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Model of Dirac field interacting with material plane within
Symanzik’s approach
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Abstract. The model for the interaction of a spinor field with a material plane is con-
structed in the framework of the Symanzik’s approach. The characteristics of scattering
process of Dirac particles on the plane are calculated. The bounced states localized near
the plane are investigated.The model can find application to a wide class of phenom-
ena arising by the interaction of quantum electrodynamics fields with two-dimensional
materials.

1 Introduction

Space-time homogeneity and isotropy are typical for usual quantum field theory models of elementary
particles [1]. It is a natural assumption in the study of various processes with simplest excitations of
quantum vacuum. However, if the properties of the vacuum change essentially as a result of the
interaction of quantum fields with macroscopic objects, then such an approach is inapplicable. In this
case, quantum macro-effects may appear in dynamics of material bodies which cannot be explained
in the framework of classical physics.

Theoretically, this problem was first considered in 1948 by Casimir [2]. He showed that as the
result of fluctuations of the quantum vacuum, attraction occurs between two ideally conducting plates
of a planar uncharged capacitor. This phenomenon, called the Casimir effect (CE), is observed ex-
perimentally [3-6], and the empirical results obtained for materials with high conductivity are, with a
high degree of accuracy, in agreement with theoretical ones.

At typical for CE distances of 10 to 1000 nm both classical and quantum properties of the system
turn out to be essential. Their combination forms a special nanophysics. Investigation of it is not solely
of theoretical interest, understanding its regularities is also important for developing new technological
devices, in view of the increasing trend to their miniaturization.

Although theoretical investigations of the CE are the subject of numerous works [6, 7], they are
often based on simplified models of a free scalar field theory or free electromagnetic field with fixed
boundary conditions, applying only to investigations of some particular aspect of the CE, and ignoring
usually specificity of quantum electrodynamics. Such models are not suitable for comprehensively
describing a wide range of nanophysical phenomena occurring in a system as a result of the interaction
of its quantum degrees of freedom with material bodies of a given shape (classic defect).
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The results presented in our paper were obtained within the Symanzik’s approach [8], in which the
interaction of quantized fields with a spatial inhomogeneity is modeled by an additional action func-
tional (defect action), concentrated in the spatial domain where this inhomogeneity - a macroscopic
object - is located. An important assumption is also that the standard requirements for quantum field
models (locality, renormalizability, symmetry properties) are fulfilled.

Special attention is given to quantum field models with two-dimensional spatial inhomogeneities
due to the recent progress in the physics of two-dimensional material. In quantum electrodynamics
(QED), the interaction of photons with a two-dimensional defect is entirely determined by the re-
quirements of locality, gauge invariance, and renormalizability and is described by a Chern-Simons
action functional with one dimensionless constant characterizing the properties of the material [9].
The Casimir force depends on that constant and thus become nonuniversal. For a planar capacitor
it can be not only attractive but also repulsive [9]. The interaction of electromagnetic waves with
two-dimensional planar defects in the model with a Chern-Simons potential was investigated in [10]
- [12].

In this paper we use Symanzik’s approach in the standard QED in (3+1)-dimensional space-time
to model the interaction of a two-dimensional material object with the Dirac field. Such a problem
for a spinor field was considered in [13]. In the defect action functional, in addition to the photon
Chern-Simons action, a purely Dirac contribution must be taken into account in accordance with the
basic principles of QED. In this model framework, we investigate scattering of spinor particles on a
material plane and also consider bound states localized in its vicinity.

2 Statement of problem

The proposed by Symanzik action functional describing the interaction of the quantum field with
material object (defect) has the form:

S(p) = Sv(p) + S ger(e),

where Sy is the action of the original quantum field system and S 4. s is the defect action:

Sy() = f L@@()d”x, Saos(@) = fr Lues(@(x)d x.

