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Abstract. This paper focuses on the mechanical behaviour of granular systems under shearing, unsteady conditions. The results of numerical simulations of time evolving, homogeneous, shear flows of an assembly of
frictional spheres, under constant volume conditions are illustrated. Simulations have been performed considering three volume fractions corresponding to fluid, solid and near-to-critical conditions at steady state. The
three systems follow very diﬀerent evolutionary paths, in terms of pressure, coordination number and stress
ratio. Fluid-like and solid-like systems exhibit large and small fluctuations, respectively, in those quantities. A
critical value of the coordination number seems to govern the transition from fluid to solid.

1 Introduction
The discontinuous and inhomogeneous nature of granular
materials leads to complex mechanical behaviours, even
in case of simple flow conditions. In particular, granular
systems can behave like either fluids, meaning that they
yield under shear stress, or like solids able to resist applied stresses without deforming [1]. If grains are widely
spaced and free to move in any direction, interacting only
through collisions, the medium behaves like a fluid and the
stresses are proportional to the square of the strain rate under simple shearing (Bagnold scaling [2]). On the other
hand, when particles are densely packed, a network of
persistent contacts develops within the medium, and the
granular material shows a solid-like, rate-independent behaviour. The mechanical response of the system during
the solid-fluid transition, is still an open question, [3] although several constitutive models have been proposed to
this purpose in the literature [4–9].
Whereas several numerical results have been obtained in
the literature concerning steady, shearing granular flows,
unsteady conditions have been less investigated. In this
work, we investigate the fluid-solid transition in unsteady,
homogeneous, shear flows of a collection of identical, frictional spheres.

2 DEM numerical simulations
The authors have performed DEM numerical simulations
of unsteady simple shear flows of frictional spheres,
using a linear spring-dashpot interaction model [10, 11],
implemented in the open-source code Mercury-DPM
(www.mercurydpm.org) [12, 13]. All the simulations
have been carried out under constant volume in a cubic
box of dimension L (figure 1). 2000 particles of diameter
 e-mail: dalila.vescovi@polimi.it

d, density ρ p , i.e., mass m p = ρ p πd3 /6, were used.
The size L of the domain has been chosen once the
volume fraction ν is fixed (where, for a granular material
composed of identical particles, the local volume fraction
ν is defined as the ratio of the local material density to
the particle mass density). We set the normal coeﬃcient
of restitution en = 0.7, the normal spring stiﬀness
kn = 107 Pa m, the tangential spring stiﬀness kt = 2/7 kn
(corresponding to a tangential coeﬃcient of restitution
et = en = 0.7) and the inter-particle friction coeﬃcient
μ = 0.3. In order to keep the system homogeneous in
space, Lees-Edwards [14] periodic boundary conditions
in the z direction and periodic boundary conditions
in the x and y directions have been employed. The
system is sheared by moving the boundaries in opposite
directions at constant horizontal velocity V, and setting
the global shear rate γ̇ˆ = 2V/L equal to 0.1 s−1 . The
instantaneous application of a relative velocity between
the boundaries is not immediately transmitted within
the entire granular material, given that particles in the
core of the domain cannot initially feel the boundaries
motion. As a consequence, the velocity profiles are not
linear, instead they exhibit some curvature; the local shear
rate γ̇ (velocity gradient) is not homogeneous, but is
maximum at the boundaries and minimum (close to zero)
in the core. After a short time interval (0 < t < 0.005
s) the non-homogeneity is dissipated and γ̇ becomes
homogeneous in space and almost constant in time, equal
to the global shear rate γ̇ˆ = 0.1s−1 .
Three values of the constant volume fraction have been
taken into consideration: 0.59, 0.60 and 0.62. For steady,
shearing flows, solid volume fraction larger (lower) than
a critical, νc , indicates that a granular system is solid-like
(fluid-like), i.e., rate-independent components of the
stresses are present (absent). νc is the largest volume
fraction at which a randomly collisional granular material
can be sheared without force chains spanning the entire
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ize themselves; (ii) the inter-particle friction coeﬃcient is
activated to a given value μ0 and the granular material is
isotropically compressed to the target volume fraction ν;
(iii) the particles are allowed to relax and dissipate their
kinetic energy before either a further preparation or the
actual element test is initiation.
At the end of the three stages, a static initial granular sample of volume fraction ν has been generated, with a certain
coordination number C0 and a defined isotropic pressure
p0 . By performing steps (ii) and (iii) with diﬀerent values of the inter-particle friction leads to diﬀerent isotropic
samples (i.e, diﬀerent values of C0 and p0 ). For all the target volume fraction considered (0.59, 0.60 and 0.62), we
have performed step (ii) and (iii) by imposing μ0 = 0 in
order to attain initial fluid-like configurations (p0 = 0 Pa
and C0 = 0). Finally, the inter-particle friction μ = 0.3 is
assigned, and the boundaries velocity are switched on with
global shear rate γ̇ˆ , constant in time.
Here and in the following, the variables are made dimensionless using the particle diameter d, density ρ p and stiﬀness kn . Then, the scaled time t, pressure p, shear
s
 stress


and shear rate γ̇ are given, respectively, as: t kn / ρ p d3 ,

pd/kn , sd/kn and γ̇ ρ p d3 /kn .

