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Abstract. In this contribution we review how holographic tools can be used to study
the dependence on the CP-breaking θ parameter of various observables in a large Nc
Yang-Mills model. Relevant examples are the ground-state energy density, the string
tension, the glueball mass spectrum and the critical temperature for deconﬁnement. These
observables have been also studied, in the small θ regime and up to very few powers
of θ2 , in pure Yang-Mills on the Lattice. The holographic results qualitatively agree
with available Lattice data and, being exact in θ, provide benchmarks for higher order
corrections.

1 Introduction
Instanton conﬁgurations naturally induce a topological term in the Lagrangian for a S U(Nc ) YangMills gauge theory


Nc
λ θ μνρσ
μν
TrFμν F − i
LE =
(1)

TrFμν Fρσ .
2λ
16π2 Nc
Here λ = g2 Nc is the ’t Hooft coupling and Euclidean signature is used. The θ parameter multiplies
the so called topological charge density, a term which breaks parity and time reversal (hence CP)
symmetries. Since the 4d integral of the topological charge density is an integer, the θ parameter
behaves like an angle: the physics has to be periodic under θ → θ + 2π shifts.
Studying how observables depend on θ is both interesting and challenging. It is interesting because the parameter aﬀects the vacuum structure of the theory. It is challenging because of the nonperturbative nature of the θ term. The use of numerical simulations on Euclidean Lattices is limited
since the θ term is imaginary and Monte Carlo methods fail to converge. This is the reason why on the
Lattice one can extract results only up to few terms in the expansion around θ = 0, either analytically
continuing from imaginary θ values or computing certain correlators at θ = 0. See [1] for an excellent
review on the subject.
Some hints on the physics beyond the small θ regime can be obtained studying the large Nc limit
[2] where θ/Nc is held ﬁxed. Periodicity under 2π shifts and θ/Nc scaling can be reconciled if there
are inﬁnite possible vacua, labeled by an integer k, which become stable but non-degenerate in the
Nc = ∞ limit. The ground-state energy density, for a given value of θ, is obtained by minimizing,
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with respect to k, a function of (θ + 2πk)/Nc . The resulting expression, periodic in θ, shows cusps at
particular values of θ, accounting for jumps between diﬀerent branches.
Remarkably, these features can be explicitly realized in a large Nc Yang-Mills model introduced
by Witten in [3]. The reason is that the model, under certain assumptions, can be explored at the
non-perturbative level and for any value of θ using the holographic gauge/gravity correspondence
[4–6]. The latter is a proposed equivalence map between classes of quantum ﬁeld theories (QFT)
and theories of gravity in at least one extra dimension, which ﬁnds its concrete realization in the
framework of string theory. Open strings contain gauge degrees of freedom, while closed strings
contain gravitons. The open/closed string duality, which naturally emerges in the theory practically
implements the gauge/gravity correspondence.
The correspondence is relevant since it works as a duality: the large Nc , strong ’t Hooft coupling
regime of, say, a S U(Nc ) gauge theory, can be mapped into a classical theory of gravity. Gauge
invariant operators correspond to gravity ﬁelds, QFT local symmetries are mapped into isometries on
the gravity side. Finally, the QFT partition function on a given vacuum, is computed by the on-shell
gravity action on the dual background corresponding to that vacuum.
The map between a QFT and a theory of gravity is one-to-one, when the dual pairs are embedded
into a consistent ten dimensional string theory model. This feature is crucially based on the properties
of the so called Dp-branes, p + 1 dimensional hyperplanes over which the open strings can end
(here "D" stands for Dirichlet boundary conditions). These D-branes are actually physical objects,
with their own tension and charge (they are electrically charged under C p+1 potentials): as such they
deform the ambient spacetime. The resulting curved background and the low energy eﬀective QFT
on such D-branes are the dual pairs in the game.
When a stack of Nc D3-branes in ﬂat space is considered, the low energy QFT is the maximally
supersymmetric Yang-Mills theory in 3 + 1 dimensions. This is also a conformal ﬁeld theory (CFT).
The dual description is provided by the near-horizon geometry sourced by the D3-branes: the direct
product of a ﬁve dimensional Anti de Sitter (AdS) spacetime and a ﬁve dimensional sphere [4].
In order to describe a non supersymmetric and non conformal Yang-Mills theory one has thus to
go beyond this AdS/CFT correspondence. This is the case for the model [3] we will focus on. The
starting point is a 5d supersymmetric S U(Nc ) gauge theory describing the low energy dynamics of Nc
D4-branes. One of the spatial directions, call it x4 , is compactiﬁed on a circle of radius 1/MKK , where
antiperiodic boundary conditions on the fermions are imposed. The resulting low energy model is a 4d
non supersymmetric S U(Nc ) Yang Mills coupled with a tower of adjoint massive Kaluza-Klein (KK)
modes, with mass scale set by MKK . A θ term can be easily added to the model and the holographic
correspondence allows to explore the related physics without encountering any sign problem. To
leading order in θ/Nc this has been already done by Witten in [7]. It is not diﬃcult, however, to go
beyond this limit and so to consider ﬁnite generic values of θ. The corresponding gravity solution has
been found in [8, 9] and the related physics has been further explored in [10]. The present contribution
contains a brief review of the latter work.
We will ﬁrst provide some details about the gauge theory model and its dual gravity description.
Then, we will present a selected class of results, ranging from the θ-dependence of the ground state
energy density, the lightest glueball mass and the string tension to that of the ﬁnite temperature phase
diagram. As we will see, the holographic model qualitatively agrees with available Lattice data in the
small θ regime, conﬁrming that mass scales get reduced by θ to leading order and providing possible
benchmarks for higher order corrections. Moreover, as it is shown in [10], holographic tools allow
to extract the θ-dependence of observables like the ’t Hooft loop, the baryon mass (vertex) and the
entanglement entropy, which are not under control using other techniques. It is also possible to introduce massive quarks and study the physics of the associated QCD-like holographic model, obtaining
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interesting results concerning for example the vacuum structure of the theory or the calculation of the
neutron electric dipole moment [11].

