ, ψ) must be be invariant under translation in
x0 −, x1 −, x2 −directions and rotation around x3 −axe. The most general form of the matrix Q fulﬁlling
this condition is
Q = r1 1 + ir2 γ5 + r3 γ3 + r4 γ5 γ3 + r5 γ0 + r6 γ5 γ0 + ir7 γ0 γ3 + ir8 γ1 γ2
√
where 1 is the unit 4x4 - matrix, i = −1, γ j , j = 0, 1, 2, 3 are the Dirac matrices and γ5 = iγ0 γ1 γ2 γ3 .
For the γ−matrixes we use the following representation
⎞
⎞
⎛
⎛
0 0 1⎟⎟
0 ⎟⎟
⎜⎜⎜1 0 0
⎜⎜⎜ 0
⎟
⎟⎟⎟
⎜
⎜⎜⎜0 1 0
⎜0
0 1 0⎟⎟⎟⎟
0 ⎟⎟
⎟,
⎟⎟⎟ , γ1 = ⎜⎜⎜⎜⎜
γ0 = ⎜⎜⎜⎜
⎜⎝⎜ 0 −1 0 0⎟⎟⎟⎠⎟
⎜⎝⎜0 0 −1 0 ⎟⎠⎟
−1 0 0 0
0 0 0 −1
⎞
⎞
⎛
⎛
⎜⎜⎜ 0 0 0 −i⎟⎟⎟
⎜⎜⎜ 0 0 1 0 ⎟⎟⎟
⎜⎜⎜ 0 0 i 0 ⎟⎟⎟
⎜⎜⎜ 0 0 0 −1⎟⎟⎟
⎟⎟ , γ3 = ⎜⎜⎜
⎟⎟ .
γ2 = ⎜⎜⎜⎜
⎜⎝⎜ 0 i 0 0 ⎟⎟⎟⎠⎟
⎜⎜⎝⎜−1 0 0 0 ⎟⎟⎟⎠⎟
−i 0 0 0
0 1 0 0
Taking the functional derivatives of action (1) with respect to ψ(x) and ψ(x) we obtain the EulerLagrange equations :
(i∂ˆ − m + Ω(x3 ))ψ(x) = 0, (∂μ ψ(x))γμ + ψ(x)(m − Ω(x3 )) = 0.
It can be easily veriﬁed that ψ(x) = ψ∗ (x)γ0 , if γ0 Ω+ (x3 ) = Ω(x3 )γ0 . This condition is fulﬁlled if
parameters r j , 1 ≤ j ≤ 8 are real. We supposed that it is the case.
Let us introduce the following notations
x = (x0 , x1 , x2 ), px = p0 x0 − p1 x1 − p2 x2 .
for parts of 4-component vectors and represent ψ(x) = ψ( x̄, x3 ) as ψ(x) = ψ s (x) + ψa (x), where
1
1
(ψ( x̄, x3 ) + ψ( x̄, −x3 )), ψa (x) = (ψ( x̄, x3 ) − ψ( x̄, −x3 )).
2
2
Analysis of the possible singularities of spinor ψ(x) at the plane x3 = 0, made in [14], leads to the
following: for x3  0, the ﬁeld ψ(x) satisﬁes the Dirac equation
ψ s (x) =

(i∂ˆ − m)ψ(x) = 0,

(2)

and the relation
−iγ3 ψa ( x̄) + Qψ s ( x̄) = 0

(3)

holds at x3 = 0 .
It is shown in [14] that the general solution of (2) by x3  0 can be represented as


1
1
i p̄ x̄
e ψ+ ( p̄, x3 )d p̄, for x > 0, ψ(x) =
ei p̄ x̄ ψ− ( p̄, x3 )d p̄, for x < 0
ψ(x) =
(2π)3
(2π)3
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where
ψ± ( p̄, x3 ) = U( p̄, x3 )χ± ( p̄), U( p̄, x3 ) = e−iγ3 ( p̄+m)x3 = e−iκ( p̄)x3 P+ ( p̄) + eiκ( p̄)x3 P− ( p̄).
ˆ

Here, χ± ( p̄) are arbitrary spinors depending only on p̄, and we used the notations
κ( p̄) =

γ3 ( p̄ˆ + m)
1
1±
.
2
κ( p̄)

p̄2 − m2 , P± ( p̄) =

It follows from (3) that χ+ ( p̄), χ− ( p̄) satisfy the relation
−iγ3 (χ+ − χ− ) + Q(χ+ + χ− ) = 0,
which implies that
χ− = S χ+ , S = (iγ3 + Q)−1 (iγ3 − Q).

