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Abstract. Compared with lattice QCD, isospin breaking of heavy-meson decay constants
from QCD sum rules agrees for D mesons but disagrees (by a factor of four) for B mesons.

1 Decay constants of heavy–light mesons from QCD sum-rule perspective

QCD sum rules [1] constitute analytic relationships between the experimentally measurable properties
of hadrons, on the one hand, and the fundamental parameters of the underlying quantum field theory of
the strong interactions, quantum chromodynamics (QCD), on the other hand. They therefore represent
a standard (occasionally perhaps indispensable) theoretical tool of hadron physics. Some time ago, we
embarked on thorough investigations of both the accuracy and precision actually achievable by and the
systematic uncertainties inherent to the formalism of QCD sum rules [2–6]. As a consequence of these
studies, we proposed a somewhat modified algorithm that provides estimates of intrinsic errors [7–11].
With this improvement at our disposal, we revisited QCD sum-rule extractions of a variety of hadronic
observables, particularly of the leptonic decay constants of the heavy–light mesons [12–16], which led
us to the conclusion [17–21] that, in the bottom-meson system, the decay constants of the pseudoscalar
mesons exceed those of their vector counterparts, as has been confirmed thereafter in lattice QCD [22].

For pseudoscalar (Pq) and vector (Vq) mesons Hq ≡ Pq,Vq, of mass MHq , built up by a heavy quark
Q = c, b and a light quark q = u, d of masses mQ and mq, respectively, the decay constants, fHq , of these
mesons [with momentum p and, in the case of vector mesons, polarization vector εµ(p)] are defined, in
terms of suitable, interpolating heavy–light axial-vector (A) and vector (V) quark-current operators, by

〈0| q̄γµ γ5 Q |Pq(p)〉 = i fPq pµ , 〈0| q̄γµ Q |Vq(p)〉 = fVq MVq εµ(p) .

Our actual aim [23, 24] is the impact of the isospin-spoiling disparity of the u- and d-quark masses [25]

mu(2 GeV) =
(
2.3+0.7
−0.5

)
MeV , md(2 GeV) =

(
4.8+0.5
−0.3

)
MeV

on the differences fHd− fHu of the decay constants of the charmed and beauty mesons H = D,D∗, B, B∗.
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2 Dependence of heavy–light meson decay constants on light-quark mass

Ignoring electromagnetic and weak interactions, we focus on the strong interactions of the light quarks
u and d,which then are basically characterized by just their masses mu and md, respectively. In order to
track the dependence of the heavy–light meson decay constants on the light-quark masses, we consider
a fictitious light quark q of mass mq which we allow to vary from the average of the u and d masses [25]

mud ≡
mu + md

2
, mud =

(
3.5+0.7
−0.2

)
MeV , (1)

up to the mass ms of the strange quark, ms = (95±5) MeV [25]. Such generalization, however, enables
us to introduce generic decay-constant functions fH(mq) of that continuously varying light-quark mass
mq, derived from our QCD sum-rule approach such that the decay constants at the mq values of interest
may be defined by the identification fHu|d|ud ≡ fH(mu|d|ud). In terms of the u- and d-quark mass difference
δm ≡ md−mu > 0, the decay-constant differences fHd− fHu thus emerge, at lowest order in δm, from the
derivative of fH(mq) with respect to mq in some vicinity of the u and d masses, say, at their average mud:

fHd − fHu =
∂ fH(mq)

∂mq

∣∣∣∣∣∣
mq=mud

δm + O(δm2) .

For simplicity, we prefer to introduce the shifted and rescaled, dimensionless light-quark mass variable

xq ≡
mq − mud

ms − mud
=⇒

{
mq = mud ⇐⇒ xq = 0 ,
mq = ms ⇐⇒ xq = 1 .

(2)

By benefitting from mutual cancellations of individual errors, a substantial diminution of uncertainties
ought to be gained by discussing, instead of our decay-constant functions fH(xq) themselves, the ratios

RH(xq) ≡
fH(xq)

fHud

(3)

of the redefined decay-constant functions fH(xq) and their values fH(0) ≡ fHud at the mass average mud.