2 The θ term in Witten’s Holographic Yang Mills
The gauge/gravity dual pair we want to focus on is described by the following actions. On the gravity
side, the relevant one is (in string frame) the following consistent truncation of the 10d type IIA
supergravity action




 1
1
1
10 √
−2φ
2
2
2
S gravity = 2
d x −g e
R + 4(∂φ) − |F4 | − |F2 | .
(2)
2
2
2k0
√
Here 2k02 = (2π)7 l8s where l s ≡ α is the string length, F4 = dC3 is a four-form which is magnetically
sourced by the Nc D4-branes, F2 = dC1 , and φ is the dilaton.
The gauge theory action (omitting the contribution of the KK ﬁelds) is obtained as the low energy
limit of the action for Nc D4-branes wrapping a circle S x4



1
i
d4 xT rF 2 −
d4 x μνρσ T rFμν Fρσ .
S gauge =
C
(3)
1
8πg s l s MKK
32π2 l s S x4
Comparing this with (1), one gets the following identiﬁcations
λ = g Nc ≡ 2λ4 ≡
2

2g2Y M Nc

= 4πg s Nc l s MKK ,

1
θ + 2πk =
ls


C1 ,

(4)

S x4

where k is an integer (accounting for the fact that the integral of C1 is gauge invariant only modulo
2πZ), g s is the string coupling and λ4 , gY M are introduced to match with a standard notation adopted
for Witten’s model.
Holography allows to study the gauge theory above by means of a dual classical gravity solution,
provided we take the limits λ4  1 and Nc  1. Beyond these limits one should add α and string
loop corrections to the gravity action.
The family (parameterized by the integer k) of gravity backgrounds corresponding to the kbranches of ﬁeld theory vacua has been found in [8, 9]. The metric reads
  3/2
 2

 u 3/2 
R
du
f
ds210 =
(5)
H0 dxμ dxμ + √ dx42 +
H0
+ u2 dΩ24 ,
R
u
f
H0
where

u30
u30 Θ2
,
H
=
1
−
.
(6)
0
u3
u3 1 + Θ2
The background also includes a running dilaton, a one-form and a four-form ﬁeld strength given by
 u 3/4
Θ f
eφ = g s
H03/4 ,
C1 =
dx4 ,
F4 = 3R3 ω4 ,
(7)
R
g s H0
f =1−

with R = (πg s Nc )1/3 l s and
Θ≡

λ4 θ + 2kπ
.
Nc
4π2

(8)

