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Abstract. We study vorticity and hydrodynamic helicity in semi-peripheral heavy-ion

collisions using the kinetic model of Quark-Gluon Strings. The angular momentum,

which is a source of P-odd observables, is preserved with a good accuracy. We observe

formation of the specific toroidal structures of the vorticity field. Their existence, accom-

panied by the strange chemical potential, is mirrored in the polarization of hyperons of

the percent order.

1 Introduction

The local violation [1] of discrete symmetries in strongly interacting QCD matter is now under inten-

sive theoretical and experimental investigations. The Chiral Magnetic Effect (CME) uses the (C)P-

violating (electro)magnetic field emerging in heavy ion collisions in order to probe the (C)P-odd

effects in QCD matter.

There is an even more interesting counterpart of this effect, Chiral Vortical Effect (CVE)[2] due

to coupling to P-odd medium vorticity leading to the induced electromagnetic and [3] all conserved-

charge currents, in particular the baryonic ones.

The zeroth component of axial current and correspondent axial charge are related to hydrodynam-

ical helicity

H ≡
∫

dV(u · w),

being the projection of velocity u to vorticity w = curlu. This quantity is manifesting the recently

discovered [4] and confirmed [5] phenomenon of separation, i.e. mirror behavior (same magnitude

but different sign) in the half-spaces separated by the reaction plane

Another important P-odd observable is the baryon polarizatiion. The mechanisms analogous to

CVE (known as axial vortical effect, see [6] and Ref. therein) leads to induced axial current of strange

quarks which may be converted to polarization of Λ-hyperons [3, 4, 7]. Another mechanism of this

polarization is provided [8] by so-called thermal vorticity in the hydrodynamical approach.

The noncentral heavy ion collisions could naturally generate a rotation (global or local, both re-

lated to vorticity) with an angular velocity normal to the reaction plane, which is their generic quali-

tative feature. It is naturally to expect that angular momentum conservation plays an essential role in
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the defining the quantitative properties of vortical effects. At the same time, it remains to be studied to

which extent the particles carrying the main part of angular momentum participate in the collisions.

We address these problem by performing the extensive numerical simulations [4, 9]. We explore

the distribution of angular momentum and find that the role of participant nucleons is relatively small,

albeit noticeable. We study in some detail the structure of vorticity field and compare different ap-

proaches to polarization calculation. We found the peculiar toroidal "tire-like" structure manifesting

themselves in the polarization of hyperons. Very different approaches to polarization calculation lead

to surprisingly similar results.

2 Modelling velocity, vorticity and helicity in kinetic model

One of the first models designed to describe the dynamics of energetic heavy-ion collisions was the

intra-nuclear cascade model developed in Dubna [10] which is based on the Monte-Carlo solution

of a set of the Boltzmann-Uehling-Uhlenbeck relativistic kinetic equations with the collision terms,

including cascade-cascade interactions. For particle energies below 1 GeV it is sufficient to consider

only nucleons, pions and deltas. The model includes a proper description of pion and baryon dynamics

for particle production and absorption processes. In the original version the nuclear potential is treated

dynamically, i.e., for the initial state it is determined using the Thomas-Fermi approximation, but later

on its depth is changed according to the number of knocked-out nucleons. This allows one to account

for nuclear binding. The Pauli principle is implemented by introducing a Fermi distribution of nucleon

momenta as well as a Pauli blocking factors for scattered nucleons.

At energies higher than about 10 GeV, the Quark-Gluon String Model (QGSM) is used to describe

elementary hadron collisions [11, 12]. This model is based on the 1/Nc expansion of the amplitude

for binary processes where Nc is the number of quark colours. Different terms of the 1/Nc expansion

correspond to different diagrams which are classified according to their topological properties. Every

diagram defines how many strings are created in a hadronic collision and which quark-antiquark

or quark-diquark pairs form these strings. The relative contributions of different diagrams can be

estimated within Regge theory, and all QGSM parameters for hadron-hadron collisions were fixed

from the analysis of experimental data. The break-up of strings via creation of quark-antiquark and

diquark-antidiquark pairs is described by the Field-Feynman method [13], using phenomenological

functions for the fragmentation of quarks, antiquarks and diquarks into hadrons. The modified non-

