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Abstract. We report on the status of the determination of properties of ﬂavour-singlet pseudoscalar mesons
using Wilson twisted mass lattice QCD at maximal twist. As part of project C7, a large number of phenomenologically relevant quantities could be extracted from ﬁrst principle, from η and η masses to decay widths of
pseudoscalar mesons to two photons.

1 Introduction
In the early days of the theory of strong interactions, the
peculiar mass hierarchy found experimentally for the nine
light pseudoscalar mesons led to the formulation of the
“U(1) problem” [1]. If also the axial U(1) symmetry was
spontaneously broken in the SU(3) chiral limit of QCD,
one would expect the ninth pseudoscalar meson to have a
mass similar or a bit lighter than the kaons and the η meson. The solution to this puzzle comes from the anomalous
breaking of the corresponding axial current [2, 3]
∂μ A0μ = ∂μ (q̄γμ γ5 q) =

αs
GG̃
4π

at the quantum level triggered by a non-trivial topological structure of QCD [4–6], which is known as the U A (1)anomaly. Here, G denotes the SU(3) ﬁeld strength tensor
and G̃ its dual.
The connection between the U A (1)-anomaly and the
larger-than-expected mass of the η meson is given by the
famous Witten-Veneziano formula [7, 8], which is derived
assuming the anomaly to be in place and in the large Nc
limit of QCD:
f02
(M 2 + Mη2 − 2MK2 ) = χ∞ , .
4N f η

(1)

Here, χ∞ is the topological susceptibility in the pure YangMills (YM) gauge theory, N f the number of ﬂavours, f0 the
ﬂavour singlet decay constant and Mη , Mη and MK are the
η, the η and the kaon masses, respectively. It relates nontrivial topological ﬂuctuations of the gauge ﬁeld in YM to
the corresponding meson masses and singlet decay constant f0 in QCD with N f active quark ﬂavours. Using lattice gauge theory techniques we have the unique possibility to verify this relation.
In lattice QCD, the computation of η and η meson related quantities represents a challenge because of so-called
fermionic disconnected diagrams. These are usually very
 e-mail: urbach@hiskp.uni-bonn.de

noisy and, therefore, the results available from lattice QCD
were limited.
In the DFG funded project within the collaborative research centre CRC16 “Subnuclear Structre of Matter” we
could increase the available lattice results in the ﬂavoursinglet pseudoscalar sector signiﬁcantly. This was possible on the one hand due to the lattice discretisation we are
using: the Wilson twisted mass formulation at maximal
twist is particularly well suited to study η and η mesons
because of a powerful noise reduction method we developed in Ref. [9]. On the other hand we have applied and
developed other methods which allow us to extract the
quantities of interest with less uncertainty. Finally, we
could perform this study employing a wide range of pion
mass values, several strange quark mass values, several
volumes and three values of the lattice spacing. Therefore,
continuum and chiral extrapolations could be performed in
a controlled way.
The results presented in the remaining sections represent an summary, update and extension of what was published in Refs. [10–15].

2 Lattice Action
The lattice QCD action for N f = 2 + 1 + 1 Wilson twisted
mass fermions reads
S = S g + χ̄ D χ + χ̄h Dh χh .

(2)

For the gauge action S g we use the Iwasaki gauge action [16]. The twisted mass Dirac operator for the light
– i.e. up/down quark – doublet reads [17]
D = DW + m0 + iμ γ5 τ3

(3)

and for the strange/charm doublet [18]
Dh = DW + m0 + iμσ γ5 τ1 + μδ τ3 ,

(4)

where DW is the Wilson Dirac operator and the τi are the
Pauli matrices acting in ﬂavour space. The value of m0 was
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Table 1. compilation of values for the Sommer parameter r0 /a,
the lattice spacing a and Z ≡ ZP /ZS determined with methods
M1,M2 the three values of the lattice spacing. See Ref. [28] for
details.

β
1.90
1.95
2.10

Z (M1)
0.699(13)
0.697(07)
0.740(05)

Z (M2)
0.651(06)
0.666(04)
0.727(03)

For every β-value the bare values of aμσ and aμδ were
kept ﬁxed, and only the value of the light twisted mass parameter aμ is varied. The kaon masses measured on these
ensembles are close to the physical value with a deviation
of up to 10% [20] in particular for the A and D ensembles. The D-meson mass values have a large uncertainty,
but they are also close to physical [20].
For the A lattice spacing we have two additional ensembles with re-tuned values of strange and charm-quark
masses, denoted by A80.24s and A100.24s, which reproduce the physical kaon mass value more accurately than
the original A80.24 and A100.24 ensembles. We will use
these ensembles to estimate the strange quark mass dependence of the η mass and other quantities.

r0 /a
5.31(8)
5.77(6)
7.60(8)

a [fm]
0.0885(36)
0.0815(30)
0.0619(18)

tuned to its critical value mcrit as discussed in Refs. [19, 20]
in order to realise automatic O(a) improvement at maximal
twist [21]. The bare twisted masses μσ and μδ are related
to the bare strange and charm quark masses via the relation
mc,s = μσ ± Zμδ ,

