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Abstract. Dense suspensions of non-Brownian particles may partially behave as thixotropic yield stress flu-

ids. We study the flow of such fluids between two concentric cylinders using a phenomenological structural

kinetics model. The structural kinetics approach balances the simplicity of phenomenological continuum ap-

proaches with a simplified model for structure against the complexity a more fundamental model based on

particle micromechanics. A modified version of Houska’s model, which includes a diffusive term for the struc-

tural parameter, is considered. Depending on the breakdown rate of the structural parameter, shear-banding may

be observed. For shear-banding in steady flows, the stress selection depends on the diffusion of the structural

parameter. If there is no structural diffusion, the displacement of the interface between the flowing and the static

regions fixes the stress at the interface during the transient flow. In the cases of very small diffusive coefficients,

the stress at the fluid / solid interface converges to a limit value which is different from the yield stress of the

structured material as expected without any diffusion. Nevertheless, the inner torque and the flow profile are

quite similar in both cases and the differences are localized near the fluid / solid interface. For shear-banding,

the gradients of the structural parameter and the strain rate are very abrupt but the continuity is preserved by the

diffusion.

1 Introduction

Dense suspensions of non-Brownian particles exhibit a

very rich behavior such as yield stress and shear-banding

[1, 2] that remain incompletely understood. Shear-banding

has been studied in visco-elastic context [3, 4] but recent

work [5] exhibits a different mechanism for shear-banding

predicted by a visco-plastic thixotropic model. In that con-

text, no-stress jump is associated with shear-banding. The

selection of the stress at the flowing-plug interface does

not demand to add stress diffusion in the model as it would

be expected in visco-elastic context [6]. Fardin et al. [7]
show that the length based on this stress diffusion is at the

order of magnitude of the molecular size in worm-like mi-

celles. Thus, the diffusion coefficient is expected to be

very small (∼ 10−10). For non-Brownian suspensions, the
velocity profiles obtained by Fall et al. [2] suggests that

the diffusion length is at the order of magnitude of the par-

ticle size, if such diffusive mechanism plays a role in the

flow. In our framework, one question arise: does solutions

without diffusion term differ from those with a weak dif-

fusion?

It has been shown that the coexistence of static and

flowing regions can be associated with the existence of a

yield stress which is often related to the existence of a rigid

network between the elements of the fluid which has to be
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broken for the system starts to flow. Shear banding occurs,

in many cases, in systems which exhibit a competition be-

tween at least two mechanisms: a breakdown process due

to an external applied shear and a spontaneous restructur-

ing of the fluid due to the non-linear interaction between

its elements [2, 8]. Ovarlez et al. 2009 [9] and Coussot

& Ovarlez 2010 [10] recently discuss the physical origin

of shear localization and shear banding in complex fluids.

Authors highlight the existence of a discontinuity of the

shear rate profile during shear banding contrary to shear

localization where the shear rate goes to zero continuously

as one approaches the static region. In the last case, the

shear rate is zero on both sides of the static and flowing

regions.

The existence of a critical shear rate γ̇c in thixotropic

yield stress fluids is often explained in terms of an underly-

ing decreasing branch of the flow curve at low shear rates

[8]. It is generally admitted that the shear banding may ap-

pear in case of a non-monotonic composite curve [3]. Sev-

eral scenarii can be distinguished: either the shear banding

occurs in a flowing material, either it occurs in localized

flows between the solid-like and the flowing regions. We

focus on the shear banding in localized flows. In such a

scenario, the constitutive relation of the material is a de-

creasing function of the strain rate between 0 and γ̇0 [see
4, for instance].
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Figure 1. Taylor-Couette geometry. er, eθ and ez are the unit

vectors of the cylindrical coordinates system (r, θ, z).

Here, we study shear-banding in cylindrical Couette

flows (see geometry on fig. 1) according to the Houska’s

model [11] modified in order to include a diffusion term.

Results obtained with and without structural diffusion are

compared, especially when the diffusion coefficient is

evanescent.

2 CONSTITUTIVE EQUATIONS AND
NUMERICAL APPROACH

2.1 Modified Houska’s model

The Houska’s model [11] is built from the Herschel-

Bulkley model, commonly used for non-elastic yield stress

fluids, considering that the consistency and the yield stress

depend linearly on the structural parameter λ. To non-

dimensionalize the constitutive equations of the flow in

a cylindrical Couette geometry, we choose the following

references: the density of the fluid ρ, the velocity of the

inner cylinder vi and the gap width d. Thus, the structural
parameter λ is determined by the kinetic equation:

∂λ

∂t
+ v.∇λ = a�(1 − λ) − b�λγ̇m +D�Δλ . (1)

where the non-dimensional building and breakdown pa-

rameters are

a� =
ad
vi

and b� = b
(
vi
d

)m−1
, (2)

respectively. The non-dimensional structural diffusion co-

efficient reads:

D� = D
vid
. (3)

The thixotropic breakdown index m is taken equal to 1 in

the following. The vector v denotes the non-dimensional

velocity of the fluid.