Markovian relativistic kinetic equation, having a structure close to the Boltzmann-Uehling-Uhlenbeck

kinetic equation, but accounting for the finite formation time of newly created hadrons, is used for

simulations of relativistic nuclear collisions. One should note that QGSM considers the two lowest

SU(3) multiplets in mesonic, baryonic and antibaryonic sectors, so interactions between almost 70

hadron species are treated on the same footing. This is a great advantage of this approach which

is important for the proper evaluation of the hadron abundances and characteristics of the excited

residual nuclei. The energy extremes were bridged by the QGSM extension downward in the beam

energy [14].

For investigation of dynamical formation of velocity u and vorticityω (≡ rot u) fields in relativistic

heavy ion collision the coordinate space was divided into 50 × 50 × 100 cells of volume dxdydz with

dx = dy = 0.6 f m, dz = 0.6/γ fm, where γ is the gamma factor of equal velocity system of collision.

In this reference system the total momentum and total energy of the produced particles were calculated

in all cells for each of fixed 25 moments of time t covering the interval of 10 f m/c.

The results were averaged for about 10000 heavy ion collisions with identical initial conditions.

The spectator nucleons of projectile or target ions, which at given time momentum do not undergone

any individual collision, were included in evaluation of velocity. The velocity field in the given cell
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was defined by the following double sum over the particles in the cell and over the all simulated

collisions:

u (x, y, z, t) =

∑
i

∑
j Pi j∑

i

∑
j Ei j

(1)

where Pi j and Ei j are the momentum and energy of particle i in the collision j, respectively. The

vorticity was calculated using the discrete partial derivatives.

We paid a special attention to the pseudoscalar characteristics of the vorticity, that is the mentioned

hydrodynamical helicity H ≡
∫

dV(u · w) which is related to a number of interesting phenomena

in hydrodynamics and plasma physics, such as the turbulent dynamo (providing possibly additional

mechanism of magnetic filed generation on the later stages of heavy-ion collisions) and Lagrangian

chaos. It might be compared to the analog of topological charge Q =
∫

d3xJ0(x) where the current

Jμ = εμνργuν∂ρuγ (as usual, the four-velocity uν ≡ γ (1, u )) contributes to the hydrodynamical

anomaly [15] and the polarization of hyperons [3, 7]. The calculation of the topological charge which

is the correct relativistic generalization of the hydrodynamical helicity leads to the extra factor γ2 in

the integrand. Still as the helicity itself is a more traditional quantity, we use it for the numerical

calculations.

3 Angular momentum conservation in the kinetic model

The natural source of the P-odd observables in heavy-ion collisions is the pseudovector of angular

momentum. The question immediately emerges whether it is conserved in the course of evolution

governed by QGSM discussed in the previous section.. To check this we calculated the angular mo-

mentum at various moments of collision taking into account both the contributions of participants and

spectators. The general structure of velocity field follows the "small bang" pattern qualitatively dis-

cussed earlier and which may be quantified by the following (see fig. 1) velocity dependence allowing

to extract the "little Hubble" constant.

The averaged (over mentioned 10000 events) time dependencies of angular momenta in Au + Au

collisions at
√

sNN = 5 Gev with the impact parameter 8 f m equal to the (transverse) radius of the

nuclei are presented at figure (2). The fireball angular momentum and its ratio to the total angular

momentum (appeared to be conserved in the applied model) are shown. Also, the behaviour of the

absolute value of helicity changing in the accordance to angular momentum is shown. We found

that the participants carry about 20% of angular momentum and that the total angular momentum of

participants and spectators is conserved with a rather good accuracy and that helicity is changing in

accordance with participants angular momentum (up to t ∼ 10 f m/c and decreasing afterwards) so

that at least part of angular momentum is pumped into vorticity.