In the expressions above μ = 0, 1, 2, 3 are the 1 + 3 Minkowski directions where the Yang-Mills theory
is deﬁned, dΩ24 is the metric of a four-sphere S 4 of unit radius, u is a radial coordinate u ∈ [u0 , ∞) -
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holographically mapped to the renormalization group scale of the dual ﬁeld theory - x4 is the compact
−1
coordinate of length 2πMKK
and R is a curvature radius. The isometry group of S 4 corresponds to
a global S O(5) symmetry group in the dual ﬁeld theory; this acts non-trivially on the Kaluza-Klein
massive modes signaling that these are not decoupled. Finally ω4 is the volume form of the transverse
S 4 , of volume VS 4 = 8π2 /3.
The S x4 circle shrinks to zero size at u = u0 and absence of conical singularities is guaranteed if
u0 =

1
4R3 2
,
MKK
9
1 + Θ2

(9)

which implies that the (x4 , u) subspace has the topology of a disk.
The above gravity background is regular and in particular, since g00 (u0 )  0, it describes a conﬁning gauge theory. This will be made explicit in a moment when the string tension of the model will
be computed.
2.1 The ground-state energy density

Holography relates the ﬁeld theory partition function with the (renormalized) on-shell gravity action
on the θ-dependent background reviewed above. In particular
Z = e−V4 f (θ) ≈ e−S E on−shell ,
ren

(10)

where f (θ) is the Yang Mills ground state energy density, V4 is the (inﬁnite) 4d Euclidean spacetime
volume and
S ren
(11)
E on−shell = S E + S GH + S c.t. .
Here S E is the Euclidean version of the action (2). Moreover

√
1
d9 x he−2φ K ,
S GH = − 2
k0

(12)

is the Gibbons-Hawking term, where h is the determinant of the boundary metric and K is the trace of
the extrinsic curvature of the boundary. Finally, the counter-term action is given by [12]
⎞
⎛
√ 5 −7φ/3
1 ⎜⎜⎜ g1/3
⎟⎟⎟
s ⎟
bulk
9
S c.t. = 2 ⎝⎜
.
(13)
⎠ d x h e
R
2
k0
Using the holographic map (10) it follows that
f (θ) = mink f (Θ) ,

f (Θ) = −

where

4
2Nc2 λ4 MKK
.
37 π2 (1 + Θ2 )3

(14)

The ground state energy density (see ﬁgure 1) turns out to be a periodic function of θ, as expected.
To any given interval, of length 2π, of possible values of θ, it corresponds a value of k. For example,
k = 0 when θ ∈ (−π, π). The cusps at θ = ±π and odd multiples of these values, signal ﬁrst order
CP-breaking phase transitions. In the small θ limit one gets


1
θ2
θ4
f (θ) − f (0) = χg θ2 1 + b̄2 2 + b̄4 4 + O(θ6 ) ,
(15)
2
Nc
Nc
4
with the topological susceptibility given by χg = λ34 MKK
/(4(3π)6 ) and the expansion coeﬃcients given
2
4
4
8
by b̄2 = −λ4 /(8π ), b̄4 = 5λ4 /(384π ).
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Figure 1. The (normalized) ground state energy density at ﬁnite θ. Diﬀerent colors correspond to diﬀerent
branches of the vacuum energy. The plot has been obtained setting λ4 /(4π2 Nc ) = 0.1.