Here I' is a subspace of dimension D’ < D in a D-dimensional space [8]. The basic principles of QED-
gauge invariance, locality, and renormalizability-impose strong constraints on the possible form of the
defect action § 4,¢. It follows that interaction of the photon field A, (x) with a two-dimensional surface
without charges and currents and shape defined by equation ®(x) = 0, x = (xg, x1, X2, x3), is described
by the Chern-Simons functional

Sar(@) =3 f &4 0, D()A, ()F ()@ x,
where F,,(x) = d,A, — 8,A,, " is the totally antisymmetric tensor (”'?* = 1), and the parameter
a is a dimensionless coupling constant. This expression is the most general form of a gauge-invariant
action concentrated on a defect surface being invariant in respect to reparameterization of one and not
having any negative-dimension parameters. A fermionic contribution to the defect action in the most
general form is written as

16
Saer @) =Y. f QT PSP,
j=1
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where I'; are the 16 basis Dirac matrices and «; are dimensionless coupling constants. The full action
of the model, which satisfies the basic principles of QED, has the form

- 1 - A -
SW.y,A) = —ZFqu”V + (0 —m + ieA) + S 4o (A) + S aer (Y, ).

By virtue of the renormalizability requirement, the coupling of fields is described by the standard term
ieAy in the QED action.

In this paper we consider the defect, which lie on the material plane x3 = 0. Then in the Dirac part
of the action of our model,

S@.0) = f FOd - m + Qe)w(0dx, W

the coupling of the spinor field to the plane is described by the matrix Q(x3) = Qd(x3). Because Q(x3)
and 6(x3) have the dimension of mass, the matrix Q is dimensionless. By the symmetry of the system,
it must be invariant under transformations in the subgroup of the Poincare group not changing the x3
coordinate. In the most general case, the matrix Q can be represented as

O =qil + qoys + q3y3 + q4y5Y3, )

where [ is the unit 4x4 matrix and 3 and ys = iyyy1y2y3 are Dirac matrices, for which we use the
representation

10 0 0 0 0 0 1
o1 0 o 0 0 10
YZlo o -1 o’ "T|lo -1 0 of

00 0 -1 1 0 0 0

0 0 0 —i 0 01 0
o o i o 00 -1
2510 i 0 o’ *T|-1 0 0 0
00 0 0 1 0 0

The motion of a spinor particle in the field of the defect Q(x3) is described by the Dirac equation
(i — m + Qx3))(x) = 0. 3)

It is one of the Euler-Lagrange equations for action (1), obtained by taking the functional derivative
of the action with respect to ¥(x). Taking the derivative of (1) with respect to ¥(x) yields the second
equation:

(=i ()Y + Px)m = Qx3)) = 0.
It can be easily verified that this equation can be obtained for ¢/(x) = y*(x)y, by the Dirac conjugation

of equation (3), if yoQ*(x3) = Q(x3)yo.
We introduce the following notation

X = (x0, X1, X2), PX = poXo — P1X1 — P2X2.

for (2+1)- parts of space-time vectors and represent y/(x) = ¢(X, x3) as Y(x) = ¥4(x) + ¢¥,(x), where

1 1
Ys(x) = z(lﬁ(f, x3) + Y(X, —x3)), Ya(x) = z(l!f(ff, x3) = Y(X, =x3)).
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Analysis of the possible singularities of spinor (x) at the point x3 = 0, which was made in the
paper [14], leads to the following: for x3 # 0, the field y(x) satisfies the Dirac equation

(i0 — myy(x) = 0, )
and the relation
—i73¢a(5€) + Ql//s()_c) =0. (5)

holds at x3 = 0 . The general solution of (4) with x3 > 0 can be represented as

Y(x) = Py (p, x3)dp.

1
@y
Then it follows from (4) that .. (p, x3) satisfies the equation

(iy303 + p + mpr,(p, x3) = 0.
Its general solution has the form
Ye(p.x3) = UB, x3)x+(P), U(p, x3) = e VF+mn, (6)

where y.(p) is an arbitrary spinor depending only on p.
Similarly, for x3 < 0, we obtain

Y(x) = PNy (P, x3)dp, W (P, x3) = e FNY (). @)

(2n)?
From (5), (6), (7) we obtain the relation

=730+ =x-) + QU+ +x-) = 0,
which implies that

X-=8x+ 8 =(iy3+ Q) (i3 - Q). ®)

We introduce the notation

1 A
o= |- P = 5 12 ),

We can then represent U(p, x3) as

y3(p + m) _
k(P)

= ¢ *(P)x3 P+([7) + KDY P (p).

