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Abstract. Strong magnetic backgrounds are known to modify QCD properties at a non-
perturbative level. We discuss recent lattice results, obtained for N f = 2 + 1 QCD with
physical quark masses, concerning in particular the modifications and the anisotropies
induced at the level of the static quark-antiquark potential, both at zero and finite temper-
ature.

1 Introduction

The effects of strong magnetic fields on the properties of strongly interacting matter are relevant to
many phenomenological contexts, ranging from heavy ion collisions [1–6] to cosmology [7, 8] and
magnetars [9]. For that reason, the issue has been the subject of many recent theoretical studies (for
a review, see Refs. [10, 11]). Quarks are directly coupled to magnetic fields, through their electric
charges, however many interesting effects emerge also in the gluon sector, mediated by quark loops.
Lattice QCD simulation have proved to be a viable and effective tool to investigate such effects, both
at zero and finite temperature [12–28].

In this study we focus on the static quark-antiquark potential. The effects of the magnetic field
on it have been predicted by model computations [29–33] and may have various phenomenological
consequences, especially for heavy quark bound states [34–43]. Exploratory lattice results, in partic-
ular, have shown the presence of anisotropies, at zero temperature, both in the string tension and in
the Coulomb coupling [21]. Our purpose is to refine such results in various directions.

At zero temperature, based on new numerical simulations, we obtain continuum extrapolated re-
sults and discuss how the potential depends on the angle between the magnetic field and the quark-
antiquark separation. Then we extend our investigation to finite temperature, where we show that the
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Figure 1. Results obtained for aVeff(a~n, ant) (see Eq. (2)) as a function of nt on the 483×96 lattice (a = 0.0989 fm)
for |e|B ' 1 GeV2 and two different directions of the quark-antiquark separation, transverse (XY) or longitudinal
(Z) to ~B. The quark-antiquark separation is |~n| = 3 in lattice units, and data corresponding to two different levels
of APE smearing are displayed, which are perfectly compatible with each other.

main effect of the magnetic field results in a suppression of the string tension, leading to an early
loss of the confining properties of the medium, in agreement to what observed for chiral symmetry
breaking [17].

We investigate N f = 2 + 1 QCD, adopting a staggered fermion discretization with two levels of
stout improving [44] and the tree level improved Symanzik action [45, 46] for the pure gauge sector.
Because of the different electric charges, each quark flavor is discretized separately, exploiting the
fourth root trick. We have explored 4 different lattice spacings, the smallest being a ' 0.0989 fm,
staying on a line of constant physics [47, 48] corresponding to a physical pion mass and to a strange-
to-light mass ratio ms/mu,d = 28.15. The spatial size has been kept equal to approximately 5 fm for
all lattice spacings. We consider a uniform magnetic field, which is introduced at the level of the
discretized Dirac operator. Since we adopt, as usual, periodic boundary conditions in space, each of
its components is quantized as follows:

eBi = 6πbi/(a2N2
s ) ; bi ∈ Z , (1)

where e is the elementary electric charge and Ns is the spatial extension in lattice units, which is taken
equal along all directions. More technical details can be found in Ref. [49].

2 Results at zero temperature

At T = 0 the static potential has been extracted from the measurements of planar temporal Wilson
loops of size ~n × nt, making use of the definition

aV(a~n) = lim
nt→∞

aVeff(a~n, ant) ; aVeff(a~n, ant) ≡ log
(
〈W(~n, nt)〉
〈W(~n, nt + 1)〉

)
, (2)

and finding, for each fixed ~n, a range of nt for which the r.h.s. of the previous definition is stable. In the
presence of the external field, Wilson loops in different planes have been analyzed separately and, in
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Figure 2. Static potential for various lattice spacings as a function of the quark-antiquark distance. Dashed lines
correspond to a fit to the Cornell parametrization in Eq. (3). In order to permit a better comparison, for each
lattice spacing the constant V0 has been fixed so that the potential vanishes at the value of r0 determined for that
lattice. The solid line represents the continuum extrapolation.

order to reduce the UV noise, one step of HYP smearing [50, 51] and a variable number of APE smear-
ing steps [52] (with parameter αAPE = 0.25) have been adopted. An example of such procedure is
shown Fig. 1. At zero external field, we can adopt the standard isotropic Cornell parametrization [53]

V(r) = −
α

r
+ σr + V0 , (3)

where V0 is an arbitrary constant term, σ is the string tension and α is the Coulomb coupling; a related
quantity is the Sommer parameter r0 [54], defined as

r2
0

dV
dr

∣∣∣∣∣
r0

= 1.65 ; r0 =

√
1.65 − α

σ
(4)

where last relation links r0 to α andσ in the Cornell parametrization. Results obtained for the potential
at the various lattice spacings, together with a fit to Eq. (3), are reported in Fig. 2. For each lattice
spacing, the constant V0 has been fixed so that the potential vanishes at r0. In the same figure we
report a continuum extrapolation based on the three finest lattice spacings, in which we have assumed
O(a2) corrections for each parameter (see Ref. [49] for more details); the values of the continuum
extrapolated parameters are reported in Table 1.

