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Heavy-Meson Decay Constants:
QCD Sum-Rule Glance at Isospin Breaking
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Abstract. QCD sum rules for decay constants of heavy mesons with u or d quark yield for
B mesons much less isospin breaking than lattice QCD but good agreement for D mesons.

1 Hadronic properties scrutinized from the point of view of QCD sum rules

QCD sum rules [1] are analytic relations between hadron features and QCD parameters emerging upon
evaluation of correlation functions of appropriate interpolating operators at both the hadronic level and
the QCD level by insertion of complete sets of hadron states, exploitation of Wilson’s operator product
expansion, Borel transformation, and the quark—hadron duality assumption above effective thresholds.

In order to both raise the accuracy of QCD sum-rule predictions and estimate the systematic errors
[2], some time ago we developed [3] a modified formalism which takes into account the dependence of
the effective thresholds on the Borel parameters. This enabled the improved extraction of heavy-meson
decay constants f [4], notably of the inequalities ﬁ?(l) < fB, [5], later on confirmed by lattice QCD [6].

QCD sum rules provide in analytic form the dependences of the properties of the hadrons currently
under study on the basic parameters of QCD. This allows us to study the impact of the isospin breaking
provoked by the slight difference in the masses of the light # and d quarks on the decay constants of the
heavy—light mesons, by working out the explicit relation of the decay constants to the light quark mass.

2 Heavy-meson decay constants: extraction from QCD sum-rule approach

Hence, let us try to get hold of the dependence of our QCD sum-rule approach on the light-quark mass.
We analyse pseudoscalar (P,) and vector (V) mesons (generically labelled M, = P, V) of mass M), ,
composed of a heavy quark O = b, c and a light quark ¢ = u, d with masses m¢ and m,, respectively. In
terms of suitable interpolating heavy—light quark-current operators, that is, the axial-vector (A) current
Au(x) = g(x) v, s O(x) and the vector (V) current V,(x) = ¢(x) v, O(x), the decay constants Ju, of the
mesons [with momentum p and, in the case of vector mesons, polarization vector g,(p)] are defined by
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<0|A/1(0) |Pq(p)> = iqu Pu s (0] Vu(o) |Vq(p)> = qu MVq 5/1([7) .

The decay constants may be inferred from the correlators of two of such currents J,,(x) = A,(x), V,(x):

() =i f d*xexp(i px) (01 T(Ju(x) J{(0))10),  J=A,V.

The QCD sum rules providing, for the mesons M, = P,, V,, their masses M), and decay constants fj,
receive both purely perturbative contributions, represented by dispersion integrals of spectral densities
pJ(s,mg, my, as), given by series expansions in powers of the strong coupling a;, and non-perturbative

contributions ,H\Ej) (7, mg, my), parametrized by vacuum condensates; generically, they assume the form

Seft(T)
fAz,,q sz\,;;/ exp (—M%/,q T) = f ds sV exp(=s 1) ps(s, mQ,mq,as)+ﬁ§\{)(‘r, mg,my) , J=AV.
(mo+mgy)?

The integer N relates to the Lorentz nature of the employed interpolating operator: the axial-vector and
vector currents 4,(x) and V,(x) imply N = 1, whereas, for pseudoscalar currents, we would get N = 2.

The innovative change introduced, in Refs. [3], to the concept of QCD sum rules simply consists in
realizing (and accepting) that, in general, the effective threshold st will depend on the Borel variable 7
(the parameter of dimension of inverse mass squared arising upon Borel transformation): seg = Se (7).
Our favourite possibility for acquiring information on the actual 7 behaviour of se(7) is to fit our QCD
sum-rule predictions of the masses of the mesons under study to their experimentally measured values.

It suffices to model s.q(7) by polynomial ansdtze of rather low order n, with expansion coefficients sﬁ" ).

n

sty = s

=0

By its central value and half-width, the spread of results for linear (n = 1), quadratic (n = 2), and cubic
(n=23) sgf',r) (1) behaviour enables an estimate of some decay constant and its systematic uncertainty [3].

We should achieve our goals by just imitating the application of our algorithm [3] to the analysis of
heavy-meson decay constants in related studies [4, 5] based on cutting-edge QCD contributions [7-9].
In order to optimize our predictions’ perturbative performance [8], we use quark masses defined by the
modified minimal-subtraction (MS) renormalization scheme. Table 1 shows all numerical ingredients.

Table 1. Numerical parameter values entering in QCD sum rules for heavy-meson decay constants [4, 8, 10, 11].