Z≡

ZP
,
ZS

3 Flavour-Singlet Pseudoscalar Mesons
from Lattice QCD

(5)

where Z denotes the ratio of non-singlet, pseudoscalar and
scalar renormalisation constants ZP and ZS . Quark ﬁelds
in the twisted basis are denoted by χ ,h and in the physical
basis by ψ ,h . They are related via the axial rotations

In order to compute masses of pseudoscalar ﬂavour singlet
mesons we have to include light, strange and charm contributions to build the appropriate correlation functions. In
the light sector, one appropriate operator is given by [30]

ψ = eiπγ5 τ /4 χ , ψ̄ = χ̄ eiπγ5 τ /4 ,

1
√ (−χ̄u χu + χ̄d χd ) ≡ O ,
2

3

3

ψh = eiπγ5 τ /4 χh , ψ̄h = χ̄h eiπγ5 τ
1

1

/4

.

(6)

(7)

in the twisted basis. With twisted mass fermions we have
to work with doublets of quarks, hence, in the strange and
charm sector the corresponding operators read
 
 T
χ̄c −τ1 ± iZγ5 τ3 χc
≡ Oc,s .
(8)
χ̄ s
χs
2

With automatic O(a) improvement being the biggest advantage of twisted mass lattice QCD (tmQCD) at maximal
twist, the downside is that ﬂavour (and parity) symmetry
is broken at ﬁnite values of the lattice spacing. This was
theoretically and numerically shown to aﬀect mainly the
mass value of the neutral pion [22–24]. For this reason we
use masses of charged pions throughout this paper denoted
as MPS . However, in the case of N f = 2 + 1 + 1 dynamical
quarks, the ﬂavour symmetry breaking implies the complication of mixing between strange and charm quarks. Note
that the kaons are still degenerate, though.
We use gauge conﬁgurations as produced by the European Twisted Mass Collaboration (ETMC) with action
described above [20, 25, 26]. The details of the conﬁgurations are described in Ref. [20] and we follow the notation
adopted there: we use ensembles denoted with A, B and
D with values of the lattice spacing aA = 0.0885(36)fm,
aB = 0.0815(30)fm and aD = 0.0619(18)fm, corresponding to βA = 1.90, βB = 1.95 and βD = 2.10, respectively [26]. The physical volumes are – with only a few
exceptions – larger than 3 fm.
Throughout this proceeding we will use the Sommer
parameter r0 [27] to investigate the scaling of our results.
The actual numbers are taken from Ref. [28] and compiled
in Table 1. In physical units we use r0 = 0.474(14) fm
taken from the same reference.
For ﬁxing the light and strange quark masses to their
physical values we will use the experimental values of
Mπ0 = 135 MeV and MK0 = 498 MeV. We use the masses
of the neutral mesons to reduce uncertainties from the fact
that we do not include electromagnetic eﬀects in our simulation. See also ref. [29] and references therein for a discussion.

Note that the sum of pseudoscalar and scalar contributions
appears with the ratio of renormalisation factors Z, which
needs to be taken into account properly. The renormalisation factors for Eq. (8) are again the non-singlet ZP and
ZS . It is another advantage of the Wilson twisted mass
formulation at maximal twist that only non-singlet renormalisation factors are required to obtain renormalised ma = (Ol , Oc , O s )T , the correlation
trix elements. Deﬁning O
function matrix is given by


 (x) ⊗ O
 (0) .
C(t) =
O
(9)
x

Scalar and pseudoscalar contributions can be disentangled
by changing the operator basis via an appropriate orthogonal matrix R


 ⊗ RO(0)

= RC(t)RT ,
(10)
CR (t) = RO(t)
where

⎛
⎜⎜⎜ηO O
⎜
CR = ⎜⎜⎜⎜ηSh O
⎝
ηPh O

ηO Sh
ηSh Sh
ηPh Sh

⎞
ηO Ph ⎟⎟⎟
⎟
ηSh Ph ⎟⎟⎟⎟ ,
⎠
ηPh Ph

(11)

is again a symmetric, real and positive deﬁnite correlation
matrix with
Ph ≡ (χ̄c iγ5 χc − χ̄ s iγ5 χ s )/2 ,
Sh ≡ Z −1 (χ̄ s χc + χ̄c χ s )/2 ,

2

(12)
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Figure 1. Left: Eﬀective masses in lattice units determined from solving the GEVP for a 6 × 6 matrix with t0 /a = 1 for ensemble
A100. Right: the same, but after removal of excited states in the connected contributions.