For the non-Newtonian fluids, several choices may be

done for the reference viscosity. In this paper, the refer-

ence viscosity is the plastic viscosity of the fluid at the

given reference strain rate vi/d. The corresponding struc-
tural parameter λre f is given by eq. (1) at equilibrium:

λre f =
1

1 + b�/a�
(4)

Thus, the reference viscosity built using the reference

strain rate vi/d reads:

μre f = μ0(1 + ΔK�λre f ) (5)

where μ0 = K(vi/d)nc−1 can be recognized as the standard
reference viscosity of a power law fluid with a consistency

K and a shear-thinning index nc. ΔK� = ΔK/K is the

reduced thixotropic consistency factor.

Using the previous reference dimensions, the Navier-

Stokes and mass conservation equations for incompress-

ible fluids are:

∂v
∂t
+ (v.∇)v = −∇p +

1

Re
∇.τ (6)

∇.v = 0 , (7)

where p stands for the reduced pressure. The Reynolds

number is defined using the reference viscosity (5):

Re =
Re0

1 + ΔK�λre f
where Re0 =

ρvid
μ0
. (8)

Thus, the reduced stress tensor reads:

τ =

[(
1 + ΔK�λ
1 + ΔK�λre f

)
γ̇nc + Bn

(
1 + τ�

1
λ

1 + τ�
1
λre f

)]
γ̇

γ̇
, (9)

where γ̇ and γ̇ are the non-dimensional strain rate and

strain tensor. The equation (9) involves the Bingham num-

ber which is the ratio between the yield stress and the plas-

tic viscous stress:

Bn = Bn0
1 + τ�

1
λre f

1 + ΔK�λre f
where Bn0 =

τ0
K(vi/d)nc

.

(10)

One can recognize the standard Bingham number Bn0 of
a Herschel-Bulkley fluid with a yield stress τy = τ0. The
last parameter, τ�

1
= τ1/τ0, is the reduced thixotropic yield

stress.

2.2 Boundary conditions for the flow

The inner and outer radii of the Couette setup are defined

by ri =
η

1−η and re =
1

1−η with η = ri/re the radii ratio.

We only consider the case where the inner cylinder rotates

and the outer cylinder is fixed, i. e. v = v(r) eθ in the

cylindrical basis. Thus, the boundary conditions are:

• At the inner radius, v(ri) = 1.

• At the outer radius of the flowing zone, v(ro) = 0.

• In our case, there is a material limit at r = re. Thus, the

outer radius ro is given by the following criterion:

If τ(re) ≥ τy, ro = re, else, τ(ro) = τy.

• IfD� � 0, we have to add the condition of no-diffusion
through the surface of the cylinders, i. e. ∂λ/∂r = 0 at

r = ri and r = re.
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Figure 2. Stress τo at the interface for b� = 2 (shear-banding)

compared to the minimum value of the composite curve τmin and

the yield stress of the fully structured material τmax vs the diffu-
sion coefficient D�. Bn = 2, nc = 1, ΔK� = 1, τ�1 = 1, a� = 1.

2.2.1 Numerical method

To perform the numerical solution, we use a finite differ-

ence method for the spatial discretization. For the deriva-

tive operations, the standard second order centered scheme

is used. The numerical method used for the spatial dis-

cretization is quite well established and is similar to the

ones used, for instance, in [5, 12–14]. In order to solve the

transient flow, we use an Arbitrary Lagrangian-Eulerian

(ALE) method [15, 16] for the interface tracking in the

partially flowing cases.