The derivative of any such decay-constant ratio with respect to xq, that is, its slope, at the origin xq = 0,

R′H(0) ≡
dRH(xq)

dxq

∣∣∣∣∣∣
xq=0

,

then determines the (Q̄ q) meson’s decay-constant difference fHd− fHu , normalized to fHud , according to

fHd − fHu

fHud

= R′H(0)
md − mu

ms − mud
. (4)

3 Heavy–light meson decay constants: improved QCD sum-rule formalism

QCD sum rules arise from evaluation of vacuum expectation values of nonlocal products of convenient
interpolating currents simultaneously at hadronic and QCD levels, by use of Wilson’s operator product
expansion for conversion of nonlocal operators into series of local ones, of Borel transformations from
relevant momenta to Borel variables, generically called τ, and of the quark–hadron duality assumption,
asserting equality of hadron-state and perturbative-QCD contributions beyond effective thresholds s

Hq

eff .

Taking into account the effective thresholds’ Borel variable dependence s
Hq

eff = s
Hq

eff (τ) proves crucial for
the accuracy of QCD sum-rule outcomes and our ability to estimate their intrinsic uncertainties [2–11].
Application of all these procedures to interpolating currents of type J = A,V results in QCD sum rules
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f 2
Hq

M2
Hq

exp
(
−M2

Hq
τ
)
=

s q
eff (τ)∫

(mQ+mq)2

ds exp(−s τ) ρJ(s,mQ,mq,msea, αs) + Π̂J(τ,mQ,mq, 〈q̄ q〉, . . . )

receiving contributions of purely perturbative origin, which may be represented by dispersion integrals
of spectral densities ρJ(s,mQ,mq,msea, αs), and nonperturbative contributions Π̂J(τ,mQ,mq, 〈q̄ q〉, . . . )
parametrized by so-called vacuum condensates (vacuum expectation values of colour-singlet operators
constructed from the degrees of freedom of QCD) that characterize the properties of the QCD vacuum.

Picking up the terminology of lattice-QCD practitioners, in the operator product expansion we take
the liberty to discriminate notationally those quarks which compose the interpolating currents from the
“sea” quarks that contribute only to radiative corrections and denote all the masses of the latter by msea.
As perturbative series expansions in powers of the strong coupling αs, our spectral densities are known
[26–29] fully up to two-loop order O(αs) but at three-loop order O(α2

s ) only for the case mq = msea = 0.
Following Ref. [28], we ensure perturbative convergence of our QCD sum-rule results by adopting

for the definition of the quark masses the modified minimal-subtraction (MS) renormalization scheme.
Physical quantities, such as decay constants, cannot depend on unphysical (renormalization) scales

introduced on calculational grounds. Nevertheless, procedures required by the application of the QCD
sum-rule formalism induce for several reasons artificial scale dependences of the resulting predictions:

• Unavoidable truncations of perturbative expansions produce scale dependences of spectral densities.

• Effective thresholds are determined at given scales such as to reproduce experimental meson masses.

Although implementation of our advanced QCD sum-rule algorithms to heavy-meson decay constants
removes a large portion of such scale dependences [12–21], remaining scale dependences contribute to
the systematic uncertainties of any extracted QCD sum-rule outcomes. Consequently, in the following
we present our findings for the scales µ at which the quoted estimates have been obtained. These scales
are µ = 1.7 GeV for the charmed mesons D and D∗ and µ = 3.75 GeV for the bottom mesons B and B∗.

The numerical values of the set of parameters employed as input to our operator product expansion
are given in Table 1. In addition, we need an idea about how the mass MHq of the fictitious (Q̄ q) meson
Hq and the vacuum condensate 〈q̄ q〉 of that fictitious light quark q behave with varying quark mass mq:

Table 1. Parameter values relevant for our QCD sum-rule analysis of the decay constants of heavy–light mesons.