domain [15]. The critical volume fraction depends on
the granular material, in particular is aﬀected by the
polydispersity of the system [16, 17] and the inter-particle
friction coeﬃcient [1]. Chialvo et al. [6] have measured
that for identical particles with μ = 0.3, νc is 0.598.
Then, our three samples at steady state should be in
fluid (ν = 0.59), solid (ν = 0.62) and near-to-critical
(ν = 0.60) conditions. At steady state, there is a univocal
relation between the critical volume fraction and the
corresponding critical coordination number Cc (where
the coordination number C is defined as the average
number of contacts between all particles), independent
of the shear rate [9]. The coordination number is an
important parameter for describing the interaction among
grains and the characteristic time scale of the force chains
[18]. Note that in this paper we are not disregarding
particles with zero (floaters) or one contact (rattlers) even
if they do not participate to the contact network. The
“corrected” coordination number C ∗ has been introduced
by neglecting floaters and rattlers [17, 19], and is related
to the standard coordination number as C = C ∗ (1 − φr )
[20], where φr is the rattler fraction. In this work, we
assume the system to experience a transition from fluid
to solid states, under unsteady conditions, independently
of the volume fraction, when the coordination number
reaches its critical value Cc . The corrected coordination
number at the transition, Cc∗ , has been measured by Sun
and Sundaresan [21], and, for μ = 0.3, Cc∗ = 4.6. By
assuming φr = 0.13 ± 0.03 as measured for frictionless
particles [20], the critical coordination number is Cc ≈ 4.

3 Results
The evolution of the dimensionless pressure pd/kn and coordination number C with the accumulated shear strain
γ = γ̇ˆ t are illustrated in figure 2(a) and (b), respectively.
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Figure 1. Sketch of the flow configuration. A granular material composed of identical, frictional spheres is homogeneously
sheared at constant global shear rate γ̇ˆ , with flow in horizontal direction (boundaries move in opposite horizontal directions with
velocity V = γ̇ˆ L/2), by using Lees Edwards boundary conditions. Colours indicate speed, from blue (zero velocity of the
particles in the core of the domain) to red (maximum velocity of
the particles at the boundaries)
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The preparation of the system followed a standard threestep procedure [17, 22]: (i) frictionless spherical particles
are randomly generated in the 3D box with low volume
fraction and random velocities, such that they have suﬃcient space and time to exchange places and to random-
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Figure 2. Evolution of (a) scaled pressure and (b) coordination
number for diﬀerent values of the volume fraction. Steady state
values are denoted with dotted lines; the dashed line represents
the critical coordination number
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In all the systems, as was already mentioned, both the
initial pressure p0 and the coordination number C0 are
zero.
 At t = 0 (γ = 0), a dimensionless global shear rate
γ̇ˆ ρ p d3 /kn = 3.16 · 10−5 is instantly applied. Pressure and
coordination number monotonically increase with time
until the steady state is reached, by following similar patterns, as was previously observed by Sun and Sundaresan [21]. The dotted lines in figure 2(a) and (b) represent
the final steady state values of p and C, obtained by averaging in time over at least 1000 time steps. For ν = 0.59,
the steady state is reached in a very short time interval,
with large fluctuations for both p and C. We take this as
a signal that the system is fluid during the simulation; indeed, the coordination number is always less than the critical value 4 (dashed line in figure 2b). In the case ν = 0.62,
the system turns rapidly solid, with small fluctuations in
both p and C, with the former one increasing by several
orders of magnitude.
Finally, in the case ν = 0.60 the behaviour of C and p is
initially very similar to the fluid case with large oscillations and significant increase in the coordination number.
Then, the granular material experiences a fluid-solid transition, and the fluctuations dramatically decrease. In this
second stage, the pressure increases of almost 4 orders of
magnitude.
The three cases of volume fraction investigated show how
much the micro-structure of the system influences the time
evolution of the variables. Starting from fluid conditions,
that is in absence of force chains, systems at less than critical volume fraction (ν = 0.59) do not require a long transient regime to reach the steady state, since no persistent
chains of contacts among particles form during shear. Although the particles are quite largely spaced and interact
by mean of collisions, the coordination number is never
zero due to the presence of clusters of particles which do
not span the entire domain. The continuous destruction
and re-building of clusters, together with the free motion
of single particles, gives rise to the observed large fluctuations in both coordination number and pressure. At volume fraction much larger than the critical (ν = 0.62), the
system quickly solidifies during shear. The chains of contacts that span the entire domain require time to develop
within the sample and, as a consequence, a clear transient
regime is shown in terms of both C and p. Once a contact
network has been developed, the very small fluctuations of
C and p are due to micro-structural rearrangements during
shear. The larger the volume fraction, the smaller the fluctuations, since particles are more compacted and cannot
easily abandon the own force chain. The transition from
fluid to solid is evident in the case ν = 0.60, where the
volume fraction is very close to the critical value, and the
particles interact through both force chains and collisions.
The critical value C = 4 distinguishes the fluid-like (large
fluctuations) from the solid -like (small fluctuations) behaviour (figure 2b).
Finally, the evolution of the stress ratio s/p with the
shear strain γ is depicted in figure 3(a). Analogously to
the other variables, smaller volume fractions are associated with larger oscillations of s/p. However, the three

