


3.1 Phase relationships 

In general, it is always possible to choose a 
parallelepiped as a primitive cell whose vertices are the 
centers of eight neighboring spheres, not necessarily all 
in contact.  Now, the total volume of this cell is 
V=abcsinαcosζ, and the volume of the grain, Vs=(π/6)D3;
(Fig. 2.a). Thus, the voluminosity of the parallelepiped 
can be found from the expression [5]: 
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where υ stands for the voluminosity of the packing of 
spheres; a, b, and c, are the lengths of the edges of 
the parallelepiped; α, the acute angle forming by the two 
edges of the horizontal face; and ς , the azimuth angle of 
the non horizontal edge. It is worth to mention at this 
point that there are sophisticated models to describe 
some additional features of granular packings, such as 
the grain shape and the polidispersivity [6] [7] [8].
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Fig. 2.  a) For a≠b≠c, the general packing and its associated 
crystallographic cell, and specially, for a=b=c=Dc, the 
distortional rhombohedron, b) the elongational rhombohedron

3.2 Mechanically allowable packings 

In engineering, the final object of the packings is the 
study of the stress-strain relationship of the granular 
matter. For it, packings are to be cinematic and statically 
admissible. The first condition ensures the continuous 
deformation of the mass, and the second, the stress 
transfer form one grain to another.  Consequently, from 
the fourteen Bravais cells, only the monoclinic, the 
rhombohedric and the bipyramidal cells are acceptable. 
But, only the rhombohedron allows the configuration of 
chains of contact forces, and the development of large 
deformations, regarding the experimental behavior of 
soil. However, the cell of this packing must not 
necessarily match the basic parallelepiped used to 
calculate the phase relationship. 

Distortional kinematics of a packing requires that 
one of the faces of the rhombohedron be horizontal and 

the principal diagonal be on the plane of mirror 
symmetry (Fig. 2.a). Under these conditions, the azimuth 
angle becomes the shear angle. So that  = . Besides, 
the maximum deformation capacity is achieved when 

=90°, and the wedges of the parallelepiped becomes 
a=b=c=Dc. Then, defining the textural parameter 
χ=(Dc/D)3, equation (1) may be specialized to: 

cos6           (2)

For elongational kinematics of a packing, the 
principal diagonal of the rhombohedron is vertical, and 
the lines of contact are axisymmetric with respect to this 
axis, according to the angle θ (Fig.2.b). Then,  = θ. 
These conditions are only possible if the base of the 
basic parallelepiped is made of two equilateral triangles, 
resulting in α = 60°; a = b = Dc√3senθ; and c = Dc. Then, 
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3.3 Packings duality 

Analysis of equations (2) and (3) shows that, for two 
physical values of the angle of distribution, there is 
a single value of the voluminosity. This property has 
been called duality of packings and it is one of the 
fundamental concepts in interpreting the behavior of 
soils. Indeed, these functions show two branches, 
separated by a peak value: the first associated with the 
increasing of the voluminosity, describing a dilative 
state, and the second, related to the decreasing of the 
voluminosity, revealing a contractive state. 

3.4 Extreme states 

In addition, due to its discrete nature, the angles involved 
in these functions have physical meaning in a limited 
range, whose boundaries are associated with the densest 
states, which are achieved when the number of contacts 
between spheres is increased. For a distortional packing,
the loosest state is attained when β=0°, and the 
voluminosity is 1.91; and the two densest states are 
obtained when β = 45° and β = - 45°, for which the 
voluminosities coincide with each other and are 1.35, In 
terms of the volume fraction, the extreme values are 
0.523 and 0.74, respectively. For an elongational 
packing, the loosest state is found when cosθ=1/√3,
being the voluminosity 1.91; the densest state for a
dilative packing is attained when sinθ=1/√3; being the 
voluminosity 1.35; and the densest state for the 
contractive packing is obtained when cosθ= 1/3, being 
the voluminosity 1.47. So that, the extreme values of the 
volume fraction are 0.523, 0.74 and 0.68, respectively.

3.5 Submerged ordered packings  

The special behavior of the submerged fine solid 
particles can be described by the Gouy-Chapman theory 
of the diffuse double layer. Accordingly, a water layer of 
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