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Abstract. In granular matter, sliding friction and collisions among grains are fundamental mechanisms of energy dissipation that determine the particles dynamics. Here we consider an unconventional granular system
composed of magnetic repelling grains conﬁned in a two dimensional cell that interact only through their magnetic ﬁeld. The repulsive interaction prevents contact among grains and therefore produces a diﬀerent dynamics
compared to the dynamics of classical granular systems. In particular, we present experiments and simulations
on the discharge of this repulsive granular medium from a silo. The results reveal an inverted density proﬁle
and a plug-ﬂow through the aperture that contrast with the dynamics displayed by contacting grains. Moreover,
the simulations allow to estimate the friction coeﬃcient generated by the lateral conﬁnement.

1 Introduction
Because of its omnipresence in industry and agriculture,
one of the most widely studied systems in granular matter is the discharge of grains from a silo [1-10]. In the
pioneering work of Beverloo [2] describing the mass rate
Q of grains of size d ﬂowing through an oriﬁce of diameter D under the inﬂuence of gravity g, it was found that
√
Q = Cρb g(D − κd)5/2 , where ρb is the apparent density
of the material and C and κ are constants related to the particle nature and silo geometry. The 5/2 power dependence
has been veriﬁed for diﬀerent kind of particles, independently of their packing fraction, density, surface properties
or shape [3]. For small apertures, where clogging is possible (D/d ∼ 10), an exponential corrective factor must be
introduce to predict the ﬂow due to a lower density of material near the exit [4]. Concerning the discharge of a two
dimensional silo, an expression for the ﬂow rate is given
by Q = ρb  2gβD(D−kd) with β ∼ 0.5. One of the most
relevant aspects of these expressions is the independence
of Q on the column height, in contrast to the hydrostatic
dependence at the bottom of a water column. Recently,
it has been also investigated the granular discharge of submerged hoppers, and a surge in the ﬂow rate was measured
at the end of the process[5].
A granular material is usually deﬁned as a conglomerate of macroscopic particles characterized by a loose of
energy due to elasticity and friction when particles collide or slide [6]. In a recent work [7], the author of this
manuscript and colleagues presented experiments in a two
dimensional cell ﬁlled with an assembly of magnets that
do not interact through contact forces but through their
repelling magnetic ﬁeld. These contact-less particles are
able to form stable piles with an average angle of repose,
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to ﬂow through an aperture when it is large enough, and to
form arches and produce jamming as it happens with conventional grains. Our previous experimental study was focused on determining the discharge ﬂow rate for repelling
grains in a two-dimensional silo. In contrast to classical
granular ﬂows, the results showed a plug ﬂow velocity proﬁle along the silo aperture. It was also found that the average density of grains ρ x,t above the aperture decreases
with D (another diﬀerence with classical granular materials) and it was well ﬁtted by:
ρ x,t = ρ∞ + (ρ0 − ρ∞ )e−D/α

(1)

where ρ0 and ρ∞ are the density of grains for the static
column previous to discharge and the density when the bed
is in free fall, respectively, and α is a constant related to the
minimum value of D for a continuous ﬂow. Then, the ﬂow
rate is given by:


Q = ρ∞ + (ρ0 − ρ∞ )e−D/α 2gβD3/2
(2)
This expression is independent of the column height, and
therefore, Q was found to be constant as in the case of a
discharge of contacting grains.
In the present paper, we show numerical results obtained from molecular dynamics(MD) simulations which
are compared with the above experimental ﬁndings. These
simulations allow us to better understand the eﬀect of friction between the grains and the walls and to avoid ﬁnite
size eﬀects by keeping the grains number constant.

2 Numerical simulations
In our experiments only 565 magnets ﬁt into the 1.8 × 0.5
m2 compartment due to the grain-grain and grain-wall repulsive interactions. The small number of particles produced ﬁnite size eﬀects so that the average density and
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Figure 1. a) Experimental setup. b-c) Snapshots and grain paths for a silo discharge of aperture D = 8 cm. d) Number of particles N
remaining in the upper compartment as a function of time t for diﬀerent values of D. e) Total time of discharge τ vs D.

velocities were computed in a reduced time interval of
the whole discharge. Since building a larger cell was
unworkable, and aiming to validate the experimental results, we performed MD simulations considering disks
of diameter d= 5 mm with a repulsive potential in two θ) bedimensions. The non-linear repulsive force F(r,
tween two magnetic dipoles separated by a distance r
with an angle θ between the direction of the magnetic
ﬁeld and the line joiningthe dipoles centres is given
by:

