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Abstract. An efficient way to study the QCD phase diagram at small finite density is
to extrapolate thermodynamical observables from imaginary chemical potential. In this
talk we present results on several observables for the equation of state to order (µB/T )6.
The observables are calculated along the isentropic trajectories in the (T , µB ) plane cor-
responding to the RHIC Beam Energy Scan collision energies. The simulations are per-
formed at the physical mass for the light and strange quarks. µS was tuned in a way
to enforce strangeness neutrality to match the experimental conditions; the results are
continuum extrapolated using lattices of up to Nt = 16 temporal resolution.

1 Introduction

To analyse the quark gluon plasma that is created in heavy ion collision experiments at LHC or RHIC
a theoretical understanding of the quark gluon plasma in QCD is needed. Around the deconfinement
transition lattice simulations are the only systematic tool to study QCD since this region can not be
accessed perturbatively. The investigation of the phase diagram at µB , 0 is hindered by the sign
problem. There have been several ideas in lattice QCD how to obtain results at real finite chemical
potential like reweighting techniques [1–4], Taylor expansion [5–9], density of state methods [10, 11],
using the canonical ensemble [12–14], the formulation with dual variables [15], Lefschetz thimbles
[16, 17] or complex Langevin [18, 19]. Unfortunately these techniques are not yet able to solve the
sign problem completely, therefore at the moment results that are continuum extrapolated and obtained
at physical quark masses are restricted to vanishing or imaginary chemical potential. Nevertheless one
needs information also at µB > 0 particularly to analyse the collisions at RHIC [20]. In this work we
use the method analytic continuation based on ensembles produced at imaginary chemical potential.

In terms of the baryon chemical potential µB the pressure P can be written as a function of tem-
perature T :

P(µB,T )
T 4 = c0(T ) + c2(T )

(
µB

T

)2
+ c4(T )

(
µB

T

)4
+ c6(T )

(
µB

T

)6
+ c8(T )

(
µB

T

)8
+ O(µ10

B ). (1)
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c2 was calculated in the continuum in [21]. In [22] the coefficients c2 to c6 were presented on Nt = 6
and Nt = 8 lattices. In this proceedings we will go beyond those results and present the continuum
extrapolated Taylor coefficients of the pressure up to c6 based on [23]. Our analysis is done with

〈nS 〉 = 0 and 〈nQ〉 = 0.4〈nB〉. (2)

2 Simulation details

We use a tree level Symanzik improved gauge action. The 2+1+1 dynamical flavours are simulated
with four times stout smeared staggered fermions [24]. The smearing parameter is ρ = 0.125.

Our T = 0 simulations can be described as follows. The up and the down quarks have degenerate
masses mud. Both mud and the strange quark mass ms are tuned in a way that the pion and the kaon
mass divided by the pion decay constant are set to their physical value for every lattice spacing. The
charm mass mc is set to be mc/ms = 11.85 as described in [25]. For setting the scale in physical units
we use fπ or w0 with lattice spacings between a = 0.063 fm and a = 0.2 fm. For all of our lattices
Lmπ > 4 is fulfilled.

For the finite temperature runs we use non vanishing imaginary chemical potentials. Due to the
Roberge-Weiss transition µB has to be smaller then iπT in these runs (see for example [26–28]). Our
values for µB are chosen as

µ
( j)
B = iT

j
8
π (3)

for j ∈ {0, 3, 4, 5, 6, 7}. We tune µS to maintain strangeness neutrality. More details on this procedure
can be found in [29, 30]. For each value of µB we have simulations for sixteen temperatures between
135 MeV and 210 MeV on lattices with sizes 403 × 10, 483 × 12 and 643 × 16. In addition, we
produced configurations with j = 6.5 on lattices with sizes 403 × 10 and 483 × 12. For each set of
parameters we generated between 10000 and 20000 Hybrid Monte Carlo trajectories for the finite
density configurations and 5 to 10 times more statistics for the µB = 0 runs. For Nt = 10 and 12 every
5th configuration is included in our study. For Nt = 16 we analyse every 10th configuration. Though
our simulations range up to a temperature of 210 MeV we use these ensembles to determine the
equation of state by analytic continuation. In order to extend the equation of state up to approximately
300 MeV where the system is clearly in a state of quark gluon plasma, we collect data at these
temperatures with µB = 01. To reach 300 MeV we construct some extrapolated data. This means we
are analysing a dataset

dP̂
dµ̂B

∣∣∣∣∣∣
µ̂B

=


dP̂
dµ̂B

∣∣∣∣
simulated at µ̂B

for T < Tconn

dP̂
dµ̂B

∣∣∣∣
extrapolated to µ̂B

for T ≥ Tconn
. (4)

Here the hat over a quantity means that it has been divided by the appropriate factors of T to make
it dimensionless. To check whether it is safe to neglect higher order contributions we will use two
different connection points Tconn from which on we will use the extrapolated data: One at 200 MeV
and one at 220 MeV. The difference in this two analysises will then add to our systematic error.