for the case of the η2 for two dynamical quark ﬂavours in
Ref. [30], and we have ﬁrst used it for the N f = 2 + 1 + 1
ﬂavour case in Ref. [11].
The method is based on the assumption that the quark
disconnected diagrams give a sizeable contribution only to
the η and η state, but are negligible for any heavier state
with the same quantum numbers. Considering the ﬂuctuations of the topological charge which are expected to give
a dominant contribution to the mass of the η , this assumption would be valid if these ﬂuctuation mainly couple to
the η and η states. Still, the validity of this assumption
needs to be carefully checked from our data and may introduce systematic uncertainties.
Since the quark connected contributions exhibit a constant signal-to-noise ratio, it is in principle possible to determine the respective ground states at suﬃciently large
t/a with high statistical accuracy and without any significant contamination from higher states. After ﬁtting the
respective ground states of the connected correlators, we
can use it to subtract the excited state contributions such
that the full connected correlators are replaced by correlators that contain only the ground state. Note that for suﬃciently large t/a this reproduces the original ground state
by construction.
Now, if the aforementioned assumption holds, i.e. the
disconnected diagrams are relevant only to the two lowest states η, η one should obtain a plateau in the eﬀective
mass at very low values of t/a after solving the GEVP.
The result of the procedure is shown in the right panel of
Figure 1. Indeed, one observes a plateau for both states
starting basically at the lowest possible value of t/a. Furthermore, a comparison with the eﬀective masses from the
standard 6 × 6 matrix in the left panel of Figure 1 reveals
that the plateau values agree very well within their respective errors. Most importantly, the data in the right panel
allows for a much better accuracy in the determination of
both masses as the point errors are much smaller at such

and ηXY denoting the corresponding correlation function.
The rotation matrix R is given by
⎞
⎛
0
0 ⎟
⎜⎜⎜1
⎜⎜⎜0 − √1 − √1 ⎟⎟⎟⎟⎟
(13)
R = ⎜⎜⎜
⎟.
⎝0 + √12 − √12 ⎟⎟⎠
2

2

Now we can drop the factor Z −1 , which appears only as
a constant scaling factor for Sh . We denote the corresponding correlation matrix by C̃R . Solving the generalised eigenvalue problem (GEVP) [31–33]
C̃R (t) η(n) (t, t0 ) = λ(n) (t, t0 ) C̃R (t0 ) η(n) (t, t0 ) ,

(14)

and taking into account the periodic boundary conditions
(n)
for a meson, we can determine the eﬀective masses Meﬀ
by solving
(n)

(n)

e−Meﬀ t + e−Meﬀ (T −t)
λ(n) (t, t0 )
=
λ(n) (t + 1, t0 ) e−Meﬀ(n) (t+1) + e−Meﬀ(n) (T −(t+1))

(15)

(n)
for Meﬀ
, where n counts the eigenvalues. The state with
the lowest mass should correspond to the η and the second
state to the η meson.

3.1 Excited State Subtraction

The result of solving the GEVP for a 6 × 6 matrix for ensemble A100 including fuzzed operators is shown as eﬀective masses Meﬀ in the left panel of Figure 1. It is visible
that the ground state, the η meson, can be extracted with
good precision, while for the η meson it is unclear that a
plateau is reached before the signal is lost in noise.
However, there is a possibility to obtain a signiﬁcant improvement for the extraction of η mass (and further observables) using a powerful method to separate
ground and excited states, which has ﬁrst been proposed in
Ref. [34] and that has already been successfully employed

3
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low values of t/a. Therefore, we will use this method for
all the results presented in this proceeding contribution.
However, we remark that in the twisted mass formulation with the non-degenerate doublet this procedure is in
practice restricted to the connected correlation functions
corresponding to physical light and strange quarks. This is
due to the violation of ﬂavour symmetry in the heavy sector of the twisted mass formulation, implying that the four
connected contributions in the heavy sector will all yield
the same ground state. This ground state corresponds to
an artiﬁcial particle, i.e. a connected-only, neutral pionlike particle made out of strange quarks. Therefore, we
will restrict ourselves in the following discussion to the
analysis of a 2 × 2 correlation function matrix corresponding to (local) physical operators made of light and strange
quarks.
We remark that this procedure modiﬁes correlators
only at small t/a and per construction the limit of large
Euclidean times is not modiﬁed. The method only serves
to reduce statistical uncertainties by extending the plateaus
to smaller values of t/a.

spacings (e.g. D45) such a residual behaviour was observed for the resulting principal correlator of the η -state.
However, in these cases the eﬀect is of the size of a few
standard deviations at most. Still, the shifting procedure
turns out to systematically improve the signal for all and
in particular for η related quantities signiﬁcantly. Final
results of this procedure are currently in preparation [39],
and we will only show η and η masses extracted with this
procedure.
3.3 Decay Constants and Mixing

In general, decay constants are deﬁned for any pseudoscalar meson P from axial vector matrix elements
(17)