F (r, θ ) = (3μm2 /4πr4 ) 1 − 3 cos2 θ r̂ + sin 2θθ̂ , where
μ0 is the vacuum magnetic permittivity and m is the dipolar magnetic moment. The total repulsive force over each
magnet Fi (xi (t)) was calculated considering its interaction
with the rest of the disks at distances ri j . In the twodimensional conﬁguration, θ = π/2, and therefore the
force over the i-th magnet at a given time t is given by:
Fi (xi (t)) =

n

3μ0 m2
ji

4πri4j


ri j

of appropriate dimensions and geometry according to the
experiments. Once all the grains have dropped and the
change in the average kinetic energy between two consecutive time steps is less than a certain value , the gate is
open to start the discharge and the ﬂow is measured by
counting the number of particles that have fallen for each
time step Δt. In order to increase the total discharge time
and neglect ﬁnite size eﬀects, the number of grains N was
kept constant during the simulation by reinserting the outgoing grains in the upper part of the silo. The simulation
ends when 565 magnets have passed through the aperture.
The simulations were performed with and without the dissipative term to determine the eﬀect of the conﬁnement.

3 Results
Let us ﬁrst describe the experimental set-up and some results that were necessary to calibrate our simulations. Figure 1a shows the cell ﬁlled with Ntot = 565 cylindrical
Neodymium magnets oriented with their magnetic dipoles
pointing in the same direction to induce a repulsive force
among them; the lateral walls were also repulsive and the
aperture size D was set prior to discharge. Because there is
no contact among grains, they can be easily distinguished
and tracked. Figure 1b shows snapshots of the discharge
for a small aperture D = 8 cm; the paths followed by the
grains in ﬁg. 1c indicate a funnel ﬂow pattern as it occurs
with non-repelling grains. From videos taken at 250 fps,
we counted the number of particles N remaining at the upper cell compartment as a function of time t for diﬀerent
values of D ranging from 4 cm to 36 cm; the results are
shown in ﬁg. 1d. There are two diﬀerent behaviours: a
linear decrease during most of the discharge that reﬂects a
constant ﬂow rate Q (constant slope) and a decrease of the
ﬂow at the end of the process. The total discharge time τ
is plotted as a function of D in ﬁg. 1e for the experiments
(points) and compared with the expected value τ = Ntot /Q
(blue line).

(3)

This expression was introduced in the velocity Verlet
algorithm[11] programmed in Matlab  to integrate the
equations of motion, where positions xi , velocities vi and
accelerations ai at time t + Δt are obtained from the same
quantities at time t according to:
xi (t + Δt) = xi (t) + vi (t) Δt +
vi (t + Δt) = vi (t) +
ai (t + Δt) =

1
ai (t)Δt2
2

ai (t) + ai (t + Δt)
Δt
2
Fi (xi (t)) + ξi
mi

(4)
(5)
(6)

In eq.(6), the term ξi represents a dissipative force associated to friction due to the glass walls.
The simulation begins with 565 disks in a rectangular
array with random velocities taken from a Gaussian distribution. The discs are dropped under gravity into a silo
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Figure 3. a) vout  x vs t for four diﬀerent apertures; t is normalized by the discharging time T of 565 magnets. b) vout  x,t vs D.
c) Velocity proﬁle along the aperture.

 In the cell,
to move, it will rotate until μ is parallel to B.
the frontal walls prevent the magnet rotation but the torque
over each magnet produces an increase of friction with the
walls which is proportional to τ. In the experiments, the
separation among particles is observed to increase with D,
reducing the local density; therefore, the magnetic ﬁeld
i decreases and also τi , this causes the
over each particle B
decreasing friction coeﬃcient observed in ﬁg. 2d.
Once λ was found for each value of D, we computed
the average particle velocity at the output vout  x as a function of time; the results for four diﬀerent apertures are
shown in ﬁg. 3a (notation  x indicates the average over
the aperture). Note that vout  x practically has a constant
value during the whole discharge as it is expected for a
constant ﬂow rate. By plotting vout  x averaged
on time

as a function of D and using vout  x,t = 2gβD to ﬁt the
data, see ﬁg. 3b, one ﬁnds β ≈ 0.27 ± 0.05, in contrast
with β ≈ 0.5 found for contacting grains in which case
a free-fall semicircular arch region of size proportional
to the aperture is assumed. The diﬀerent value obtained
with repelling grains could be associated to the fact that
the free-fall region does not really exist [8], since even
in the aperture the outgoing magnets are interacting with
the magnetic ﬁeld of the neighbouring particles. Figure 3c

Figure 2. MD simulations: a) Particles paths for D = 8 cm, b-c)
N vs t for D = 4 cm and 12 cm, respectively, for diﬀerent values
of λ. Black lines represent the experiments. d) λ vs D obtained
from the best comparison with experimental results (red points);
the black line corresponds to λ = (0.03 ± 0.002)D−0.89±0.07 .