Table 1. Continuum extrapolated values obtained for the Coulomb coupling, the string tension and the Sommer
parameter.

α
√
σ r0

0.395(22) 448(20) MeV 0.489(20) fm

At non-zero external field the potential becomes anisotropic, however results obtained in Ref. [21]
have shown that, at least along the two directions parallel and orthogonal to ~B, a Cornell parametriza-
tion still works well, even if with direction-dependent coefficients. Based on that, we assume that such
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property is maintained for an arbitrary angle θ between the magnetic field and the quark-antiquark
separation (see Fig. 3) and consider the following parametrization

V(r, θ) = −
ᾱ(B)

r

(
1 −

∑
n≥1

cα2n(B) cos(2nθ)
)

+ σ̄(B)r
(
1 −

∑
n≥1

cσ2n(B) cos(2nθ)
)

+ V̄0(B)
(
1 −

∑
n≥1

cV0
2n(B) cos(2nθ)

)
.

(5)

where the dependence of each coefficient on θ has been further expanded in a Fourier expansion.

θ

q
_

q
B

Figure 3. Relative angle θ between the magnetic field and the
quark-antiquark separation. While a generic anisotropic
potential could be function of the distance and of two angular
variables, in the case of a uniform external field the residual
rotational symmetry implies that it must be just a function of
θ and r. Furthermore, the symmetry under inversion of ~B
implies that V(r, θ) = V(r, π − θ), leading to the general
parametrization in Eq. (5).

In order to consider generic values of θ one could either rotate the Wilson loop at fixed magnetic
field, or rotate ~B keeping the loop fixed. The first option seems cheaper, since one could perform
a single Monte-Carlo simulation and measure different Wilson loops on the same sample of con-
figurations, however it involves Wilson loops which are not parallel to any of the lattice axes and
have different renormalization properties. For that reason, we have chosen the second option, even
if the need for new simulations has limited our range of exploration. We have considered two lattice
spacings, a = 0.0989 and 0.1535 fm, with lattices of size 483 × 96 and 324 respectively. In both
cases we have considered the following magnetic field quanta: (bx, by, bz) = (0, 0, 32), (4, 13, 29) and
(9, 18, 25), all of which correspond to |e|B ∼ 1 GeV2; considering Wilson loops in the three different
temporal planes, that gives us access to 8 different values of the angle θ.

Results obtained at the finer lattice spacing are shown in Fig. 4. Consistently with the results of
Ref. [21], we observe that, at fixed r, the potential increases as θ increases, reaching a maximum for
θ = π/2. Moreover, as one tries to perform a best fit according to Eq. (5), one finds that the inclusion
of the lowest order coefficient c2, for each parameter, is sufficient to provide a good description of all
data. The best fit function is displayed in Fig. 4 as well.

The fact that the angular dependence can be described, at least within our present statistical errors,
by the first non-trivial harmonic term, implies that all relevant parameters can be determined by an
analysis of the potential along the directions orthogonal and parallel to ~B. For that reason, further
simulations have been limited to ~B directed along the ẑ axis. In particular, for each parameter O, we
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Figure 4. Values of the potential, extracted using Eq. (2), obtained on the 483 × 96 lattice, for |e|B ' 1 GeV2

and for different values of the angle θ. The solid lines correspond to a global best fit according to Eq. (5), setting
c2n = 0 for n > 1.
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Figure 5. String tension parameters for different values of the lattice spacing, see Eqs. (6) and (7). Gray bands
represent the continuum extrapolation, see Eq. (8), obtained using all data except those from the coarsest lattice.

can introduce the anisotropy

δO(|e|B) =
OXY (|e|B) − OZ(|e|B)
OXY (|e|B) + OZ(|e|B)

=
∑

n

cO2n ' cO2 (6)

and the average relative change

RO(|e|B) =
OXY (|e|B) + OZ(|e|B)