3 Stress selection in shear-banding

3.1 Diffusive stress selection

In the following, we choose the parameters in order to have

a localized and shear-banded flow in the gap, i. e. Bn = 2
and b� = 2. Considering the stress value at the fluid/solid

interface (figure 2), we remark that the stress tends toward

a limit value for very small coefficientsD� < 10−4 or 10−5
depending on the breakdown parameter b�. In our case,

beyond b� = 5, the weakness of the structure dominates

and the stress ends to decrease at r = ro when b� increases.
Nevertheless, for very small diffusive coefficients D�,

the limit value of the selected stress τo at r = ro is be-

tween the yield stress of the structured material and the

minimum value reached by the composite curve (figs. 2

and 3). The local stress (full line in fig. 3) is a mono-

tonic growing function of γ̇ but the variation of the stress
in the range of strain rate between 0 and the apparent strain

rate γ̇a at the fluid-solid interface is almost flat. Thus, this

value would be seen as an apparent yield stress, different

from the one observed without shear-banding. In fact, the

strain rate falls from the apparent strain rate γ̇a down to

zero over a distance which is in the order of magnitude of

10lD, lD =
√D�/a� denoting the diffusion length. This

length caracterizes the thickness of the interfacial region

where the diffusion term is not negligible (fig. 4).

The diffusion ends to smooth the solution for moder-

ate values of D� but, for very small values of D�, the
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Figure 3. Composite curve (blue dashed line) and local stress in
the fluid region (dark full line) vs the strain rate γ̇withD� = 10−9
(fig. b). Bn = 2, nc = 1, ΔK� = 1, τ�1 = 1, a� = 1, b� = 2.
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Figure 4. Values of the diffusion term in the gap with Bn = 2,

nc = 1, ΔK� = 1, τ�1 = 1, a� = 1, b� = 2 and D� = 10−9. lD
denotes the diffusion length.

sharpness of the field is indistinguishable from the case

D� = 0. Moreover, the velocity profile obtained, with only

50 nodes, without any diffusion by setting the value of the

selected stress at the interface is indistinguishable from the

one provided by the diffusive model (fig. 5). In compari-

son, up to 16000 nodes are needed both in the flowing and

the static regions to catch the diffusion length scale around

the interface forD� = 10−9. The non-diffusive model still
provides a solution close to the diffusive model for small

diffusion coefficients (fig. 5): the interface position ro is

only 2.1% closer to the inner cylinder.

3.2 Transient flows

During the transient flow, the inertial term depending on

the velocity of the interface insures the continuity of the

solution across the flowing / solid-like interface. Thus the

stress is well defined at r = ro. A brutal cracking of the

solid phase of the material at the start of the rotation would

allow other stress values than the yield stress but such sce-

nario is beyond the frame of the model considered here.

Thus, when D� = 0, the steady equations admit a phys-

ical solution where the stress at the interface is the yield

stress of the fully structured material even in shear-banded
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Figure 5. Velocity profile of the steady flow with Bn = 2, nc = 1,

ΔK� = 1, τ�1 = 1, a� = 1, b� = 2 for a large gap η = 0.5.

The computations use 16000 nodes for D� = 10−9 and only 50
nodes for the calculation without diffusion term where the stress

is arbitrary set at the interface.
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Figure 6. Stress τo at the interface (r = ro). The dashed lines

represent the steady limit for D� = 0 and D� = 10−5 respectiv-
elly. Transient flows with Re = 10, Bn = 2, nc = 1, ΔK� = 1,

τ�1 = 1, a� = 1 and b� = 2 for a large gap η = 0.5.

flows [5]. Other solutions would imply that the stress at

the interface is different from the yield stress.

IfD� � 0, ∂τo/∂t < 0 before reaching the steady state
in the ’start at rest’ protocol and the characteristic time of

the transient flow is smaller than forD� = 0, even for very
smallD� (fig. 6).

4 Conclusion

The diffusive term of the structural parameter selects the

stress in case of shear-banded flows. When the diffusion

coefficient D� is small, typically less than 10−5, the se-
lected value of the stress does not vary effectively with

D� and a limit value is reached. In case D� = 0, there is

another mechanism to select the stress at the interface in

shear-banded flows, assuming that it is always the yield

stress of the material. This is imposed by the inertial

part of the transient flow where the motion of the inter-

face smooths the transition from the fluidized region to the

static region. One can notice that other assumptions for the

stress value are beyond the model we consider here. The
case D� = 0 may have a meaning for non-Brownian and

non-colloidal suspensions although that it is commonly

admitted that for colloidal suspensionsD� � 0. Prediction
of shear-banding and the influence of the structural diffu-

sion are of practical interest to determine the yield stress.

In case of shear-banding, we show that the flows with

and without the structural diffusion are different but the so-

lutions remain close to each other. The best way to deter-

mine if D� � 0 is to track the shear stress at the interface

in shear-banding cases using a planar geometry, used by S.

Fielding for instance, where the stress is homogeneous in

the gap.
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