0| ∂μ Aaμ |P (0) = fPa MP2 ,

(18)

which leads to

for projection to zero momentum. Assuming that η and η
are not ﬂavour eigenstates, each of them exhibits a coupling to the singlet and octet axial vector current A0μ and
A8μ , respectively. Therefore, one ends up with four independent decay constants for the η,η -system, which are
commonly parametrised in terms of two decay constants
f0 , f8 and two mixing angles θ0 , θ8
 8
 

fη fη0
f8 cos θ8 − f0 sin θ0
=
fη8 fη0
f8 sin θ8
f0 cos θ0

3.2 Pollution by topological effects

It is a well known problem, in particular for small lattice
spacing values, that in lattice QCD simulations the topological charge is properly sampled [35]. This can lead in
extreme cases to a freeze of the topological charge. We
found in our ensembles that the topological charge has
zero expectation value, however, the second moment of the
charge distribution might not be sampled fully correctly.
While being a ﬁnite volume eﬀect, this can lead to time independent contributions to the ﬂavour-singlet correlation
function [36, 37]. As a consequence, the corresponding
correlation functions do not decay to zero at large time
separations.
Such constants present in correlation functions can be
subtracted by ﬁtting the appropriate functional form to the
data [37]. However, we found that shifting the correlation
functions – invented to cancel so-called thermal pollution
in multi-hadron correlation functions [38] – subtracts the
constant without the need of any additional input. Moreover, shifting decorrelates neighbouring time slices significantly, which gives an additional advantage.
We deﬁne the shifted correlation matrix as
C̃Rs (t) = C̃R (t) − C̃R (t + δt) .

0| Aaμ |P (p) = i fPa pμ ,

≡ Ξ (θ8 , θ0 ) diag ( f8 , f0 ) .

(19)

The singlet decay constant f0 needs renormalisation, determined by the anomalous dimension of the axial singlet
current [40]. The dependence on the scale is O(1/NC ) and
can, therefore, be dropped in the following discussion. For
a detailed discussion see Refs. [41, 42].
We work in the quark ﬂavour basis, with the axial vector currents A0μ and A8μ replaced by the combinations


2 8
1 
2 0
Aμ = √ ūγμ γ5 u + d̄γμ γ5 d ,
= √ Aμ +
3
3
2

2 0
2
A − √ A8μ = s̄γμ γ5 s ,
Aμs =
3 μ
3

Alμ

(20)
(21)

(16)
in which the light quarks and the strange quark contributions are disentangled. In exact analogy to the singlet-octet
basis this basis again allows for a parametrisation in terms
of two decay constants and two mixing angles
 l

fη fηs
(22)
= Ξ (φl , φ s ) diag ( fl , f s ) ,
fηl fηs

While all time independent terms are cancelled in C̃Rs (t),
every matrix element possesses now the following functional form


e−En (t+δt/2) − e−En (T −(t+δt/2)) ,
∝
n

with T the time extent of the lattice. The shift δt can be
adjusted for optimal results.
We did not observe obvious cases in our data where
the correlation functions themselves do not decay to zero.
Only on a few ensembles with small volume and lattice

where the mixing matrix Ξ has the same form as the one
deﬁned in Eq. (19). In this basis it is also expected that we
have [41–45]


 φl − φ s  1 ,
(23)
 φl + φ s 

4
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Figure 2. Left: Our results for r0 M η (ﬁlled symbols) (corrected for the mismatch in r0 MK ) and r0 Mη (open symbols). The ﬁtted
curves are linear functions in (r0 MPS )2 as discussed in the text. Right: Mη (ﬁlled) and Mη (open) in physical units (not corrected for
2
.
the mismatch in MK ) determined from the shifted correlation matrix as a function of MPS

motivating a simpliﬁed mixing scheme in the quark ﬂavour
basis with only one angle φ
 l

fη fηs
(24)
= Ξ (φ) diag ( fl , f s ) + O (Λ1 ) ,
fηl fηs

matrix elements the mixing angle φ is obtained as

where Ξ (φ) ≡ Ξ (φ, φ) and Λ1 parametrises residual OZI
violating terms. The mixing angle φ is related to the double ratio of amplitudes

where actually quark masses and renormalisation constants drop out in the ratio. Expanding again to two angles,
φl and φ s are written as

tan2 (φ) = −

fηl fηs
fηl fηs

,

tan2 (φ) = −

tan(φl ) =

(25)

hlη

,

hlη hηs 

,

tan(φ s ) = −

(30)

hηs
hηs 

.

(31)

Finally, we remark that in order to compute the matrix elements hiP in Wilson twisted mass lattice QCD the ratio of
renormalisation constants Z = ZP /ZS is required.

and hence independent of the ratio of renormalisation constants Z. Axial vector current matrix elements turn out to
be diﬃcult to measure in actual simulations due to noise.
This is why it is most convenient to consider pseudoscalar
currents in the quark ﬂavour basis in analogy to Eqs. (20),
(21).

1 
Pl = √ ūγ5 u + d̄γ5 d ,
2
s
P = s̄iγ5 s ,

hlη

hlη hηs

4 Results
4.1 Masses

(26)

We determine the masses C̃R (t) using the excited state removal method described in the previous section. It turns
out that in aMη we see a strange quark mass dependence
that we can resolve well within our statistical errors. As
the physical values of the strange quark masses vary by
about 10% between the diﬀerent lattice spacing values,
we have to correct for this. This is described in detail in
Ref. [10]. We use the ensembles A80 and A80s (A100 and
A100s), which diﬀer in the bare strange quark mass value,
to estimate Dη = dMη2 /dMK2 . Next we correct all aMη
2
values to correspond to a line of MK [MPS
] values which
reproduces the physical kaon mass at the physical pion
phys
mass point MPS = Mπ0 . The such corrected values we
denote with M η . Note that for this procedure we ignore
any dependence of Dη on the quark masses and the lattice
spacing. For the η mass we do not resolve quark mass or

