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Abstract. Two analytical block models to estimate the maximum velocity reached by granular flows are
proposed. The first one models the speed evolution of coarse-grained materials flows (e.g. debris flows,
avalanches); it is based on the power balance of a granular mass sliding along planar surface, written by
taking into account the volume of the debris mass, an assigned interstitial pressure, the energy dissipation
due to (i) grain inelastic collisions (‘granular temperature’ within a basal ‘shear layer’); (ii) friction along
sliding surface; (iii) fragmentation of grains. The second model allows to simulate the speed evolution of
fine-grained materials flows (e.g. mudflows, quick clays) by taking into account the dissipation of the
excess pore water pressure due to consolidation phenomena. Finally, the comparison between the results
obtained through the proposed models and field and laboratory measures is carried out.

1 Introduction
Very high stresses arise at the contact surface between
an impacting fluid and a solid body that constitutes an
obstacle to the fluid flow; furthermore, these stresses act
only for a very short time period. Thus, structures
exposed to the impact with a fluid or a fluidized granular
mass may be affected by serious damages, mainly due to
the shock pressures. To avoid undesirable damages to
inhabited areas, technical countermeasures (e.g. check
dams, barriers and walls) must be put into action; their
design must be based on the values of the impact force.
Several relationships to estimate the maximum impact
force per unit width (F) or pressure (pmax) applied by a
debris flow against structures have been proposed [1–4]:
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 being the flow density; v, the impact velocity; h, the
flow depth; c, the fluid celerity; g, the acceleration
gravity; , a numerical coefficient ranged between
0.75÷0.9 [4]. For the impact of mudflows against
structures, the following relationship is proposed [5]:
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in which A = bh represents the contact area; b, the flow
width (for 2D cases, b = 1); cd, the resistance coefficient
evaluable as: cd = 0.18∙Fr + 1.4, with Fr, Froude number
*

[5]. All previously described expressions show the
dependence of the maximum pressure pmax or force F on
the velocity (v) of the granular flow at the impact zone
with rigid structures. A granular flow generally reaches
the maximum velocity at the end of the ‘first’ slope,
where safeguarding measures (e.g. walls, barriers) are
usually built. Thus, two analytical (block) models to
estimate the maximum velocity reached by coarse and
fine grained material flows are developed and proposed.

2 Main phenomena affecting coarse
grained material flows
Experimental observations showed the growth of a basal
“shear layer” [6], where initially large deformations and
then dilation, collisions and granular temperature occur.
By colliding each on others and with an irregular sliding
surface, the particles change instantaneously their
velocity (module and direction) and exhibit a sudden
fluctuation (Fig. 1). To synthetically represent the
grains’ motion within the shear layer, the concept of
granular temperature (Tg), defined as the average value
of the square of the grains’ velocity fluctuations with
respect to their mean velocity, is introduced [7]. These
velocity fluctuations nearly assume a Maxwellian
distribution [8]; thus, Tg should be more properly defined
by the variance of the velocity fluctuations [9]. For
simplicity, Tg can be assumed proportional to the square
of the shear rate [10]:
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e being the restitution coefficient (ϵ [0,1]; e < 1 must be
considered due to the inelastic nature of the collisions);
v(y), the grain velocity profile (y, normal to the shear
direction); dp, the average grain diameter; s , the solid
fraction, which may assume the maximum value max
(equal to 0.74 for spherical grains); g0, the radial
distribution function: g0(s )= (1 - s/max)-2.5·max [11].

only if dp,fin< dp,in. WBond is the Bond work index
(kW∙h/ton), depending on the type of granular material;
dp,in and dp,fin are the size (in !m) of the grains before and
after crushing, respectively; dp,fin = 1.04∙10-4∙(Wbond/Hg)2,
Hg being the geodetic difference in level; in this case
Wbond is expressed in J/kg and dp,fin in cm.

