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Abstract. The plasma of conﬁning gluons resulting from the Gribov quantization is
considered. In the ﬂuid dynamical framework the non-equilibrium properties of the system are studied. In the linear response approximation the formulas for the bulk, ζ, and
shear, η, viscosities of the plasma are calculated analytically. Surprisingly, the approximate scaling of the ζ/η ratio reveals the strong-coupling properties of the system under
consideration.

1 Introduction
The experimental data measured in ultra-relativistic heavy-ion collisions at RHIC (Relativistic HeavyIon Collider) and the LHC (Large Hadron Collider) energies suggests that the new state of strongly
interacting matter created in these reactions, called the quark-gluon plasma (QGP), to a good approximation behaves as a ﬂuid with the smallest viscosity in Nature. This observation triggered enormous
interest in the development of relativistic viscous [1–22], and, more recently, anisotropic [23–29] ﬂuid
dynamics.
The successful application of the ﬂuid dynamical modelling requires, in addition to the initial
conditions and the freeze-out prescription, some a priori knowledge about the thermodynamic as well
as the transport properties of the underlying microscopic theory, namely quantum chromodynamics
(QCD). While the lattice QCD simulations results on the equation of state at large and intermediate
temperatures are already quite reliable [30, 31], and agree well with the results of the resummed
perturbation theory methods [32–34], there is still a lot of study required to understand the dynamic
properties of the system [35]. In the case of charge-free medium the two most important transport
coeﬃcients which enter the theory already at the ﬁrst order in the gradient expansion are the bulk, ζ,
and shear, η, viscosities.
In this work we review the main results of our recent investigations [36, 37] concerning the bulk
and shear viscosities in the plasma made of conﬁning gluons resulting from the Gribov–Zwanziger
(GZ) quantization [38, 39]. We show that the GZ plasma has certain features which are characteristic
for strongly-coupled systems.

2 Gribov dispersion relation
The Gribov quantization amounts to ﬁxing the residual gauge transformations remaining after the
Fadeev–Poppov procedure. In the Coulomb gauge it results in the modiﬁcation of the dispersion
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relation for gluons in the infrared regime [38]

E(k) =

k2 +

γG4
.
k2

(1)

In consequence the soft gluons are eﬀectively removed from the physical spectrum, which leads to
the conﬁning properties of the system. At the same time a new scale, the so called Gribov scale γG , is
introduced which may be found by a self-consistent solution of the gap equation [38, 39] and recently
it was shown to be directly related to the (chromo)magnetic scale [40, 41]. It was Zwanziger who generalized Gribov approach to the case of ﬁnite temperatures and presented its qualitative aggreement
with pure glue lattice data [39]. Recently various interesting properties of the GZ approach have been
demonstrated [41–48] which makes it an interesting playground for a study of the impact of conﬁning
properties of SU(3) Yang–Mills theory on the plasma dynamics.

3 Fluid dynamical description of the Gribov–Zwanziger plasma
For bulk and shear transport coeﬃcients it is suﬃcient to consider the simplest (0+1)-dimensional
longitudinally boost-invariant and transversally homogeneous system, which, as a matter of fact, resembles well the early-time dynamics of ultra-relativistic heavy-ion collisions. In this case the most
general form of the energy-momentum tensor is
(2)
T μν = (ε + PT )uμ uν − PT gμν + (PL − PT )zμ zν ,
√
where the four-velocity is uμ = (t, 0, 0, z)/τ, with τ =
t2 − z2 being proper time, and zμ =
(z, 0, 0, t)/τ. In Eq. (2) the variables

ε=
dK E(k · u) f (τ, w, k⊥ ) ,
(3)



γG4
w2
1−
f (τ, w, k⊥ ),
PL =
dK 2
(4)
τ E(k · u)
(k · u)2



γG4
k⊥2
1−
f (τ, w, k⊥ ),
dK
(5)
PT =
2 E(k · u)
(k · u)2
denote the energy density, transverse and longitudinal
pressure, respectively

 ∞ dw  [36, 37]. Here we introg0
duced the phase space distribution function f , dK(. . .) = (2π)
d2 k⊥ (. . .), kμ = (|k|, k) and
3 −∞ τ
w = k t − k0 z. In Eqs. (3)-(5) we employed the GZ dispersion relation (1) which has the following
covariant form [36, 37]

E(k · u) =

(k · u)2 +

γG4
.
(k · u)2

(6)

The dynamical properties of the system follow from the energy and momentum conservation,
∂μ T μν = 0, which reduces to the single diﬀerential equation
dε ε + PL
+
= 0.
dτ
τ

(7)

In Eq. (7) one can identify bulk and shear viscous pressure corrections through
π = 2(PT − PL )/3,

2

(8)
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and
Π = P − PGZ ,

(9)

where P = (PL + 2PT )/3 and PGZ is the pressure in the GZ equilibrium, that is, in the case where

f has the Bose–Einstein form fGZ = exp E(k · u)/T − 1 −1 and the temperature T follows from the
Landau matching condition, ε(T ) = εGZ (T, γG ). Once the system is in the vicinity of the local thermal
equilibrium the pressure corrections are well described by the Navier–Stokes expressions
π=

4η
,
3τ

ζ
Π=− ,
τ

(10)

where ζ and η stand for bulk and shear viscosity, respectively.