(27)

such that the matrix elements for pseudoscalar mesons P
are given by
hiP = 2mi 0| Pi |P ,
(28)
which are free from renormalisation. Making use of χPT
and dropping sub-leading terms leads to the following expression [46]
 l

 


hη hηs
= Ξ (φ) diag Mπ2 fl , 2MK2 − Mπ2 f s . (29)
hlη hηs 
This expression allows access to the decay constants f s and
fl from pseudoscalar matrix elements under the assumption that χPT can be applied. In terms of pseudoscalar

5
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0.3

This may be seen as a hint that the signiﬁcantly increased
statistical precision of the improved analysis strategy allows to resolve a residual strange quark mass dependence
which is not cancelled in the ratio. This was not possible
with the statistical accuracy we could obtain in Ref. [10].
Note that compared to the direct extrapolation the statistical precision is even further enhanced for the case of dimensionless ratios because the physical value of r0 is only
required for ﬁxing the physical point, but not for the conversion to physical units. Considering only the B ensembles for which the value of the strange quark mass is close
to physical yields

B
3Mη2 /(4MK2 − Mπ2 )
= 0.928(26)stat ,

0.2

r0 ΔMη

0.1

0

-0.1

-0.2

-0.3

Mπ

kaon matching
ηs matching
0

0.01

0.02

0.03

indicating that the systematic error is mainly caused by
such a residual eﬀect. Using the corrected values M̄η and
the corresponding values of the kaon mass to calculate the
GMO ratio the extrapolation gives


3Mη2 /(4MK2 − Mπ2 )
= 0.960(19)stat (22)sys ,

0.04

a2 /r02

Figure 3. r0 ΔMη as a function of (a/r0 )2 for two matching procedures of OS valence strange quark to the unitary one [14].

Mπ

which is slightly closer to the experimental value. For the
physical value of the η mass we obtain

lattice spacing dependence within our errors, so we do not
attempt to correct for those.
The results for M η and Mη are summarised in Figure 2, where we show r0 M η as ﬁlled and Mη as open symbols, respectively, both as functions of (r0 MPS )2 . For both
mesons the data fall on a single line within errors such that
in both cases we model the data for (r0 M)2 inspired by
chiral perturbation theory as constant plus a linear term in
(r0 MPS )2 . The corresponding best ﬁt to the data and its error band is shown as lines with shaded bands. The error
band for Mη is mainly due to the error of Dη .
After extrapolating to the physical point and converting to physical units we obtain
Mη (Mπ ) = 556(8)stat (5)sys MeV ,

Mη = 558(6)stat (7)sys MeV ,

in agreement with the result from the direct extrapolation
and the experimental value.
A similar picture arises from the light quark mass extrapolation of the ratio Mη /MK . Using the uncorrected values of Mη which yields


Mη /MK
= 1.117(8)stat (23)sys ,
Mπ

missing the experimental value
exp

= 1.100
Mη /MK

(32)

where the systematic error has been estimated from ﬁtting
to the data at each value of the lattice spacing separately.
In addition, for the SU (2) chiral limit we ﬁnd r0 M̊ηSU(2) =
1.32(5)stat (1)sys , which yields
M̊ηSU(2) = 548(9)stat (6)sys MeV .

(34)

again by roughly 2σ if taking only the statistical error into
account. Like for the case of the GMO ratio taking only
the B ensembles into account gives nice agreement with
the experimental value, i.e.

B
Mη /MK
= 1.093(14)stat ,

(33)

Mπ

We may extrapolate further quantities in order to check the
validity of our correction procedure for mis-tuned values
of the strange quark mass. First, we consider the GMO
relation
3Mη2 = 4MK2 − Mπ2 ,

whereas A and D ensembles give signiﬁcantly larger values. Therefore, we have also repeated the extrapolation
using the corrected values M̄η and the corresponding kaon
masses. Within the statistical errors one obtains excellent
agreement with experiment, i.e.


Mη /MK
= 1.109(11)stat (09)sys ,

and build ratios left hand side over right hand side. This
ratio is evaluated directly on our data. Next we perform an
extrapolation in (r0 MPS )2 . However, it turns out that taking
the uncorrected values of Mη in the ratio the extrapolation
misses the experimental value

Mπ

which results in
Mη = 0.552(6)stat (4)sys MeV ,

(3Mη2 /(4MK2 − Mπ2 ))exp = 0.926

(35)

compatible with the results from direct and GMO ratio extrapolations.
In order to obtain our ﬁnal result for the physical mass
of the η meson we take the weighted average from the

considering only the statistical error by more than 2σ, i.e.
we obtain


3Mη2 /(4MK2 − Mπ2 )
= 0.965(15)stat (24)sys .
Mπ
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Figure 4. The diﬀerence φl − φ s (Left) and φ (Right) in degrees as functions of (r0 MPS )2 . For φ we also show our best ﬁt to the data
and the extrapolation to the physical pion mass value. The dotted horizontal line represents the value 54.2◦ one expects for φ in the
SU(3) ﬂavour symmetric case.

