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Abstract. QCD-like theories provide testing grounds for truncations of functional equa-
tions at non-zero density, since comparisons with lattice results are possible due to the
absence of the sign problem. As a first step towards such a comparison, we determine for
QCD and G2 QCD the chiral and confinement/deconfinement transitions from the quark
propagator Dyson-Schwinger equation at zero chemical potential by calculating the chiral
and dual chiral condensates, respectively.

1 Introduction

Functional methods provide a non-perturbative approach to quantum field theory. These methods
consist of infinitely large systems of (non-)linear equations. Thus, truncations and modeling are
mandatory to solve them numerically. However, recent results indicate that a not too big number
of correlation functions may be sufficient to achieve quantitatively reliable results [1–3]. In general,
lattice calculations provide a means to estimate the effects of truncations. However, at non-vanishing
chemical potential quantum chromodynamics (QCD) suffers from the infamous sign problem [4]. On
the other hand, some minimal modifications of QCD like changing the gauge group lead to theories
with real and positive determinants for which lattice simulations at non-vanishing chemical potential
are possible. Examples include QCD with the gauge group S U(2) (QC2D) with an even number
of flavors [5, 6] or with the gauge group G2 (G2 QCD) [7–9]. These simulations provide valuable
information on medium effects and can be used as guides to built appropriate truncations of functional
equations to investigate the phase diagrams of these theories. However, the applicability of the same
truncation for different gauge groups is not clear yet.

In this study, we will compare the effect of temperature on the matter sector of QCD and a QCD-
like theory with the gauge group G2 at µ = 0. The objective is to take a first look at transitions for
different gauges groups with a Dyson-Schwinger approach using the same truncation and modeling.
More precisely, we would like to know if the same truncation is sufficient to encode qualitatively the
behavior for the chiral and confinement/deconfinement transitions for similar non-Abelian theories.
The choice of G2 is motivated by similarities between QCD and G2 QCD. For example, both exhibit
chiral and deconfinement transitions [7, 8, 10, 11]. A difference between G2 and S U(3) lies in their
center, which is trivial for G2. Nevertheless, the Polyakov loop can be used as order parameter. An
advantage of G2 QCD over QC2D is the presence of fermionic bound states. However, the spectrum
of G2 QCD is reacher than that of QCD [12].
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Figure 1. The gap equation. Quantities with a blob are fully dressed, as are internal propagators. Continu-
ous/wiggly lines denote quarks/gluons.

In this work we will compute the quark propagator in Landau gauge from its Dyson-Schwinger-
equation (DSE). Temperature is incorporated through the Matsubara formalism. We employ a trun-
cation scheme along the lines of [13] using lattice results as input for the temperature dependence
of the gluon dressing function and a model for the dressed quark-gluon vertex. As (pseudo-)order
parameters for the quark confinement/deconfinement and chiral transitions, the dual quark condensate
and the chiral condensate will be used. The details of the employed truncation and the setup will be
discussed in Sect. 2. Sect. 3 will be devoted to the numerical results of quenched and unquenched
QCD and G2 QCD. We conclude in Sec. 4.

2 Gap equation, truncation and transitions

2.1 Quark propagator and gap equation

In medium, the quark propagator can be written as

S −1(~p, ωn) = i~p~γA(~p, ωn) + iωnγ4C(~p, ωn) + B(~p, ωn) + iωnγ4~p~γD(~p, ωn). (1)

Its DSE is shown in fig. 1. The self-energy reads

Σ(~p, ωn) = Z1FCF(−g2)
∑
q4

∫
d~q

(2π)3 γµS (q)Γν(p − q, q, p)Dµν(p − q). (2)

Dµν is the gluon propagator, Γνq−gl the dressed quark-gluon vertex, Z1F the quark-gluon vertex renor-
malization constant and CF the Casimir of the gauge group considered. Using the following projec-
tors, the equations for individual dressing functions can be obtained:

PA =
~p~γ

4ip2 , PB =
1
4
, PC =

ωnγ4

4iω2
n
, PD =

ωnγ4~p~γ
4iω2

n~p2 (3)

A(p2) = Z2 − Tr
[
PAΣ(p2)

]
,C(p2) = Z2 − Tr

[
PCΣ(p2)

]
, (4)

B(p2) = ZmZ2m − Tr
[
PBΣ(p2)

]
,D(p2) = −Tr

[
PDΣ(p2)

]
. (5)

Z2, Zm and m are the renormalization constants for the quark wave function, the renormalization
constant for the quark mass and the bare quark mass.