Operator-product-expansion parameter Numerical input value
u-quark MS mass m,(2 GeV) (2.3707) MeV
d-quark MS mass mqy(2 GeV) (4.8703) MeV
s-quark MS mass ms(2 GeV) (93.8 £ 2.4) MeV
c-quark MS mass me(m¢) (1275 £ 25) MeV
b-quark MS mass mp(mp) (4247 + 34) MeV
Strong coupling as(Mz) 0.1185 + 0.0006
Light-quark condensate (g )2 GeV) —[(267 + 17) MeV]?
Strange-quark condensate (s s)2 GeV) (0.8 +0.3) X (g ¢)(2 GeV)
Gluon condensate <% G G> (0.024 + 0.012) GeV*
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3 Summary of procedures, results, insights, conclusions, and outlook [12]

Allowing the light-quark mass m, to assume any value within the interval 0 < m, < m, and defining on
this domain a function fjs(m,) by the outcomes of our QCD sum rule for the decay constant of a meson
M with light quark of just this mass m,, we minimize uncertainties by analyzing the difference quotient

= Mu,d,s 5
mg — ny

(1

M |mq =10y, g

or the slope of fy,(m,) in the vicinity of m = (m,+mg)/2, requiring us to specify some m, dependences:

e For the light-quark condensate, (g ¢), we assume a linear m, dependence from its value (u u) ~ (d_ d)
atm = (m,+my)/2 = 3.5’:8:; MeV [10] up to the strange-quark condensate, (s s), at my = 93.8 MeV.

e For the mass My,(m,) of any heavy—light [Q_ q] meson, we allow for a linear m, dependence from the
experimental [ 10] nonstrange-meson mass M, up to the associated strange-meson mass M, [10]:

my—m
My (mg) = My, + — (My, — M) -
m m

Figure 1 shows the decay-constant function fi,(m,) for all M = B®), D®), whereas Fig. 2 illustrates
nicely the reduction of the systematic errors, when normalizing f3,(m,) to their values f3,(0) at m, = 0.
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Figure 1. Decay constants f, of both [5 ¢] beauty mesons B (a) and B* (b) and [¢ ¢] charmed mesons D (c) and D*
(d): dependence on the light quark mass m, predicted by QCD sum rules [3] employing, for the effective threshold
ser(T), polynomial ansatzes of order n = 1 (green triangles 4), n = 2 (red diamonds ¢), and n = 3 (blue squares m).
The dashed magenta line indicates the position of the center of the band spanned by these individual-n extractions.
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Figure 2. Decay-constant ratios, fi/(m,)/ f(0), of the bottom mesons B (a) and B* (b) and the charmed mesons D
(c)and D* (d): dependence on the light-quark mass m, from QCD sum rules [3] relying, for the effective threshold
Ser(T), on polynomial ansitze of order n = 1 (green triangles 4), n = 2 (red diamonds ¢) or n = 3 (blue squares ).
The dashed magenta line indicates the position of the center of the band spanned by these individual-n extractions.

Albeit, as physical quantities, the decay constants fj;, must not depend on the renormalization scale u,
inevitable truncations of perturbative expansions induce artificial 4 dependences of any QCD sum-rule
results, raising the errors. We find f), from the ranges [4, 5] 1 < u (GeV) < 3 for charmed mesons and
3 < u (GeV) < 5 for beauty mesons. For each of the mesons analyzed, fjs(im,) may be parametrized as

m m m
+rr—log —L 4 —4een,
m

N

M =BY, D" )

N

Table 2. Difference of the decay constants f),, for d- vs. u-quark mesons signalling isospin breaking, normalized
to fu(0), for M = B, D™ and numerical values of the coefficients r¢, in the parametrization (2) of these ratios.

Suy = fu,
Meson M, re r —u
! /u(0)
B 0.011 +£0.008 0.181 +£0.003 (4.1 +0.4)x 1073
B* 0.024 +0.003  0.19+0.02 (3.6+0.3)x 1073
D 0.006 +£0.015 0.156+0.010 (3.8+0.4)x 1073
D 0.002+0.010 0.22+0.010 (5.7+1.2)x1073
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Table 2 reveals, for each meson M,, the values of the coefficients r, | and the decay-constant difference
Jum,—fu,, which satisfies (fis, — fur, )/ (mqg—m,) > 0, tantamount to fyy, > fu, forall M = B®_ DM 12].
Upon taking into account all the uncertainties induced by the QCD parameters and the systematic ones
inherent to the QCD sum-rule technique, we arrive at the following f« pe decay-constant differences:

fyo — f3e = (0.79 £ 0.14) MeV , fyo — fs = (0.65 £ 0.10) MeV
fe = fin = (0.78 £ 0.13) MeV , S = fipo = (141 £ 0.42) MeV .

Comparing with related lattice-QCD outcomes [13], our predictions for the decay-constant differences
are, for the B mesons, lower than their lattice-QCD counterparts but agree, in the case of the D mesons,
with lattice-QCD results. Our findings are of similar size as those got by lattice QCD for the K mesons.
In Ref. [12], we present a more detailed analysis, including the uncertainties of the light-quark masses.
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