tion approach. In such an approach discretisation of valence and sea quark are diﬀerent. Prime examples of quantities with large disconnected contribution are η and η meson masses.
We have investigated this question using the so-called
Osterwalder-Seiler (OS) discretisation [47] for the valence
strange quark combined with unitary up/down quarks on
top of the Wilson twisted mass gauge conﬁgurations. The
additional advantage of this mixed action approach is the
avoided ﬂavour mixing in the strange/charm sector. The
conclusion of this investigation [14] is that indeed η and
η masses can be determined reliably in this mixed action
approach. But we observed that lattice artefacts strongly
depend on the chosen matching quantity. As an example
we show in Figure 3 the diﬀerence between the OS and the
unitary η meson mass

three previously discussed methods used for the extrapolation in the light quark mass. Accounting for any correlations, this yields
Mη = 555(6)stat (5)sys .

(36)

which is in excellent agreement with experiment and exhibits substantially smaller errors compared to Ref. [10].
For the η meson we obtain
Mη = 964(41)stat (34)sys ,

(37)

from a linear extrapolation in (r0 MPS )2 of all the (uncorrected) data. The corresponding ﬁt is shown in the left
panel of Figure 2. Again, the systematic error has been
determined from ﬁts to the data at single values of the lattice spacing. Within the larger errors this result is again
in very good agreement with experiment, conﬁrming that
QCD indeed accounts for the signiﬁcantly larger mass of
the η that is observed experimentally.
In the right panel of Figure 2 we show Mη,η again as
2
a function of MPS
, but now Mη and Mη have been determined using the shifting procedure explained in section 3.2. The data is not corrected for the mismatch in
the strange quark mass, and, therefore, the plot in the right
panel is not directly comparable to the one in the left pane.
But comparing it qualitatively to the left panel in the same
ﬁgure shows that the shifting procedure greatly reduces the
uncertainty in Mη , possibly to a level where strange quark
and lattice spacing eﬀects must be taken into account. A
corresponding analysis is in progress [39].

unitary

ΔMη = MηOS − Mη

as a function of (a/r0 )2 . Results for two matching quantities are shown: one where the valence strange quark mass
was ﬁxed by matching the masses of the OS and the unitary η s meson. For the second the OS kaon was matched
to the unitary for ﬁxing the strange quark mass. As visible
in Figure 3, kaon matching has signiﬁcantly larger lattice
artefacts, while they appear to be negligible for η s matching. Performing a continuum extrapolation of both matchings, however, gives identical results within error bars.
4.2 Mixing Angles

The mixing angles φl and φ s can be extracted using
Eq. (31) with a mixing model based on the pseudoscalar
matrix elements hqP . In the left panel of Figure 4 we show
φl − φ s in degrees as a function of (r0 MPS )2 . One observes that this quantity is consistent with zero within errors. Also an extrapolation to the physical point yields

4.1.1 Mixed Action

It is an interesting question whether or not quantities with
a signiﬁcant contribution of fermionic disconnected diagrams can be reliably determined in a so-called mixed ac-

7

EPJ Web of Conferences 134 , 04004 (2017)

DOI: 10.1051/ epjconf/201713404004

1.5

1.5

1.25

1.25

1

1
fs /fK

fl /fPS

Subnuclear Structure of Matter: Achievements and Challenges

0.75
0.5

0

0.5

(fl /fPS)phys
A-Ensembles
A80.24s, A100.24s
B-Ensembles
D-Ensembles
D45.32sc

0.25

0

0.2

0.4

0.6

0.8

1

0.75

(fs /fK )phys
A-Ensembles
A80.24s, A100.24s
B-Ensembles
D-Ensembles
D45.32sc

0.25

1.2

0

1.4

(r0 MPS )2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

(r0 MPS )2

Figure 5. fl / fPS (Left) and fl / fK (Right) as functions of (r0 MPS )2 . The lines represent ﬁts to our data with error band as explained in
the text.

3(1)stat (3)◦sys , where the systematic error is estimated from
the maximal diﬀerence compared to extrapolating the data
sets for the three diﬀerent lattice spacings separately.
In the right panel of Figure 4 we show the average angle φ (Eq. (30)) in degrees as a function of (r0 MPS )2 , with
smaller statistical errors than φl and φ s separately, because
of correlation in the matrix elements. Our precision is not
suﬃcient to resolve any residual lattice spacing or strange
quark mass dependence. Hence, we extrapolate linearly in
(r0 MPS )2 and obtain
φ = 46(1)stat (3)◦sys ,

means of the pseudoscalar matrix elements hiP and using
Eq. (29). Of course, one needs to keep in mind that this
is based on the assumption that the underlying chiral perturbation theory analysis is valid. Currently, we cannot
estimate a corresponding systematic uncertainty.
In Figure 5 we show fl / fPS and f s / fK as functions of
(r0 MPS )2 in the left and right panel, respectively. We have
chosen to plot these ratios because it appears that most of
the quark mass and lattice spacing dependence cancels. A
linear extrapolation of fl / fPS in (r0 MPS )2 to the physical
point results in