U(p, x3) = e PHM% = cos(x(p)xs) — i sin(k(p)x3)

The matrices P*(p) are projectors:
PE(P)P*(p) = P*(p), P*(p)+ P~ (p) = 1,
PH(P)P(p) = P~ (p)P*(p) = 0.

Each of them has two two-dimensional eigensubspaces L™ and L~, which are represented as linear
combinations of two mutually orthogonal eigenvectors v and v5':

L*(a},d5) = ajvy + ayv3,
P*(p)L*(a7,a;) = L*(a7,a5), PS(p)L¥(aj,a5) = 0.
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Here, aii, i = 1,2, are complex parameters, and uii, i = 1,2, are spinors, which we choose as
+ -1 - - + -1 + +
v} =n1 (=h1.h3. 1.03), v} =n2 (1 k5.1, 03),
vy =n, (=h, ki1 h+ v, =n; h hy,1,—h;
1~ 2 1,9, , s Uy — 1 IERLO XS 3

p0h+ [po m2
(171 + lI’z) (p1+ ll)z) m+py

po—m* £ \[pg—mk(p)  k(p) £ \[p5—m?
(m+po)p1 —ip) pi—ipy

These spinors are eigenstates of the helicity operator

s =

o(p) = 2|ﬁl(pf) 5= (Y273, =Y173: Y172)-

They satisfy the relations

1 + + 1 +
=301 TP lp=rpVy = 50

We represent the spinors y.(p) as

TDlps=rupvi =

) = bLPW ) + BB P) + LBt ) + AP P). ©
The equality
Py X=(P) = X Pryaxa(p) = mu P+ 1P BLP - 2P (10)

can be easily verified. Hence, if pg > 0 and «(p) > 0, then the amplitudes cii describe the motion of
particles in the direction x3 > 0, and &', describe the motion in the opposite direction.

Based on Egs. (3), we investigate the scattering of spinor particles on the defect plane and also
the properties of bound states localized in the vicinity of the defect.

3 Scattering of particles on the plane x; = 0

Let us consider the process where the initial flow of particles I;,, with the momentum g = py, p2, k(p)
moves toward the plane x; = 0 from the domain x3 < 0. As it was mentioned above, if py > O,
then the amplitudes ¢! and ¢ describe particles moving in the positive direction of the x3 axis, and
bl and b2 describe particles moving in the negative direction. Hence the properties of the scattering
process are determined by the amplitudes ¢! and ¢?. In the domain x3 < 0, there is also the flux of
reflected particles specified by the amplitudes 5! and b%. In the domain x3 > 0, there are only particles
moving in the positive direction. Their flux is described by the amplitudes ¢! and ¢2. Hence, for the
considered process, the reflection and transmission coefficients K, and K;, have the forms
CBLPIBP IR+ IR

r - r —

lcL |2 + |22’ lcL 2 + |22

The amplitudes ¢!, b' and ¢! correspond to particles with negative helicity, and ¢?, b*, and c2 to
those with positive hehclty. For the scattering process considered here, the amplitudes ¢! and ¢? are
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considered fixed, and b!, b2, ci, and c_% are determined from Eq. (8), which relates y to y—, and from
the equations

bl =0, b =0. an

From analysis of Eq. (8), which is necessary for solving our problem, it could be obtained, that
choosing the parameters ¢y, 2, 3, and ¢4 to be real, we can represent the matrix S as S = ¢S, where
0< ¢ <2mrand

S = g1l + igyys + 533 + S4Y5Y3,
S+ -g-s =1 (12)

From (8), O can be expressed in terms of S:

0 =iy;(1-8)1+8)".
Hence, with (12), we express the coefficients ¢;, 1 < i < 4, in formula (2) in terms of the parameters
Sit

83 L X S
1+§1,q2 1+§1,q3 P l+g¢

q = 13)

It follows from these relations that g, is imaginary and g; and g4 are real. Relations (12) and (13)
allow expressing ¢; in terms of g;:

1+ 2 294
;‘] = - —7 gz = _—’
l—q%+q§+qi 1—q%+q§+qi
2q, 2ig
§3 =

- , §4 = .