(4)

The matrices P± ( p̄) are projectors:
P± ( p̄)P± ( p̄) = P± ( p̄), P+ ( p̄) + P− ( p̄) = 1, P+ ( p̄)P− ( p̄) = P− ( p̄)P+ ( p̄) = 0.
Each of them has two two-dimensional eigensubspaces L+ and L− , which are represented as linear
combinations of two mutually orthogonal eigenvectors v±1 and v±2 :
L± (a±1 , a±2 ) = a±1 v±1 + a±2 v±2 ,
P± ( p̄)L± (a±1 , a±2 ) = L± (a±1 , a±2 ), P± ( p̄)L∓ (a∓1 , a∓2 ) = 0.
Here, a±i , i = 1, 2, are complex parameters, and v±i , i = 1, 2, are spinors, which we choose as


v+1 = n+1 −h1 , h−2 , 1, h−3 , v+2 = n+2 h1 , h+2 , 1, h+3 ,


v−1 = n−1 −h1 , h+2 , 1, −h+3 , v−2 = n−2 h1 , h−2 , 1, −h−3
h1 =

p20 − m2
m + p0

,

h±2

=

p20 − m2 ±

p20 − m2 κ( p̄)

(m + p0 )(p1 − ip2 )

, h±3 =

κ( p̄) ±

p20 − m2

p1 − ip2

with normalization constants n±1 , n±2 deﬁned by conditions v̄±1 v±1 = v̄±2 v±2 = 1. These spinors are eigenstates of the helicity operators
σ(p) =

i
(p s), s = (γ2 γ3 , −γ1 γ3 , γ1 γ2 ).
2|p|

They satisfy the relations
1
1
σ(p)| p3 =∓κ( p̄) v±1 = − v±1 , σ(p)| p3 =∓κ( p̄) v±2 = v±2
2
2
We represent the spinors χ± (p) as
χ± (p) = b1± (p)v−1 (p) + b2± (p)v−2 (p) + c1± (p)v+1 (p) + c2± (p)v+2 (p).

(5)

If κ > 0 the ﬁelds ψ̄, ψ describe the scattering processes of Dirac particles on the defect plane. For the
model with r5 = r6 = r7 = r8 = 0 they are studied in [14]. In this paper we consider the properties of
bound states localized in vicinity of x3 = 0.
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3 Bound states
The state is localized close to the plane x3 = 0 if p̄2 − m2 < 0 and κ( p̄) = i|κ( p̄)| is imaginary. In
this case the spinors χ± (p) (5) must fulﬁll the conditions b1+ = b2+ = c1− = c2− = 0. Other case the
asymptotic of ﬁelds ψ̄(x), ψ(x) could be inﬁnite by x3 → ±∞. It follows from equation (4) that
P− ( p̄)S χ+ = 0

(6)

It is the system of homogeneous linear equations for coeﬃcients b1+ , b2+ . Its solvability condition has
the form
−
+
+
−
(p21 + p22 )R3 − (iκR1 + 2(mr18
− p0 r45
))(iκR2 + 2(mr18
+ p0 r45
)) = 0

(7)

where we used the notations r±j k = r j ± rk and
−2
−2
+2
+2
+2
+2
−2
−2
R1 = 1 + r18
+ r27
+ r36
− r45
, R2 = 1 + r18
+ r27
+ r36
− r45
, R3 = 4(r62 + r72 + r82 − r42 ).

The equation (7) is the dispersion relation for bound state.
The equation (4),(6) enable to express the spinor parameters b1− , b2− , c1+ , c2+ in terms of one of them,
which can be ﬁxed by choosing normalization condition. The currents in bound state deﬁned by
spinors χ+ , χ− are presented as
Jk± ( p̄, x3 ) = e−|κx3 | j±k ( p̄), jk ( p̄) = χ̄± ( p̄)γk χ± ( p̄)
with j±3 = 0 and by p0 > m
4ω (|b1− |2 + |b2− |2 ) ω p1 − (|b1− |2 − |b2− |2 ) |κ| p2
,
(p0 + m)(ω2 + |κ|2 )
4ω (|b1− |2 + |b2− |2 ) ω p2 + (|b1− |2 − |b2− |2 ) |κ| p1
,
j+2 =
(p0 + m)(ω2 + |κ|2 )
4ω (|c2+ |2 + |c1− |2 ) ω p1 − (|c2+ |2 − |c1+ |2 ) |κ| p2
,
j−1 =
(p0 + m)(ω2 + |κ|2 )
4ω (|c2+ |2 + |c1+ |2 ) ω p2 + (|c2+ |2 − |c1+ |2 ) |κ| p1
,
j−2 =
(p0 + m)(ω2 + |κ|2 )