(38)

fl / fπ = 0.884(7)stat (63)sys .

where the ﬁrst error is statistical and the second systematic from ﬁtting the three values of the lattice spacing separately.
Besides the mixing angle φ, we consider the angles
φl , φ s which are relevant to cross-check the assumptions
entering our mixing scheme. Again, we have performed
linear ﬁts in (ro MPS )2 and obtain at the physical value of
the pion mass
φl = 48(1)stat (4)◦sys ,

φ s = 44(1)stat (3)◦sys ,

(40)

However, from the plot it appears that there is still a rather
sizeable dependence on the lattice spacing present while
the strange quark mass dependence seems to cancel in
the ratio as all A-ensembles fall on one single curve. In
fact, the systematic error estimated from ﬁtting the data
at each value of the lattice spacing separately is one order
of magnitude larger than the statistical error and there is
clear trend towards larger values of fl / fPS extrapolated to
the physical pion mass for decreasing values of the lattice
spacing. Therefore, we additionally quote the result of a
linear ﬁt restricted to the data at the ﬁnest lattice spacing,
which yields

(39)

where the systematic uncertainties have been determined
in the same way as for the angle φ itself. The results are
compatible within errors. Notably, for φ s there is very
good agreement for the results within each of the two set
(A80.24, A80.24s) and (A100.24, A100.24s), indicating
that the inﬂuence of the strange quark is smaller for this
quantity and in general more of the data points lie within
the error band of the linear ﬁt.

( fl / fπ )D = 0.947(23)stat .

(41)

For the ratio f s / fK most of the strange quark mass dependence is cancelled and the data seem almost perfectly
linear in the light quark mass, exhibiting only a moderate
slope. Moreover, for this case there are no discernible scaling artefacts within errors and the data are well described
by a linear ﬁt which gives

4.3 Decay Constants

f s / fK = 1.176(12)stat (28)sys

The application of the excited state removal method discussed in the previous section allows to extract the decay
constants fl and f s to a rather high statistical precision by

(42)

at the physical value of the pion mass. Clearly, the systematic error is signiﬁcantly smaller than the one obtained
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4.5 Decay Widths ΓP→γγ

The decay constants fl and f s are important low energy
constants. However, they can also be used to estimate phenomenologically interesting quantities, most prominently
the decay widths of η, η → γγ. To the same order in
the eﬀective theory we worked until here, one can relate
the decays widths with the mixing parameters in the quark
ﬂavour basis as follows [50, 51] (see Refs. [41, 42] for
how to include these quantities into the eﬀective ﬁeld theory framework)
√
⎡
⎤2
⎢⎢ 5
⎥⎥
2
α2
3⎢
Γη→γγ =
Mη ⎣⎢ cos φ −
sin φ⎥⎦⎥ ,
3
fl
fs
288π
√
⎡
⎤2
⎢⎢ 5
⎥⎥⎥
2
α2
3 ⎢
⎢
⎥⎦ ,
M
sin
φ
+
cos
φ
Γη →γγ =

η ⎣
3
fl
fs
288π
(46)
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where again OZI suppressed terms have been dropped and
our normalisation is that fπ = 130.7 MeV. Using our lattice data for Mη,η , φ, fl and f s , we have computed the
decay widths and show them in units of the Sommer parameter as a function of (r0 MPS )2 in Figure 7. We also
include the PDG value for convenience [49]. For Γη →γγ
we observe a ﬂat dependence of the light quark mass and
agreement between our data and the PDG value within our
errors. However, the data show a tendency for lower values with decreasing values of the lattice spacing.
The situation is not so clear for Γη→γγ , where the lattice
data is of the right magnitude compared to the PDG value.
But there are clearly strange quark mass and light quark
mass eﬀects visible that we cannot control at the moment.
In addition there might be lattice artefacts.
Two remarks are in order: ﬁrst of all the mass dependence of the widths has not been computed in eﬀective
ﬁeld theory. Hence, we have no rigorous means to extrapolate our data to the physical point. Eqs. (46) are strictly
speaking only valid in the chiral limit. Second, the PDG
value for Γη→γγ does not include Primakoﬀ experiments,
which give a signiﬁcantly smaller value1 .
Related quantities are the pseudoscalar transition form
factors Fηγγ∗ and Fη γγ∗ for large momentum transfer q2 ,
which can be expressed as [52]

Figure 6. A comparison of the YM topological susceptibility χ∞
to the right hand side of the Witten-Veneziano formula. The latter is determined using two diﬀerent renormalisation procedures
(M1, M2) and three diﬀerent ways to estimate f0 (D1, D2, D3).

for the physical value of fl / fπ , conﬁrming the smallness of
any residual lattice artefacts or strange quark mass dependence for f s / fK .
Finally we have to remark that ﬁnite volume eﬀects
might play an important role for the decay constants, but
they hopefully cancel in the ratios we used.