1—q%+q§+qi l—q%+q§+qi
Substituting the expression for the matrix S of form (12) and y. of form (9) in Eq. (8), we obtain
linear equations for the amplitudes b, b2, ¢!, and ¢2. Their solution with Eq. (11) taken into account

allows finding the fluxes of the reflected and transmitted particles of different polarizations. For
compact writing the obtained results we use the following notations

W= \/pg—m* K= \/pé—mz—pf—pé

The reflection and transmission amplitudes of considered scattering process read

(Cl_m (M§33-20 + ik§13:24) VW? = &2 + 2k (K(WS14-23 = iPo§13424) + M (Po§22-33 + ig12_34a))))

bl = ,
%
. (c%m (m§33-22 + iKG13424) VWw? — K + Lk (K(we14-23 + iPoS13424) + M (P0S33-22 + iw§1z-34)))
g
o (L (kws1 +iposa) = img3w) + i me, \/m)’
g
5 K(C%(K(wg‘l —iposy) — im§3w) + ictmg, \/wz——zz)
= . ,
where

g= w((mz + Kz) § + (kgy — ims‘3)2), Sik = SiSk> Sik=im = Sik £ Sim-
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In the particular case of particle motion orthogonal to the defect plane (p; = 0, p» = 0,x = w),
the amplitudes of reflected and transmitted particles are given by

bl = 2 (W(WS14-23 — iPo§13+24) + M (P0§22-33 + iS12-34W))

i (0m2 + ) 63 + (w61 — img3)?) ’

! (W(Ws1a-23 + ipo§13424) + M (Po§33-22 + IWS12-34))
((m2 + ) 63 + (w61 — img3)?)

L clo(ws +iposy — img3) 2= w(ws = iposy = img3)

ch = = - - .
((m2 +w?) 6y + (s - lms‘3)2)

b =

bl

. » Gt
((m2 +w?) 63 + (w1 — lm5‘3)2)

4 Bound states

States localized in the vicinity of x3 = 0 arise if p*> —m? < 0 and «(p) = i|x(p)| is imaginary. For them
by po > m, the dispersion relation pj — pt — p; — &m?* = 0 is satisfied with

2
s163 = A/s3(1 +62)

st +¢3

£=1-

By fixed parameters ¢;,i = 1...4, there are two possible values for corresponding normalized electric
current J = ey /Yy, which read

5 2 2 eX+(P)x+(p) _ ex-(p)¥x-(p)
T3, ) = exp{— VI =&92m |x3|}J(P), J(p) = Hr LD PP
X+(P)x+(P) X-(Px-(p)
where e is a charge of the particle. Here, j3(p) = 0, and the parallel to the plane x; = 0 components
of j(p) can be written as follows

. 4 N ) )
J1(p) = oy J2(p) = g

The coefficient £* at the corresponding values of the parameters g; can be positive or zero. For
example, " = 0at¢r =6, =1, 4 =0,and ¢ =0atg = —¢3, 6 = 1,64 = 0. If &, = 0,

loil > /1 +¢3,and ¢4 = + /s — 1 — 63, then &* > 0.

The dispersion law p? = &*m? describes free particles with the effective mass m V& < m in the
(2 + 1)- dimensional space-time with two spatial coordinates and one temporal coordinate if £* > 0. If
& =0or ¢ =0, then the corresponding particles are massless. The motion of such particles explains
numerous effects in graphene.

5 Conclusions

We have constructed a model of the interaction of a spinor field with a material plane in the framework
of Symanzik’s approach. The action functional of the model includes the standard spinor Dirac action
in (3+1) dimensional space-time and an additional contribution from the defect, concentrated in the
part of space that it occupies (in considered case it was the plane x3 = 0). The action contains three
parameters characterizing the properties of the material of the plane. In the model, we calculated
the characteristics of a Dirac particle scattering on the defect plane and also studied the properties of
states localized near it.
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The model and the obtained results can be used to describe theoretically processes of the inter-
action of electrons, with two-dimensional materials (graphene, thin films, sputter, sharp boundaries
of a solid body). Simple modifications of the model allow taking the effects of the action of external
electromagnetic fields into account.

Applying Symanzik’s approach to QED enables constructing an universal model for a wide class
of quantum macroscopic phenomena in two-dimensional materials. These models can prove useful
in investigating the Hall effect, plasmon-polariton effects, nanophotonics, properties of topological
insulators, thin films, sputters, and sharp boundaries [15].
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