4 Large-scale structures of vorticity fields

We study the qualitative structure of velocity and vorticity fields. Our observation is that while ve-

locity field represent the "small bang" picture, vorticity field form the relative thin toroidal "tire-like"

structures. They emerge for the particular orientation of reaction plane and survive after the average

over various orientations

5 Hyperon polarization

We compare the two rather distinct methods of determining the hyperon polarization. The first corre-

sponds to earlier suggested[3] and explored [4] relation to induced axial current while the second one

follows the procedure [8, 16] based on thermal vorticity.
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Figure 1: "Little Hubble" law

5.1 Helicity and polarization of hyperons

The polarization of hyperons is based on the discussed effect of helicity separation which is confirmed

by the calculation in the hybrid UrQMD model manifests very similar behavior [17]. This is not

surprising as the helicity is in fact generated at the hydrodynamical stage of the model, while the

transition from kinetic to hydrodynamical stage should be performed similarly to our Eq. (1).

This effect might be qualitatively explained, if the perpendicular components of velocities (which

are selected to have different signs) and the corresponding vorticities (assumed to have the same

signs) provide the dominant contribution to the scalar product in the helicity definition. However, the

numerical analysis [4] showed that the longitudinal components along the beam directions (z-axis)

provide even larger contribution to the helicity than contributions from the transverse direction (y-

axis). Note that comparable values of z and y components to helicity is due to larger z−components

of velocity and y− components of vorticity

So, such qualitative picture is oversimplified, but still provides a correct sign convention for the

helicity-separation effect.

The energy dependence of helicity separation effect appears to be very weak, with the maximal

value achieved around the NICA energy range.

The hydrodynamical helicity should give rise to the polarization of Λ−hyperons with the sign

differing for the particles with "up" and "down" y−components of their momenta, so that the hyperons

acquire the helicity in the course of their motion transverse to the reaction plane. As we already

  
 

  
DOI: 10.1051/,126 12602030EPJ Web of Conferences epjconf/201602030 (2016)

ICNFP 2015

4



10
-3

10
-2

10
-1

1

10

10 2

10 3

10 4

0 2.5 5 7.5 10 12.5 15 17.5 20

|MT|,h/2π

|MF|,h/2π

|MF|/|MT|

|H|/2, fm2c2

t, fm/c

Figure 2: Angular momentum and helicity evolution
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Figure 3: (a) Vorticity field for the fixed orientation of reaction plane (b) Vorticity field for the orien-

tation of reaction plane averaged in the full 2π region
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suggested earlier [3], the effect is pronounced at moderate (NICA) energies due to large (strange)

chemical potential. the current investigation shows that, luckily, the helicity at these energies is also

noticeable.

For semi-quantitative estimate of this effect one may use the average strange chiral charge pro-

duced by the zeroth component of the respective current

Qs
5 =

Nc

2π2

∫
d3xμ2(x)ε i jkui∂ juk =

< μ2 > NcH

2π2
,

where we use the mean value theorem to extract the value of the square of strange chemical potential

at some point inside the integration region and get the helicity from the remaining integral. Assuming

that the strange chirality is carried by the Λ hyperons whose average number in each evemt is < NΛ >

one get the estimate for its average polarization as

< PΛ >∼
< μ2 > NcH

2π2 < NΛ >

For numerical estimate at NICA energies, we take (see Fig. 3) H = 30 f m2(c = 1) and, as a typical

values, < μ2 >= 900MeV2, < NΛ >= 15 to get < PΛ >∼ 0.8%. This value is not large, but does not

exclude the opportunity to measure the effect. Note that it is indirectly supporting the actual calcula-

tions of helicity as the obtained expression respects the density matrix positivity [20] limit PΛ ≤ 1.

Should the helicity be much larger (resulting in the appearance of much larger value of dimensionless

ratio), much larger number of hyperons production (and/or K∗−mesons) would be required to preserve

the density matrix positivity. This is an example of the situation when the spin-dependent effects may

be used [20] to bound the spin-averaged cross-sections from below.

Let us pass to more detailed calculations of polarization taking into account the spatial distribution

of chemical potential and the kinematics of medium and produced hyperons.