These results can be compared with those obtained for pure Yang-Mills on the Lattice (see [1]),
where extrapolating from the Nc = 3, 4, 6 results one gets b̄2 ≈ −0.2. The sign of this coeﬃcient
matches with that obtained in the holographic model.
Large errors do not allow to ﬁx the sign of b4 on the Lattice: recent results [13, 14] just provide a
bound on its absolute value |b4 | < 0.001. Our results suggest that b4 should have a positive sign.
2.2 The string tension

Another standard holographic map [15] relates the VEV of a Wilson loop on a contour C with the
(renormalized) Nambu-Goto on-shell action for a fundamental open string whose end-points span
that contour
r
W[C] ∼ e−S NG .
(16)
For a rectangular contour with sides of length t along the time direction and length L along one spatial
direction, the Wilson loop allows to obtain the static quark-antiquark potential V(L). In the large
L limit in fact W[C] ≈ e−tV(L) . Linear conﬁnement of the chromoelectric ﬂux tube implies that
V(L) = T s L at large L where T s is the string tension.
The holographic computation of the rectangular Wilson loop just requires minimizing the NambuGoto action of an open string, localized in the transverse S 4 , with worldvolume coordinates τ = x0 ∈
[0, t], σ = x ∈ [−L/2, L/2], and embedded in such a way that u = u(x)



√
1
1
S NG = −
dτdσ
−g
g
=
−
t
dx
−g00 (g xx + guu u (x)2 ) ,
(17)
ττ
σσ
2πα
2πα
where g is the (induced) string frame metric. In the large L limit the string proﬁle which minimize
this action is well approximated by a bath-tube-shaped conﬁguration: a string stretching for most
of its length at u = u0 , turning vertically, around the extrema x = −L/2 and x = L/2, up to a UV
cutoﬀ u = uΛ → ∞ where it is attached to a probe brane. The two vertical parts of the string give
divergent contributions to the action when the cutoﬀ is sent to inﬁnity. They are interpreted as due
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to the (inﬁnite) masses of the static quark-antiquark pair and must be subtracted in order to get the
renormalized Nambu-Goto action. All in all, in the large L limit one gets
S rNG ≈ −

1 √
t −g00 g xx |u=u0 L ,
2πα

(18)

which in turn, on the θ-deformed background (5), gives the string tension
Ts =

1
2λ4 2
,
MKK
27π
(1 + Θ2 )2

which becomes a periodic function after the minimization over k is performed. Around θ → 0
⎛
⎞
λ24 θ2
3λ44 θ4
⎟⎟
2λ4 2 ⎜⎜⎜
6
Ts =
+ O(θ )⎟⎠⎟ .
MKK ⎝⎜1 − 4 2 +
8
4
27π
8π Nc 256π Nc

(19)

(20)

Notice that the O(θ2 ) correction is negative. This, together with the expected scaling with θ/Nc , is
precisely what has been found on the Lattice in [1]


θ2
T s lat = T s lat (0) 1 + s̄2 2 + . . . ,
(21)
Nc
where, using the large Nc extrapolation of the Nc = 3, ..., 6 results one gets s̄2 ≈ −0.9. The holographic
result (20) also predicts that the O(θ4 ) correction to the string tension in pure Yang-Mills should be
positive.
2.3 The scalar glueball mass

Just as in pure Yang-Mills, Witten’s model has a mass gap in the glueball spectrum [3]. Each glueball
state corresponds to a mode in the dual string picture. The 0++ glueball closely related to that of pure
Yang-Mills can be identiﬁed with a scalar ﬂuctuation involving the dilaton. The equation of motion
for the ﬂuctuation (see [10] for details)
H  (u) +

4u3 − u30
u(u3 −

u30 )