4 Bulk and shear viscosity and ζ/η scaling
In order to obtain explicit formulas for viscosities in the GZ plasma one can use Eqs. (8)-(10) and
consider small perturbations around equilibrium state. In this case one can write
f ≈ fGZ + δ f + · · · ,

(11)

which, when used together with the Boltzmann kinetic equation in the relaxation time approximation
(RTA)
∂ f (τ, w, k⊥ )
fGZ (τ, w, k⊥ ) − f (τ, w, k⊥ )
=
,
(12)
∂τ
τrel (τ)
after some algebra, leads to the following formulas



g0 γG5 τrel ∞
1 y4 − 1
2
fGZ (1 + fGZ ),
dy
c
−
ζ=
s
3 y4 + 1
3π2 T 0
g0 γG5 τrel
η=
30π2 T



y4 − 1

∞

dy

y4 + 1

0

(13)

2

fGZ (1 + fGZ ) ,

(14)


for bulk and shear viscosity, respectively. Above fGZ = {exp[γG y2 + y−2 /T ] − 1}−1 .
In the left panel of Fig. 1 we plot ζ and η obtained from Eqs. (13)-(14) scaled by the equilibrium
entropy density, s, and the relaxation time, τrel , as functions of temperature. We observe that there
is almost linear scaling of the scaled shear viscosity with temperature, similar to the ideal massless
gas, η/s = T/5τrel . We also observe a minor enhancement of bulk viscosity near the phase transition
temperature T c = 260 MeV. Another striking result is that, diﬀerent from conventional quasiparticle
approaches, at low temperatures bulk viscosity dominates over the shear viscosity.
Finally, in the right panel of Fig. 1 we show the ζ/η ratio scaled by the 1/3 − c2s . We observe that
at large temperatures the scaling is, to a good approximation, linear. This can be seen more explicitly
when one considers the large temperature expansion of the ζ/η ratio. In this case one obtains an exact
linear scaling


ζ
1
2
(T  γG ) ,
(15)
= κGZ
− cs
η
3
where κGZ = 5/2. This is diﬀerent from the perturbative treatments of the weakly-coupled plasmas,
which predict a quadratic scaling [49–51]. Surprisingly, our result seems to be in line with the results
obtained in strongly-coupled theories using gauge theory/gravity duality [52–54].

3

EPJ Web of Conferences 126 , 02028 (2016)

DOI: 10.1051/ epjconf/201612602028

ICNFP 2015

0.1

0.6

0.2

0.3

0.4

0.5

0.1
5

0.6

0.6

Ηs Τrel 

0.5 1.0

5.0 10.0

GZ plasma

Ζs Τrel 
0.5

BE plasma

4

0.4

4

0.4

0.3

ΖΗ13cs 2 

Ζs Τrel  fm1 

0.5

Ηs Τrel ,

50.0100.0
5

0.3

0.2

3

3

2

2

1

1

0.2

0.1

0.1

0.0

0
0.1

0.0

0.1

0.2

0.3

0.4

0.5

0.6

T GeV

0.5

1

5
T GeV

10

0
50 100

Figure 1: (Color online) Left: Analytic results on bulk (dashed blue line) and shear (solid red line) viscosity (see Eqs. (13) and (14), respectively) scaled by equilibrium entropy density and the relaxation
time as functions of the temperature. Right: The bulk to shear viscosity ratio scaled by the diﬀerence
1/3 − c2 for the Gribov–Zwanziger plasma and the Bose–Einstein plasma of massive particles with the
s
√
mass m = 2γG .

5 Conclusions
In this work we reviewed our recent results concerning the transport coeﬃcients, namely shear and
bulk viscosities, for a system composed of gluons resulting from the Gribov–Zwanziger quantization.
The GZ procedure allows us to include the conﬁning eﬀects in the gluon system in a straightforwad
way and, in consequence, to understand better the beviour of the SU(3) Yang-Mills plasma.
Using the ﬂuid dynamical considerations in the small perturbation limit we found the exact analytic formulas for the transport coeﬃcients. Based on the analysis of the obtained expressions we
observe various properties of the system which are characteristic for the strongly-coupled systems.
In particular, at large temperatures, we found the linear scaling of the ζ/η ratio with the diﬀerence
1/3 − c2 , which is similar to the one found in strongly-coupled non-conformal gauge theory plasma.
s
Our ﬁndings stay in line with the well established understanding of the quark-gluon plasma as the
strongly-coupled ﬂuid with small viscosity.
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