4.4 Witten-Veneziano Formula

Now we have all ingredients at hand to investigate the
Witten-Veneziano formula in more detail. As we have
shown in Ref. [15], one can relate the decay constants f
and f s to the singlet decay constant f0 and the kaon and
pion decay constants fK and fπ using χPT again
f02
f02

=
=

f02

=

−7/6 fπ2 + 2/3 fK2 + 3/2 f 2 ,
+1/3 fπ2 − 4/3 fK2 + f 2 + f s2 ,
8
+3 f s2 − (2 fK2 − fπ2 ) .
3

(43)
(44)

10
2
√ fl cos φ − f s sin φ
3
3 2
= 100(5)stat (25)sys MeV ,
10
2
lim q2 Fη γγ∗ (q2 ) = √ fl sin φ + f s cos φ
3
q2 →∞
3 2

(45)

lim q2 Fηγγ∗ (q2 ) =

q2 →∞

respectively. We denote these three formulae for f0 with
D1, D2, D3. f0 is not uniquely determined because of
higher order terms that have been dropped, see Ref. [15]
for details. These three equations together with the methods M1 and M2 to determine the renormalisation constants [28], lead to six determinations of the left hand side
of Eq. (1), which are compared to the YM susceptibility
in Figure 6. We have determined the susceptibility χ∞ in
a dedicated simulation of the YM theory with three values of the lattice spacing applying the so-called spectral
projector method [48].
This comparison is only meaningful up to higher order
contributions in 1/Nc . Therefore, one cannot expect exact agreement. However, qualitatively the observed agreement is very good.

= 277(3)stat (20)sys MeV .

(47)

These results have to be understood to be very preliminary. They are obtained by using the values of fl / fπ and
f s / fK in Eqs. (41) and (42), respectively, together with
the physical values of the pion and kaon decay constants
fπ = 130.42 MeV and fK = 156.2 MeV[53]. The value
for φ has been taken from Eq. (38). The systematic uncertainty is again calculated from the maximal diﬀerence to
results from the separate lattice spacing values.
1 We
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Figure 7. We show the decays widths Γη→γγ (Left) and Γη →γγ (Right) in units of r0 as functions of (r0 MPS )2 . In addition we show the
corresponding estimate from the PDG [49].
1.5

results in Ref. [55] have been obtained using N f = 2 + 1
ﬂavours of domain wall fermions and again for a single value of the lattice spacing a ≈ 0.1 fm but for three
values of the pion mass in a range from ∼ 400 MeV to
∼ 700 MeV. The corresponding data points in Figure 2
are labelled “RBC/UK QCD”. Another single data point
is added from Ref. [54] by the Hadron Spectrum Collaboration (HSC) for which Wilson fermions have been employed. Again, it was not possible to include more recent
results by the HSC [58] due to the lack of explicit numerical values in this reference for the relevant masses. Finally,
in Ref. [56] data from staggered fermions are presented
for two diﬀerent values of the lattice spacing with each of
them also at a diﬀerent value of the pion mass. In Figure 8
the corresponding data points are labelled “UKQCD”. The
ﬁgure suggests an overall agreement between all collaborations.

M η, η  [GeV]

1
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0

experimental values
ETMC
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RBC/UKQCD
UKQCD
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In Table 2 we compare our results for various quantities to experimental results from the PDG [53] and to
phenomenological results from the so-called FKS-scheme
taken from Ref. [46] (see also Ref. [52]). We observe
mostly quite good agreement with the exception of f / fπ .
This exception is likely a systematic uncertainty coming
from the fact that in this proceeding we did not yet include
lattice artefacts in the analysis of f / fπ . A corresponding
analysis is ongoing [39]. Note that in general the spread in
the phenomenological determinations is substantial.

Figure 8. Results for Mη and Mη in physical units as a func2
compared to results from other lattice QCD compution of MPS
tations (HSC: Ref. [54], RBC/UKQCD: Ref. [55] and UKQCD
Ref. [56]). Open symbols represent the η and ﬁlled symbols the
η mass, respectively.

5 Summary
In this proceeding we have summarised the results
obtained for properties of ﬂavour-singlet pseudoscalar
mesons from lattice QCD as part of the collaborative research centre CRC16.
In Figure 8 we show a compilation of our results for
η and η masses together with results available in the literature for N f = 2 + 1 ﬂavour lattice QCD. For Mη we
show the values corrected for the mismatch in MK . We
remark that in Ref. [57] η and η meson masses have been
computed using N f = 2 + 1 ﬂavours of overlap quarks
at one value of the lattice spacing and large values of the
pion mass, however, in this reference not enough details
are given to be included in our comparison Figure 8. The

As discussed in Ref. [52], this determination of mixing parameters can be used to better estimate the hadronic
light-by-light contribution to the anomalous magnetic moment of the muon. Of course, eventually a computation
of the corresponding transition form factors is desired as
recently performed for the neutral pion in Refs. [59, 60].
Finally, we have investigated the Witten-Veneziano
formula by computing all for the formula relevant quantities non-perturbatively. The results indicate clearly that
the axial anomaly in QCD is able to explain the large mass
of the η meson (see also Ref. [61]).
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Table 2. Summary of results. The literature values are taken
from Ref. [53] for Mη and Mη and from Ref. [46] from the
so-called FKS scheme for the others.
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