j+1 =

where ω =

p20 − m2 . We see that the currents ﬂow along the plane x3 = 0 and are parallel to the

momentum p = (p1 , p2 ) if b1− | = |b2− |, |c2+ | = |c1+ |. The currents above and belove of the plane x3 = 0
are parallel if b1− |/|b2− | = |c2+ |/|c1+ |.
+
−
= r18
= 0, then the dispersion
If by a special choosing the parameters in the model R1 = R2 = r18
relation (7) has the form
p20 − v2F (p21 + p22 ) = 0

(8)

where VF is a constant, which is expressed in the term of parameters rk , 1 ≤ k ≤ 8 of the model. The
dispersion low (8) describes the movement of massless particle with Fermi-velocity V f . The motion
of such particles explains numerous eﬀects in graphene.
+
−
+
The constants R1 , R2 , r18
, r18
are equal to zero by r1 = r8 = r3 = 0 and r45
=
−
−2
+2
± 1 + r27
+ r62 , r45
= ± 1 + r27
+ r62 . For such choosing of parameters the Fermi-velocity VF
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can obtain two diﬀerent values: VF = VF+ or VF = VF− ,


⎛
⎞



⎟⎟⎟

+ −
2
 1 ⎜⎜⎜⎜
1
+
r
r
−
r
⎟⎟⎟
⎜⎜⎜
27 27
6
±
⎟⎟⎟.
VF =
⎜⎜⎜1 ±
⎟
2⎝
−2
+2
1 + r27
+ r62 1 + r27
+ r62 ⎠
+ −
The Fermi-velocity VF+ ( VF− ) corresponds to the positive (negative) value of r45
r45 . By changing the
values of parameters r2 , r6 , r7 one can obtain each value of the Fermi-velocity in the interval (0,1).
The current ﬂowing along the plane x3 = 0 is parallel to the momentum p only by r6 = 0.

4 Conclusions
In the framework of the Symanzik approach, we built the most general model of spinor ﬁeld interacting with the homogeneous isotropic material plane. The action of the model includes both the usual
spinor Dirac action and additional defect contribution. It contains 8 real dimensionless parameters
that characterize the property of material of defect. The Euler-Lagrange equations of the model describe both the scattering of Dirac particles on the plane and the bound states localized in its vicinity.
The dispersion relation for the bound states is considered. It was shown that by a special choose of
the model parameter it describe the motion of massless particle with Fermi-velocity 0 < VF < 1. The
currents generated by particles moving along the material plane are parallel to the moment only by
special values of the defect action parameters. The presented approach could be used for the theoretical description of the interaction of electrons, positrons and neutrons with two-dimensional materials
(graphene, thin ﬁlms, sputters, sharp boundaries of a solid body). It could be also fruitful for modeling of wide class system characterizing by two-dimensional quantum macro eﬀects (the Hall and
plasmon-polariton eﬀects, topological insulators, nanophotonics [15] ). Simple modiﬁcations of the
model allows to take into account the eﬀects of external electromagnet ic ﬁelds.
We have constructed a model of the interaction of a spinor ﬁeld with a material plane in the framework of Symanzik’s approach. The action functional of the model includes the standard spinor Dirac
action in (3+1) dimensional space-time and an additional contribution from the defect, concentrated
in the part of space that it occupies (in considered case it was the plane x3 = 0). The action contains
three parameters characterizing the properties of the material of the plane. In the model, we calculated
the characteristics of a Dirac particle scattering on the defect plane and also studied the properties of
states localized near it.
The model and the obtained results can be used to describe theoretically processes of the interaction of electrons, with two-dimensional materials (graphene, thin ﬁlms, sputter, sharp boundaries
of a solid body). Simple modiﬁcations of the model allow taking the eﬀects of the action of external
electromagnetic ﬁelds into account.
Applying Symanzik’s approach to QED enables a construction of a model for a wide class of
quantum macroscopic phenomena in two-dimensional materials. These models can prove usefulness
in investigating the Hall eﬀect, plasmon-polariton eﬀects, nanophotonics, properties of topological
insulators, thin ﬁlms, sputters, and sharp boundaries [15].
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