2O(|e|B = 0)
=
Ō(|e|B)
O(|e|B = 0)

1 − ∑
n even

cO2n

 ' Ō(|e|B)
O(|e|B = 0)

(7)

where in both cases last equalities hold under the assumption c2n ' 0 for n > 1. Results obtained in
this way are shown, for the case of the string in tension, in Fig. 5. A continuum extrapolation has then
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Figure 6. Relative change of σ, as a function of |e|B, along the longitudinal and trasverse directions. The
shadowed band corresponds to the continuum limit, which however has been obtained based on results at |e|B . 1
GeV2.

been performed, according to the following ansatz

cO2 = AO(1 + COa2)(|e|B)DO(1+EOa2)

RO = 1 + ĀO(1 + C̄Oa2)(|e|B)D̄O
(8)

Reasonable fits are obtained by considering only data from the three finest lattices. The results ob-
tained for the continuum extrapolation can be summarized as follows. The anisotropy of the string
tension has a well defined non-zero continuum limit and is of the order of 15 % for |e|B ∼ 1 GeV2;
on the contrary, those of the Coulomb term and of V0 are compatible with zero. The ratios RO instead
show little or negligible dependence on the magnetic field for all parameters. Therefore, whereas the
effects of the magnetic field on the quark-antiquark potential persist in the continuum limit, they seem
to be simply related to the anisotropy induced at the level of string tension.

It is interesting to further investigate what happens, due to this anisotropy, as the magnetic field
becomes very large. Continuum results obtained for the string tension are shown in Fig. 6 in an
extended range of magnetic fields, and suggest that the longitudinal string tension could vanish for
eB ∼ 4 GeV2. Of course it is not clear how reliable such prediction could be, since our continuum
extrapolation is based on results obtained in a much restricted range of magnetic fields, going up to
1 GeV2. To have more reliable indications, we have performed new numerical simulations at larger
values of |e|B, precisely at |e|B ∼ 2 and 3 GeV2, however this has been possible only on the finest
lattice a = 0.0989 fm, where cut-off effect should still be under control, even at this large value of B.
The new results are shown in Fig. 6 and suggest that the steady decrease of longitudinal string tension
continues up to very large values of the magnetic field, so that its vanishing at some critical value
of B is a realistic possibility. On the other hand, a quantitative confirmation of that requires further
dedicated simulations on finer lattices, that we plan to perform in future investigations.
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Figure 7. Free energy of the QQ̄ pair, FQQ̄(r,T ) at T ' 100 MeV (left) and T ' 125 MeV (right) for several
values of the magnetic field. Continuum and dashed lines correspond to best fits to a Cornell parametrization,
and are reported only when the best fit works well in some range of distances.

2.1 Results at finite temperature

At finite T , the static potential has been determined from Polyakov loop correlators

C(~n,T ) = 〈TrL(~r )Tr L†(~r + ~n )〉 (9)

where ~r and ~n are dimensionless lattice vectors. This observable is related to the free energy
FQQ̄(a~n,T ) of a static quark-antiquark pair, and can be shown to receive contributions only from
the singlet channel [55–60]. Therefore, we adopt the definition

FQQ̄(a~n,T ) = −
1

aNt
log C(~n,T ) (10)

which, apart from T -dependent additive renormalizations, we take as an estimate of the static quark-
antiquark potential at finite T .

We report results at a single value of the lattice spacing, a ' 0.0989 fm, and for three temperatures
below Tc, T ' 100, 125, 143 MeV (corresponding to 483 × 20, 16, 14 lattices). In Fig. 7 we show the
results obtained for FQQ̄ at some values of the magnetic field, respectively for T ' 100 MeV and
T ' 125 MeV.

The anisotropy is still visible, however the main effect of the magnetic field seems to be a sup-
pression of the potential in all directions, so that for large enough fields the potential cannot be fitted
according to a Cornell parametrization, something that we interpret in term of a vanishing string ten-
sion. The observed behavior is consistent with the decrease of the chiral pseudocritical temperature
which has been observed in previous studies [15, 17].

The observed suppression of the confining properties of the medium, even at moderately low
values of T , induced by B could have various interesting interpretations and consequences. First, one
could interpret the decrease of Tc as a function of B in terms of a “deconfinement catalysis”, a point
of view which is suggested also by recent model computations [61–63]. Moreover, the modification
of the confining properties might have important consequences for the suppression of heavy quark
bound states in the thermal medium produced in non-central heavy ion collisions.
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