Parameter in operator product expansion Numerical input value References

mud(2 GeV) (3.70 ± 0.17) MeV [30, 31]
ms(2 GeV) (93.9 ± 1.1) MeV [30, 31]
mc(mc) (1275 ± 25) MeV [25]
mb(mb) (4247 ± 34) MeV [14]
αs(MZ) 0.1184 ± 0.0020 [13, 15, 20]

〈ℓ̄ ℓ〉(2 GeV) ≡
〈ū u〉 + 〈d̄ d〉

2
−[(267 ± 17) MeV]3 [13, 15, 20, 28]

〈s̄ s〉(2 GeV)

〈ℓ̄ ℓ〉(2 GeV)
0.8 ± 0.3 [13, 15, 20, 28]

〈
αs

π
G G
〉

(0.024 ± 0.012) GeV4 [13, 15, 20, 28]

〈ℓ̄ gs σG ℓ〉(2 GeV)

〈ℓ̄ ℓ〉(2 GeV)
(0.8 ± 0.2) GeV2 [13, 15, 20, 28]
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• Lattice QCD [32–35] hints at a linear rise of the masses of charmed and bottom mesons with mq. So,
for the masses MHq (xq) of the heavy–light (Q̄ q) mesons, we assume a linear xq dependence from the
measured [25] nonstrange-meson mass MHud up to the corresponding strange-meson mass MHs [25]:

MHq (xq) = MHud + xq
(
MHs − MHud

)
.

• For the light-quark condensate 〈q̄ q〉,we assume a linear xq dependence from 〈ℓ̄ ℓ〉 ≡ (〈ū u〉+〈d̄ d〉)/2
at mud ≡ (mu+md)/2 [cf. Eq. (1)] up to the strange-quark condensate 〈s̄ s〉 at ms = (95±5) MeV [25]:

〈q̄ q〉 = 〈ℓ̄ ℓ〉 + xq

(
〈s̄ s〉 − 〈ℓ̄ ℓ〉

)
.

For the determination of the dependence of the effective thresholds s
Hq

eff (τ) on the Borel variable τ, it

proves to be sufficient to model their behaviour by polynomial ansätze with expansion coefficients s(n)
j ,

s
Hq

eff (τ) =
n∑

j=0

s(n)
j τ

j ,

of rather low order n = 1, 2, 3, optimized by requiring a satisfactory reproduction of the experimentally
measured meson masses MHq by the corresponding QCD sum-rule predictions [7–11]. At a given mass
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Figure 1. Dependence on the light-quark mass mq normalized to the strange-quark mass ms of the decay constants
fH(mq) of heavy–light (Q̄ q) mesons of (a) D, (b) D∗, (c) B and (d) B∗ type predicted [23], with centers indicated by
dashed magenta lines, by QCD sum rules [7–11] relying on polynomial ansätze of order n = 1 (green triangles N),
n = 2 (red diamonds �), and n = 3 (blue squares �) for the Borel-parameter-dependent effective thresholds s

Hq

eff (τ).
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Figure 2. Dependence on the light-quark mass ratio xq in Eq. (2) of the ratios RH(xq) ≡ fH(xq)/ fH(0) of the decay
constants for heavy–light (Q̄ q) mesons of (a) D, (b) D∗, (c) B and (d) B∗ type found [24], with centers indicated by
dashed magenta lines, by QCD sum rules [7–11] relying on polynomial ansätze of order n = 1 (green triangles N),
n = 2 (red diamonds �), and n = 3 (blue squares �) for the Borel-parameter-dependent effective thresholds s

Hq

eff (τ).

value mq, the spread of predictions, obtained by application of our QCD sum-rule algorithms along the
lines detailed in our earlier decay-constant extractions [12–16], for the case of linear (n = 1), quadratic
(n = 2), and cubic (n = 3) behaviour of the effective thresholds s

Hq

eff (τ) provides, by its central value and
half-width, estimates of the decay-constant functions fH(mq) and ratios RH(xq), Eq. (3), as well as their
systematic uncertainties [7–11], shown for the mesons Hq = D,D∗, B, B∗ in Figs. 1 and 2, respectively.

4 Decay-constant differences from the slopes of decay-constant functions

In order to eventually extract from the QCD sum-rule outcomes in Fig. 2 the slopes R′H(0) determining,
as expressed by Eq. (4), the decay-constant differences fHd− fHu ,we describe the behaviour of any ratio
RH(xq) as function of the mass-ratio variable xq in its respective xq interval, in three different ways, two
of naïve polynomial shape and one inspired by heavy-meson chiral perturbation theory (HMχPT) [36]:

RH(xq) = 1 + aH xq , 0 < xq < 0.4 (linear ansatz) , (5a)