3 Main phenomena
grained material flows

High speed relative motion and collisions between
grains taking place within the shear layer, causing a
fluidification effect [12] coupled with energy
dissipations, require the development of complex
resistance laws. The velocity field in coarse-grained
material flows can be assumed to be composed of a
frictional regime and a collisional regime [13]. In
frictional regime, the shear stresses satisfy the MohrCoulomb resistance law: fr = ‘∙tanb, ‘ being the
effective normal stress; b, the dynamic friction angle at
the base of the granular mass. In collisional regime, the
stress component normal to the boundary (“dispersive
pressure”) and the shear stress component are expressed
as follows [14]:
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4 Proposed models

ai being the Bagnold coefficient (suggested value 0.042);
ρs, the solid fraction mass density; λ, the linear
concentration, that is a function of solid fraction vs ( =
1/[(max/s)1/3Ѹ1]); ߶, the internal dynamic friction angle
of granular bulk. Thus, the (total) shear stress max is
obtained by adding the frictional shear stress fr to the
dispersive shear stresses disp . Resistance laws splitting
these two contributions (max = fr + disp) have been
therefore proposed [15, 16]; rheological models where
both the frictional and collisional contributions are
coupled into a single term, are also available [17].
Rapid change of pores volumes related to the
continuous grains rearrangement [18] within the shear
layer can generate excess pore water pressures at the
base of coarse-grained material flows. Specific test show
that the pore water pressure is maintained during the
motion of sliding granular mass without dissipation [19].
Fragmentation (or grains’ size reduction) can reduce the
available energy and then mobility. The specific energy
(kW∙h/ton) required for grains’ fragmentation is
expressed as follows [20]:
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Fine - grained material flows are typically characterized
by a high concentration of silts and clays. According to
field observations and measurements [21], it is possible
to state that the triggering mechanism and successive
propagation mainly depend on excess pore water
pressures followed by consolidation process. The excess
pore water pressures can be generated by (i) shear strains
induced by an earthquake; (ii) undrained loading
following human activities; (iii) rapid accumulation of
rainwater in soil layers with low permeability; (iv)
seepage flow in boundary materials. The considerable
shear strength reduction, following the generation of the
excess pore water pressures, is often the main reason of
high mobility of unstable fine-grained material volumes,
even on very gentle slopes; furthermore, high pore water
pressures can also induce the partial or complete
liquefaction of the soil [19]. Conversely, the
consolidation process of fine-grained materials [22-23],
along the motion, progressively reduces the pore water
pressure; the corresponding increase of the shear
strength causes a reduction of the travelled distance.
For materials, characterized by dp < 0.02 m, the energy
dissipation due to grain collisions can be neglected [16].

Fig. 1. Particles colliding with an irregular sliding surface,
within the shear layer, inducing fluctuations of their velocity.
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Both proposed models are based on the following
hypotheses (Fig. 2a): (i) the sliding granular mass is
represented by a block (parallelepipedal shape) of
thickness h, length l and width b (dw is the depth, from
the upper surface of the block, of the groundwater); (ii)
the granular flow runs along planar surface of constant
slope "# and length L (deformations induced by the
possible variations of sliding surface are neglected [24]);
(iii) although it is well-known that the mass of a debris
flow may change due to erosion or deposition processes
[12, 16], for the sake of simplicity, the debris flow mass
is assumed constant.
4.1 Coarse-grained material flows modeling
An energy-based model is developed to describe the
mobility of coarse-grained material flows [16], by taking
into account the effects of collisions and granular
temperature. The granular sliding body is composed of
two layers (Fig. 2b) of equal basal area ( $ = l·b) and
length l, representing the shear layer (thickness ss) and
the overlying mass (thickness sb, “block”) respectively.
By imposing the equilibrium orthogonally to the sliding
surfaces, the resulting force Ntot (= Wb·cos"#, Wb being

(9)
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surface due to friction and dispersive pressures (Ėr =
Tmax∙ x , Tmax=Tfr+Tdisp; Tfr= fr·(1-r)·$, Tdisp= disp·r·$);
Ėcoll is the power dissipated due to grain collisions; Ėgt is
the power stored as granular temperature; Ėfrag is the
power lost by crashing or fragmentation [16].

the weight of the block, Fig. 2b) must be balanced by the
lithostatic (total) stresses,  =bgh∙cos"1 (b being the
density of the block), coupled to the dispersive pressures,
pdisp (eq. (7)):
W cos "    r ( x )$  p
 r ( x )$
b
1
disp

(10)