Qs
5 =

Nc

2π2

∫
d3xμ2(x)γ2ε i jkui∂ juk. (2)

In [4] we explored the mean-value theorem, while here the spatial variation of strange chemical po-

tential μ is taken into account. To do so, the description of kinetic distribution functions by the

correspondent equilibrium equation was performed, providing the matching of kinetic and thermo-

dynamical descriptions. As a result, the time dependence of the distribution of strange chemical

potential takes the form represented at Fig. 4 The average polarization can be estimated by dividing

Qs
5

(2) by the number of Λ’s, assuming that the pseudovector of axial current is proportional to the

pseudovector of polarization, Qs
5
∼< ΠΛ,lab

0
>. Selecting the axial charge related to the particles in

the definite rapidity or transverse momentum interval, the respective dependence of polarization may

be also obtained.

As the axial charge should be related to the zeroth component of hyperon polarization in laboratory

frame Πlab
0

, the transformation to hyperon rest frame should be performed. Taking into account that

polarization pseudovector should be directed along y axis (as it has to be collinear to M pseudovector),

one get

Π
Λ,lab

0
=
ΠΛ

0
py

MΛ
, (3)

so that the rest frame polarization can be obtained as

< ΠΛ0 >= Qs
5 <

MΛ

NΛ py
> . (4)
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Figure 4: The time dependence of strange chemical potential.

The possible violation of positivity (|ΠΛ| ≥ 1) or even the divergence is due to the fact, that hyperons

with zero y component of the momentum should not have the zeroth component of polarization and

therefore should not contribute to Qs
5
. To avoid this problem one may instead attribute the factor py/M

to each hyperon in the denominator of (4). Nevertheless the comparison of various approaches shows

the similar scale and rapidity dependence of polarization.

5.2 Polarization and thermal vorticity

Another approach to polarization is based on the so-called thermal vorticity [8]. To provide the com-

parison we calculated (see Fig. 6) the thermal vorticity field and respective polarization. While a
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Figure 5: The rapidity dependence of polarization in helicity-based approach.

scale of the polarization in the thermal vorticity-based approach is several times larger, its rapidity

dependence, surprisingly enough, appear to be similar in these rather distinct approaches.

6 Conclusions and Outlook

We investigated vorticity and hydrodynamical helicity in noncentral heavy-ion collisions in the frame-

work of the kinetic quark-gluon string model. We have observed that the vorticity is predominantly

localized in a relatively thin layer (2 ÷ 3 f m) on the boundary between the participant and spectator

nucleons. This might be qualitatively understood in the spirit of the core-corona type models [18, 19].

Thus, the gradients of the velocities in the region occupied by the participants are small due to

the compensation of momenta between the target and projectile particles in the c.m. frame. As the

result the vorticity is substantial only in the thin transition layer between the participant (i.e., core) and

the spectator (i.e., corona) regions. We found the novel effect of the helicity separation in heavy-ion

collisions when it has the different signs below and above of the reaction plane. We have investigated

its dependence on the type of nuclei and collision energy and observed that it is maximal in the NICA

energy range. We have also calculated the degree of alignment of the velocity and vorticity which

is maximal for the Beltrami flows (manifesting elegant symmetry structures [21]) whose relativistic

generalization is currently under investigation [22].
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Figure 6: The rapidity dependence of the multiplicity and polarization in the thermal vorticity-based

approach. The magnitudes of polarization at different times are rescaled by the identified factors.

We used the obtained values of helicity for estimates of Λ hyperons polarization in heavy-ion

collisions at NICA energy range due to earlier suggested [3] mechanism. The resulting polarization

is bout 1% and may be studied experimentally. Of course, its more detailed theoretical investigations

are required.

In particular, the discovery of extra T 2 term [23] raises again the question why polarization was

not observed at RHIC. Here one may refer to the (exponential) dilution of polarization by tempera-

ture effects (similar to what happens at much larger scale in polarized targets) although this problem

certainly requires further investigation.
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