Figure 2a shows the trajectories of 565 repulsive particles obtained from the simulations. Note that, as in
the experimental case, the magnets move mainly along
the central part of the cell developing a funnel ﬂow. We
performed simulations with diﬀerent dependences for ξi
but only a viscous term of the form ξi = λ
vi was able
to reproduce the linear behaviour of N vs t found in the
experiments. The friction coeﬃcient λ was varied until obtaining the best comparison with the experimental
data for each value of D, see ﬁgs. 2b-c. Figure 2d
shows that λ decreases with D and it is well ﬁtted by
λ = (0.03 ± 0.002)D−0.89±0.07 . To explain this dependence,
let us consider that the torque τ on a magnetic dipole
 is directly related to the
μ placed in a magnetic ﬁeld B
 if the dipole is free
strength of the ﬁeld by τ = μ × B;

3

EPJ Web of Conferences 140 , 03089 (2017 )

DOI: 10.1051/epjconf/201714003089

Powders & Grains 2017

a)

(2); the results are compared in ﬁg. 4c with the ﬁt of the
experiments reported in [7]. The diﬀerence between simulations (black line) and the experimental data ﬁt (dashed
blue line) is again associated to ﬁnite size eﬀects.

4 Conclusions
We studied numerically the discharge of repelling magnetic grains from a two-dimensional silo. Our results
are in agreement with previous experimental ﬁndings[7]
without the limiting eﬀects produced by the small number
of grains and ﬁnite size of the system. The magnets
move towards the aperture developing a funnel ﬂow
pattern as it occurs in classical granular materials, but
in contrast, a plug-ﬂow proﬁle appears at the exit. The
density of grains measured just above the silo output
is found to decrease exponentially with the aperture
size in accordance with the experiments. The magnetic
interaction produces a torque that generates friction with
the walls, the simulations allowed us to evaluate this
friction factor which diminishes with D as a consequence
of the decreasing density. Of particular interest could be
to compare our results with the dynamical scenario that
typically occurs when cars pass through a bottleneck,
where no surface-surface interactions also exist.

b)

c)
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Figure 4. a) ρ x vs t/T found in simulations. b) ρ x,t vs D (•),
data ﬁtting using eq.1 (–), and experimental ﬁtting reported in [7]
(- -). c) Q = Ntot /τ vs D (•) and solution of eq. 2 with parameters
found in simulations (–) and those found in experiments [7] (- -).

shows the velocity proﬁle along the aperture obtained from
the simulations, v x t is the average velocity in each coordinate x during the total time of discharge and v x t = 0
outside the aperture corresponds to the static magnets on
the gates. As in the experiments, an important velocity
gradient is observed near the borders of the aperture with
a plug ﬂow in the central zone; this plug ﬂow constitutes
another strong diﬀerentiation with classical granular ﬂows.
Finally, we computed the density of particles ρ x inside a rectangular box of 10d × D centred in the silo aperture as it was done with the experimental measurements in
[7]. We found ﬂuctuations around a mean value during the
evolution of the discharge, see ﬁg. 4a. In the experimental
results, it was found a constant density only during an intermediate interval of the process due to the reduced number of grains; this eﬀect is avoided in the simulations by
reinserting the outgoing grains at the top of the silo, giving
as a result a constant ρ x . The average density taken over
time ρ x,t decreases with D, see red points in ﬁg. 4b, supporting the previous discussion related to the friction factor and in agreement with experiments. Using eq. (1) to ﬁt
the numerical results we obtain the values ρ∞ = 1589.26
grains/m2 , ρ0 = 5049.47 grains/m2 and α = 0.0177. These
values were used to calculate Q as a function of D with eq.
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and M. Zafer Gül, Powder Technol. 186, 65 (2008).
[11] Q. Spreiter and M. Walter, J. Comput. Phys. 152,
102–119 (1999).

4