2.2 Gluon input

At finite temperature, the gluon propagator can be decomposed into two parts,

Dµν(p) = PL
µν(p)

ZL(p2)
p2 + PT

µν(p)
ZT (p2)

p2 , (6)
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with ZL and ZT the gluon dressing functions longitudinal and transverse with respect to the heat bath,
respectively. The corresponding results from gauge-fixed lattice simulations [14, 15] can be fitted
to [14]

ZT/L(x) =
x

(x + 1)2

( c
x + aT/L

)bT/L

+ x
(
α(µ)β0

4π
ln(x + 1))

)γ , (7)

where x =
p2

Λ2 , γ =
−13CA+4N f

22CA−4N f
is the anomalous dimension of the gluon and β0 =

11CA−2N f

3 with CA

the Casimir in the adjoint representation of the gauge group considered. Λ2 and c are temperature
independent parameters, while aT/L and bT/L are the temperature dependent fitting parameters. To
interpolate between the available temperatures, one can fit the temperature dependence of aT/L and
bT/L. We use the fit given in [16]. Only the first Matsubara mode is considered in the fit, and higher
modes are accessed by ZT/L(~p2, ωn) → ZT/L(~p2 + ω2

n, 0). For G2, the gluon dressing functions are
to our knowledge not available from lattice calculations in four dimensions at non-zero temperature.
However, results in three dimensions show a good agreement between the gluon propagators of S U(3)
and G2 for zero temperature [17]. This motivates using the S U(3) fits for G2, but with the temperature
rescaled to match the critical temperature of G2. We compensate the change in the UV part of the fit
induced by the different value of β0 for G2 by changing α(µ) accordingly.

2.3 Quark-gluon vertex model

At finite temperature, we do not have much information about the dressed quark-gluon vertex neither
from lattice calculations nor from functional methods. Thus, for now we have to rely on models. The
model employed in the following is given by [18]

Γν(q, p, l) = γµΓmod(x)
(

A(p2) + A(l2)
2

δµ,i +
C(p2) + C(l2)

2
δµ,4

)
. (8)

Γmod(x) =
d1

(x + d2)
+

x
Λ2 + x

(
α(µ)β0

4π
ln

( x
Λ2 + 1

))2δ

. (9)

p and l are the quark and anti-quark momenta and q is the gluon momentum. For technical reasons of
renormalizability, the choice for x depends on the equation in which the vertex model is used. In the
gluon propagator DSE it is (p2 +l2) and in the quark propagator DSE q2. δ is the anomalous dimension
of the ghost for which γ + 2δ = 1 holds. This model contains only the tree-level tensor. Since it is
known that also other dressing functions of the quark-gluon vertex become important [1, 19, 20], it is
attempted to effectively capture their contributions in the IR part where the parameters d1 and d2 are
temperature independent for now.

2.4 Transitions

We will determine the transitions from the chiral and dual chiral condensates. The former is calculated
from the quark propagator as

〈
ψψ

〉
= −CAZ2ZmT

∑
l4

∫
d~l

(2π)3 Tr[S (l)]. (10)

A non-zero value means that chiral symmetry is broken. For non-zero bare quark masses, there is
no exact chiral symmetry. The chiral condensate is then non-zero above the transition but still small
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Table 1. The critical temperatures for the quenched
computations and employed parameters. µ is the

renormalization point for the quark DSE.

Λ = 1.4 GeV, c = 11.5 GeV2, d2 = 0.5 MeV,
m(µ = 80GeV) = 3 MeV, N f = 0

S U(3) G2

Parameters
d1 4.5 MeV 5.6 MeV
Critical temperature
Tc 277 MeV [14] 255 MeV [10, 23]

Table 2. The critical temperatures for the unquenched
computations.

Λ = 1.4 GeV, c = 11.5 GeV2, d2 = 0.5 MeV,
m(µ = 80GeV) = 1.2 MeV, N f = 2

S U(3) G2

Parameters
d1 7.6 MeV 6.2 MeV
α(µ) 0.3 0.48
Critical temperature
Tc (chiral) 204 MeV 156 MeV
Tc (deconfinement) 205 MeV 164 MeV

compared to the low temperature phase. The UV divergence of the chiral condensate is renormalized
by subtracting a quark condensate with a heavier bare mass from a condensate with a lighter bare
mass: ∆l,h = −

〈
ψψ

〉
l
+ ml

ms

〈
ψψ

〉
h

where ml and ms are the bare masses for a lighter and a heavier
quark, respectively, and the sign was chosen such as to make ∆l,h positive.