0.5

s/p

0.4
0.3
0.2

ν = 0.59
ν = 0.60
ν = 0.62

0.1
0.2

0.4

. 0.6

γ=γt
(a)
›

0.0
0.0

0.8

1.0

0.6
0.5

s/p

0.4
0.3
0.2
0.1
0.0 -4
10

-3

10

-2

I
(b)

10

-1

10

Figure 3. Stress ratio s/p plotted against (a) strain and (b) inertial number I for diﬀerent values of the volume fraction. Steady
state values of s/p are denoted with dotted line in (a) and filled
big circles in (b). The solid line in (b) represents Equation (1)
and arrows indicate the direction of increasing γ

patterns are pretty similar, with an increase at the initial
stages, until γ = 0.1 ÷ 0.2, and then a slight softening to
the final steady value.
It is also interesting to plot the stress ratio data measured

in the transient against the inertial number: I = γ̇d ρ p /p,
introduced in Ref. [23–25]. In the case of steady, homogeneous shear flows of rigid particles, the French research
group GDR-MiDi [23] has introduced a constitutive relation describing a wide variety of steady flows, at various
strain rates. Chialvo et al. [6] have slightly revised that
equation, providing a better fit of steady, simple shearing,
especially at large I:
s
α1
= η0 +
p
(I0 /I)β1 + 1

(1)

with α1 = 0.667, I0 = 0.25, β0 = 1.5 and η0 = 0.357 for
μ = 0.3. In figure 3(b) our unsteady numerical data (lines
with symbols) are compared with Equation (1) (black solid
line). During the transient phase, coordination number,
pressure and shear stress are homogeneous in the domain,
at each time step, whereas, as it was previously observed,
the velocity profiles are initially not linear (for γ < 0.05)
as, instead, is in the case of simple shear flows. This
is due to instantaneous application of a relative velocity
between the boundaries not immediately aﬀecting the entire granular material. In order to disregard non local effects in this first time periods, we consider the bulk shear
rate, averaged over the central region, discarding the regions in proximity of the boundaries. Nevertheless, the
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time interval during which the non-homogeneity is dissipated is very short, 0 < γ < 0.05, for any volume
fraction considered here, and for γ > 0.05, γ̇ is homogeneous in space and almost constant in time, equal to
the imposed global shear rate γ̇ˆ . In figure 3(b), the final
steady state values of the three simulations, represented
with big filled circles, belong to the curve defined by Equation (1). For ν = 0.59, data taken at diﬀerent times in the
transient phase are characterized by large inertial number
10−2 < I < 10−1 . Except a few data which lie below the
steady state curve, corresponding to the first time steps of
the simulation (0 < γ < 0.1), the numerical measurements
seem to follow the curve pretty well. The outliers are
due to large fluctuations characterizing fluid-like systems,
as was previously observed for all the variables. On the
other hand, for ν = 0.62, diﬀerently from what observed
in Ref. [26] for constant pressure simple shearing, Equation (1), nor any linearization of it, cannot predict the behaviour of solid-like, constant volume simple shear flows
in the transient regime. The transition from fluid to solid
conditions observed for ν = 0.60 in terms of C, is evident
also in figure 3(b). After a few time steps (0 < γ < 0.1)
the data reach the steady state curve at I ≈ 5 · 10−2 , then
follow it while I decreases till I ≈ 5 · 10−3 . This behaviour
is similar to the fluid case ν = 0.59, with less fluctuations.
After that, the data detach from the curve and move above
it, denoting the phase transition. Finally, the steady state
is attained and just small fluctuations are observed.
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