4.2 Fine-grained material flows modeling

r and ȓ (=1 – r), dependent on the velocity (v = x ), have
been suitably introduced to allow a weighted balance of
the force Ntot according to the resulting lithostatic force
and the resultant of the colliding forces statistically
acting along the irregular sliding surface [16]:
r (v ) 
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It is assumed a trapezoidal initial pore water pressure
distribution (pw(z)) within a basal saturated layer of
thickness (h-dw) (Fig. 2c); the initial values pw,t0 and pw,b0
of pore water pressure, at the top and the base of the
saturated layer, depend on the values of hydrostatic
interstitial pressure (pw,hyd (z) = 'wz·cos"1) and on the
excess pore water pressure u(z,t) (z, normal to the sliding
surface, directed downward, from the upper surface of
the saturated soil layer, Fig. 2c). Thus, the resultant U of
the pore water pressures at the base of the sliding mass
(pw,b(t)), is equal to the sum of the basal hydrostatic
interstitial pressure (pw,b,hyd) and the basal excess pore
water pressure at time t (u(z=h-dw,t)=ub(t)): U = pw,b(t)·$
= (pw,b,hyd + ub(t))·$. If the involved material is not
affected by dilatancy, the basal excess pore water
pressures are dissipated during the motion due to
consolidation process. Their evolution, referred to the
case of impermeable horizontal base and drainage only
through the upper surface of the saturated soil layer, is
simply described through the following dissipation law
ub(t) [25]: ub(t) = ub,0·e-at, where a is a parameter related
to the variables that govern the consolidation process of
the involved material (a = 2cv/(4∙H2), cv being the 1-D
consolidation coefficient; H, the drainage distance); ub0
is the initial basal excess pore water pressure, evaluable
as: ub0 = r0,b∙ub,0,max, with ub,0,max = [(h-dw)'’+dw·g]∙cos"1
('’ is the submerged soil unit weight) and r0,b < 1 to
avoid the soil liquefaction. Under the previous
assumptions, the motion’s law is expressed as follows:

(11)

% is a parameter falling in the range 0.005÷0.5, which
modulates the shape of r; vcr is the critical speed for
which the regime dominated by the inertial forces
becomes a collisional regime [16].

Fig. 2. a) Problem’s setting; b) and c) assumptions concerning
coarse and fine grained material flows modeling, respectively.

The eq. (10) allows to determine the thickness of the
overlying block (if a linear change of velocity along y is
assumed, the dispersive pressures pdisp, disp and Tg
become proportional to x 2): sb( x ) = (1 – r) ∙ h +
r·Q12 x 2, where Q1= aisdp2∙cos/(bg·cos"1) and s is
the density of shear layer. Because the sum of the
masses of the shear layer (ms) and the overlying block
(mb) equals the total sliding mass (m): m = mb+ms =
(bsb+sss)∙$& the thickness of the shear layer ss is thus
expressed as: ss( x ) = (m –bsb( x )$)/(s$). If a constant
value is assigned to the interstitial pressure (pw,b) at the
base of the granular mass [18] and isopiezic lines are
orthogonal to the motion direction: pw,b = pw,b,hyd = 'w(hdw)·cos"1 ('w being the water unit weight; dw < 0 allows
to simulate the excess pore water pressure). The power
balance of the sliding mass is expressed as [16]:
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5 Comparison among measured data
and theoretical results
Coarse-grained materials. The Acquabona Creek’s
debris flow, occurred in June 1997 in the Dolomites
(Eastern Alps, Italy), was directly observed. Channel
cross-section measurements taken along the flow
channel indicate debris flow velocity ranging from 3.1 to
9.0 m/s [26]. After reworking the measured data, the
following main parameters may be selected: L = 1250 m;
"# = 18°; l = 75 m; h = 2 m; $ = 300 m2; dp = 0.03 m.
The values of remaining parameters describing the
mechanical behaviour, reported in Fig. 3, have been
chosen according to previous parametrical analyses [16].
The proposed model allows to fit the measured
maximum velocity, the speed evolution (v(x)) along the
path and the observed maximum traveled distance. If the
value of a single parameter (e.g. %) is changed, the
fitting is not obtainable (curves b, c; Fig. 3).

E (t )  E (t )  E (t )  E
(t )  E (t )  E
(t )  0 (12)
p
k
r
coll
gt
frag

where Ėp is the potential power (=Ėpb+Ėps, Ėpb and Ėps
being the potential power of the block and shear layer,
respectively); Ėk is the kinetic power of the sliding mass
(=Ėkb+Ėks, Ėkb and Ėks being the kinetic power of the
block and shear layer, respectively); Ėr, is the power
related to the energies dissipated along the sliding
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(friction, collisions, fragmentation). Furthermore, they
depend on some unconventional and empirical input
parameters (e, %, vcr, r0,b), necessary to describe the
physical and mechanical behaviour of coarse and fine –
grained material flows. Their values may be obtained by
the comparison between the measured and theoretical
values of velocity.
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