The second transition studied here is the confinement/deconfinement transition. The typical order
parameter is the Polyakov loop which is related to the center symmetry of QCD. The dual quark con-
densate [21, 22] is proportional to the Polyakov loop and can serve as an alternative order parameter
that is accessible with functional methods [18]. To compute the dual quark condensate Σ, we introduce
the generalized U(1) valued boundary condition ψ(x, 1/T ) = eiφψ(x, 0) where the physical condition
is given by φ = π. In a lattice formulation, the generalized condensate corresponds to a sum over
closed loops winding n times around the temporal direction. One can project this quantity to n = 1
with a Fourier transformation.

3 Results

We first compare S U(3) and G2 in the quenched case. The different parameters are summarized in ta-
ble 1. The results for the chiral and dual quark condensates are show in figs.2 and 3, respectively. The
quark condensate is normalized by its vacuum value. For the confinement/deconfinement transition,
S U(3) and G2 show a rapid increase of the dual quark condensate after the critical temperature. The
non-zero value of the dual quark condensate at low temperatures is most likely due to some sensitivity
to the parameters of the employed input which was already observed previously [16, 18].

Adding dynamical quarks requires to solve the coupled system of quark, gluon and ghost propaga-
tor DSEs. However, instead of solving the Yang-Mills part we approximate it by using the quenched
lattice results and calculate only the quark-loop dynamically [13], see fig. 4. This adds all direct
quark contributions but not indirect ones which would enter via the unquenched gluon propagator
in the Yang-Mills part. To discard spurious divergences, we use a generalized Brown-Pennington
projector [13]. The parameter d1 is fixed to obtain the same value of fπ in vacuum for G2 and S U(3).

For p2 → 0, ΠL will be divergent as ΠL p2 → 2m2
th, where mth is the Debye mass. In the un-

quenched case, the phase transitions become crossovers. Their critical temperatures are defined as the
extrema of the derivatives of the pseudo-order parameters. Tab. 2 summarizes the obtained critical
temperatures as well as the used model parameters. The results of the computation are shown in fig.5
for the chiral condensates and in fig. 6 for the dual condensates.

The chiral transition temperature is reduced by approximately 25 % for S U(3) as compared to
the quenched case and by almost 40 % for G2. The confinement/deconfinement and chiral transitions
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Figure 2. Temperature evolution of the chiral
condensate for quenched S U(3) and G2. The
chiral condensate is normalized by its value
in vacuum.

Figure 3. Temperature evolution of the quenched
dual condensate for S U(3) and G2. The dual con-
densate is normalized by the value of the chiral con-
densate in vacuum.

= +

− 1 − 1

Figure 4. Approximated DSE for the gluon propagator. The blue dot represents the quenched gluon input fitted
from lattice data.

occur approximately at the same place for S U(3) while they are a bit shifted for G2, see tab. 2. Finally,
the value of the dual quark condensate is always greater for G2 than for S U(3). In general, the G2
results look very similar to the QCD results.

4 Conclusions

This study was devoted to a first comparison of QCD and G2 QCD within the DSE formalism. For
G2 we employed a truncation in analogy to the S U(3) case [13]. Due to the lack of lattice data for the
quenched gluon propagator required as input, we used the S U(3) fits with the temperature rescaled
to match the critical temperature of quenched G2. For the unquenched calculations we find good
qualitative and even quantitative agreement between the two cases.

Further work will be required to shed more light on the extent to which truncations for G2 and
S U(3) can be constructed analogously. Discarding the model input would mean to calculate not only
all propagators dynamically, but in particular calculating the quark-gluon vertex. On the other hand,
the employed approximation can be directly generalized to non-vanishing chemical potential, where
detailed results for QCD [13] are available. In another direction, calculations of two-color QCD would
provide an additional angle at the question of the gauge group dependence of truncations.
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Figure 5. Temperature evolution of the un-
quenched chiral condensate for S U(3) and
G2. The chiral condensate is divided by its
value in vacuum.

Figure 6. Temperature evolution of the unquenched
dual condensate for S U(3) and G2. The dual con-
densate is divided by the value of the chiral conden-
sate in vacuum.
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