1In principle one may apply the Taylor expansion technique [21, 22] using these configurations. We did not follow this path.
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3 Analysis

As the simulations on the different lattice sizes correspond to slightly different temperatures and we
want to know the derivative with respect to T , a first step in the analysis is the interpolation of n

µBT 2 ,
nB
µBT 2 and dµQ

dµB
for every µ( j)

B . We use four different fit function:

A1(T ) = a + b(T − f ) +
c

T − f
+ d arctan(e(T − f )) (5)

A2(T ) = a + b(T − f ) +
c

T − f
+

d
(1 + |e(T − f )|g)1/g , (6)

A3(T ) = a + b(T − f ) + c(T − f )2 + d arctan(e(T − f )) (7)

A4(T ) = a + b(T − f ) + c(T − f )2 +
d

(1 + |e(T − f )|g)1/g . (8)

The fit functions are purely meant as interpolation and can not be extended beyond the fit range. From
here on we will analyse the different temperatures separately.

The next step in the analysis is to fit the data in the µ̂2
B direction. For this we use three different fit

functions:

B1(µ̂) = a + bµ̂2 + cµ̂4, (9)

B2(µ̂) =
a + bµ̂2

1 + cµ̂2 , (10)

B3(µ̂) = a + bµ̂2 + c
sin(µ̂)
µ̂

. (11)

For imaginary µB all three fit functions describe the data well. However, their extrapolation to real µB

can be different as shown in figure 1. These differences are included in our systematic uncertainties.
Having obtained the µB > 0 data the next step is the continuum extrapolation. We use a linear fit
as a function of 1/N2

t though the data from Nt = 10, 12 and 16. As an alternative analysis we also
combine the the fit in the µB direction and the continuum extrapolation. In this case we use the three
fit functions

B1(µ̂) = a1 +
a2

N2
t

+

(
b1 +

b2

N2
t

)
µ̂2 +

(
c1 +

c2

N2
t

)
µ̂4, (12)

B2(µ̂) =

a1 + a2
N2

t
+

(
b1 + b2

N2
t

)
µ̂2

1 +

(
c1 + c2

N2
t

)
µ̂2

, (13)

B3(µ̂) = a1 +
a2

N2
t

+

(
b1 +

b2

N2
t

)
µ̂2 +

(
c1 +

c2

N2
t

)
sin(µ̂)
µ̂

. (14)

From equation (9) to (11) or from equation (12) to (14) we can determine the Taylor coefficients of
the pressure. The results are shown in figure 2. The statistical error is determined via the bootstrap
method with 1000 bootstrap samples.
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Figure 1. The increasing error at larger µB from the three different fit functions depending on the temperature.
While at µB < 0 the fit functions look very similar they can still differ at positive µB. Here the data from the
Nt = 12 lattice is shown as this allows a comparison to the raw data.

For the systematic error we use the histogram method of [31, 32]. In this case we have the follow-
ing options to chose from for different analysises:

• two methods of scale setting

• four fits in the T direction

• three fits in the µB direction

• combined and separate µB-fit and continuum extrapolation

• two different points Tconn from which we use the data extrapolated from µB = 0 at high temperatures.

This adds up to a total of 2 · 4 · 3 · 2 · 2 = 96 analysises. The systematic uncertainty is defined by
the central 68% of the distribution. Figure 2 shows the result with statistical and the systematic error
added quadratically.

The importance of the higher order terms can be seen from figure 3. From the Taylor coefficient
we can calculate n̂B to different orders. Though c2 gives the pressure up to O(µ2

B) it proviedes n̂B

only up to O(µB). The reason for that is that n̂B is obtained as a derivative with respect to µB. For a
temperature of 145 MeV only the c2 and c4 coefficient contribute to the result because c6 is tiny. At
this temperature the analytic continuation for n̂B up to order O(µ5

B) only increases the error compared
to the previous order. This is not surprising as figure 2 shows that at T = 145 MeV c6 is compatible
with zero. However at a temperature where c6 differs significantly from zero, for example 170 MeV,
the additional order has a visible influence.

Besides the Taylor coefficients c2 . . . c6 we compute the equation of state. In heavy ion collisions
if one neglects dissipative effects, the quark gluon plasma created in the collision expands with a fixed
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Figure 2. The Taylor coefficients of the pressure. The values for c0 are taken from [33]. The red line shows the
expectations of the HRG model.

baryon number and without generation of entropy. Therefore the ratio S
NB

is constant. The medium
cools down along these isentropic trajectories in the T -µB-plane. Therefore we compute the equation
of state along these trajectories. In figure 4 we show six of them which were matched to the beem
energies of RHIC as determined in [34]. The solid lines are predictions of the HRG model that we use
to continue our trajectories at lower temperatures.The S

NB
= 30 choice corresponds to a beam energy

of 14.5 GeV. As it can be seen from the errors this is at the end of how far we can extrapolate in µB.
Since the error for this case is relatively large we compute the equation of state along the trajectories
with S

NB
= 51 and S

NB
= 420. Figure 5 shows the pressure and the trace anomaly along these isentropic

trajectories.

4 Conclusion

We investigated the equation of state around the QCD transition temperature at finite baryon chemical
potential with lattice QCD. Since this can not be done directly due to the sign problem, we used simu-
lations at imaginary baryon chemical potential to analytically continue to real chemical potentials. We
determined the Taylor coefficients of the pressure up to O(µ6

B) in the continuum limit. Results up to
µB/T ≈ 2 were given. All simulations were done at the strangeness neutral point to match conditions
in heavy ion collision experiments. We then calculated the pressure and the trace anomaly along the
isentropic trajectories. The trajectories were matched to the RHIC beam energies.
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Figure 3. The contribution of the different order coefficients to the baryon number. At 145 MeV the contribution
of c6 is negligible while at 170 MeV it influences the results.
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