RH(xq) = 1 + bH
1 xq + bH

2 x2
q , 0 < xq < 1 (quadratic ansatz) , (5b)

RH(xq) = 1 + Rχ(mq,mud,ms) + cH
1 xq + cH

2 x2
q , 0 < xq < 1 (HMχPT ansatz) . (5c)
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In the HMχPT case, the term Rχ(mq,mud,ms) is independent of the mesons Hq under consideration; its
(somewhat lengthy) explicit expression can be found in the Appendix of Ref. [24]. The parameters aH,

bH
i and cH

i (i = 1, 2) may be utilized to optimize our fits. Table 2 summarizes our findings for the slopes
R′H(0), derived by fitting the xq dependences of the ratios RH(xq) depicted in Fig. 2 for each of the three
ansätze (5a), (5b), and (5c), as well as the averages of the three individual results, for H = D,D∗, B, B∗.

Table 2. Numerical values of the decay-constant-governing slope R′H(0) of the light-quark-mass dependent ratio
RH(xq) at the average u-d mass point xq = 0, resulting from the three fits given by Eqs. (5a), (5b) and (5c) in their
respective xq intervals, and of the corresponding averages for the charmed and bottom mesons H = D,D∗, B, B∗.

Meson R′H(0)
linear fit (5a) quadratic fit (5b) HMχPT fit (5c) average
0 < xq < 0.4 0 < xq < 1 0 < xq < 1

D 0.148 ± 0.007 0.144 ± 0.009 0.171 ± 0.009 0.154 ± 0.015
D∗ 0.218 ± 0.016 0.218 ± 0.021 0.248 ± 0.022 0.228 ± 0.024

B 0.168 ± 0.004 0.146 ± 0.008 0.174 ± 0.008 0.163 ± 0.014
B∗ 0.156 ± 0.006 0.139 ± 0.009 0.162 ± 0.010 0.152 ± 0.013

For the lattice-QCD value δm(2 GeV) = (2.67±0.22) MeV [30, 31] of the u-d mass difference and
the averages of Table 2, Eq. (4) predicts, for the normalized decay-constant differences ( fHd− fHu )/ fHud ,

fD± − fD0

fD
= 0.0046(6) ,

fD∗± − fD∗0

fD∗
= 0.0067(9) ,

fB0 − fB±

fB
= 0.0048(6) ,

fB∗0 − fB∗±

fB∗
= 0.0045(5) ,

indicating that the decay constants satisfy the inequality fHd > fHu for all the mesons H = D,D∗, B, B∗.
Multiplication of the above ratios by the decay constants collected in Table 3 entails, as our final results
for the decay-constant differences of charmed and bottom heavy–light mesons due to isospin breaking,

fD± − fD0 = (0.95 ± 0.13) MeV , fD∗± − fD∗0 = (1.69 ± 0.27) MeV ,

fB0 − fB± = (0.92 ± 0.13) MeV , fB∗0 − fB∗± = (0.82 ± 0.11) MeV .

Table 3. Decay constants fH of the charmed and beauty mesons H = D,D∗, B, B∗: numerical values [13–15, 20].

Meson H Decay constant fH (MeV) Reference

D 206.2 ± 8.9 [13]
D∗ 252.2 ± 22.7 [15]

B 192.0 ± 14.6 [14]
B∗ 181.8 ± 13.7 [20]

Table 4 confronts our predictions [24] with available lattice-QCD outcomes for the decay-constant
differences fHd− fHu of pseudoscalar heavy–light mesons: In the case of the D mesons, we find a really
nice agreement. In the case of the B mesons, however, our QCD sum-rule predictions are by a factor of
four smaller than respective lattice-QCD claims, betraying a tension of some three standard deviations.
Confidence in our approach may be drawn from the fact that our results are of very similar size as those
reported by lattice QCD for the K mesons [41]: both systems lead to differences of the order of 1 MeV.
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Table 4. Decay-constant difference of pseudoscalar heavy mesons: QCD sum rule [24] vs. lattice QCD [37–40].

Decay-constant difference QCD sum rule [24] Lattice QCD References

fD± − fD0 (MeV) 0.95 ± 0.13 0.94+0.50
−0.12 [37]

fB0 − fB± (MeV) 0.92 ± 0.13 3.8 ± 1.0 [38–40]
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