H  (u) −

M 2 R3
H(u) = 0 ,
u3 − u30

(22)

has to be solved by imposing regularity at u = u0 and normalizability at u → ∞. The possible solution
exist only if M 2 > 0 and the spectrum is discrete. From equation (9) it follows that the mass of the
0++ glueball is formally given by M(Θ) = M(Θ = 0)(1 + Θ2 )−1/2 . Around θ = 0
⎞
⎛
3λ44 θ4
λ24 θ2
⎟⎟
⎜⎜⎜
6
+
+ O(θ )⎟⎠⎟ ,
(23)
M(θ) = M(θ = 0) ⎝⎜1 −
32π4 Nc2 2048π8 Nc4
where the leading correction in θ2 has a negative sign, as in Lattice Yang-Mills [16]. The holographic
model predicts that the O(θ4 ) correction has a positive sign.
2.4 Finite temperature: θ-dependence of the phase diagram

Going to ﬁnite temperature in Witten’s holographic Yang-Mills model, amounts to compactifying the
Euclidean time on a circle of length β = 1/T . There are two possible solutions of the gravity equations
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of motion for which this condition can be satisﬁed (see e.g. [17]). A ﬁrst solution is just the Euclidean
continuation (with a compact time circle) of the one presented above. This solution corresponds to
the conﬁned phase of the gauge theory. The free energy density in this phase has the same expression
as in the T = 0 case (14).
The second solution has a black hole event horizon and corresponds to a deconﬁned phase. The
S x4 circle does not shrink anymore and the equations of motion are solved by C1 = θdx4 which implies
that F2 = 0. As a result the background metric looses any θ-dependence

 u 3/2 
  u −3/2  du2
ds2 =
f˜(u)dx02 + dxa dxa + dx42 +
+ u2 dΩ24 ,
R
R
f˜(u)
u3T
.
(24)
u3
The dilaton and the F4 form do not change w.r.t. the T = 0 solution. In the equation above, a = 1, 2, 3.
Regularity is now guaranteed by the relation 9β2 uT = 16π2 R3 , where uT is the radial position of the
horizon.
The gauge theory free energy density (hence minus the pressure) in the deconﬁned phase is holographically mapped into that of the black hole background and reads
f˜(u) = 1 −

fdec = −pdec = −

1 256Nc2 π4 λ4 6
T ,
2
6 729MKK

(25)

where the scaling with T follows from the higher dimensional UV completion of the model. The
free energy is independent from θ and thus the topological susceptibility is zero in the deconﬁned
phase. This is actually what one expects in the large Nc limit of Yang-Mills, where the susceptibility
is exponentially suppressed.
Comparing the free energies (or pressures) in the two phases one gets that the dual ﬁeld theory
experiences a ﬁrst order conﬁnement-deconﬁnement phase transition at a critical temperature T c formally given by
MKK
1
T c (Θ) =
,
(26)
√
2π
1 + Θ2
which corresponds to a periodic function T c (θ) as shown in ﬁgure 2.
Remarkably the holographic model explicitly realizes the expected but still conjectural (see e.g.
[18]) structure of the phase diagram, with triple critical points where the ﬁrst order deconﬁnement
transition line meets the ﬁrst order lines related to the CP breaking transitions in the conﬁned phase.
One can conjecture that the same cusped structure should appear in pure Yang-Mills at large Nc .
Around θ = 0 we ﬁnd (at O(θ2 ) the result was already found in [19])
⎡
⎤
λ2 θ2
3λ44 θ4
⎥⎥
MKK ⎢⎢⎢
6 ⎥
⎢⎣1 − 4 4 2 +
⎥⎦ ,
(27)
+
O(θ
)
T c (θ) =
2π
32π Nc 2048π8 Nc4
where, again, both the quadratic dependence and the sign of the leading θ-dependent correction, agree
with what has been found (for Nc = 3) on the Lattice [18]


(28)
T c (θ)lat = T c (0)lat 1 − Rθ θ2 + O(θ4 ) , Rθ = 0.0175(7) .
Our model, then, predicts that the O(θ4 ) correction has a positive coeﬃcient. It would be nice to check
this and the previous predictions on the Lattice.
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Figure 2. The (T, θ) phase diagram. Diﬀerent colors correspond to diﬀerent branches of the vacuum energy.
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