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Abstract. In modelling of elastic objects immersed in a ﬂuid, very important part of the model is the interaction between objects and ﬂuid. In models based on immersed boundary method and lattice-Boltzmann
method, this interaction is mediated by friction coeﬃcient between ﬂuid and particles. The friction coeﬃcient is phenomenological and needs to be properly calibrated. In this work we design an experiment, the
results of which can be predicted by theoretical computations. Based on the theory, we calibrate friction
coeﬃcient to properly describe the interaction between ﬂuid and objects. The simulation experiments are
performed in Object-in-ﬂuid framework. We calibrate it for objects immersed in ﬂow with low Reynolds
number to model ﬂow of cells inside microﬂuidic devices. We analyze dependence of interaction method
on number of nodes and size of spherical object.

1 Introduction
We consider model of elastic objects immersed in a ﬂuid
based on the lattice-Boltzmann (LB) method coupled with
the immersed boundary (IB) method. Both methods have
its own mesh, one for the ﬂuid and one for the object.
In the LB method, ﬂuid is modeled by ﬁctive particles that travel and collide over a ﬁxed cubic lattice mesh
[?]. The ﬂuid dynamics are computed using the LB equation. The unknown variable in this equation is the density
function for the ﬁctive particles. Macroscopic properties
of the ﬂuid can be afterwards recovered from the density
function.
In the IB method, the objects are characterized by triangulation of their surface. The discretization mesh contains boundary points linked together by elastic forces
along the edges and faces of the mesh. These forces move
the IB points in the space according to Newton equation
of motion. This equations include the mass of individual
IB points. This way, the object’s boundary may change
the shape according to the elastic forces. The IB mesh is
not ﬁxed, the positions of the IB points are determined
freely in the space.
To maintain mechanical properties of the cell’s membrane, ﬁve elastic moduli are considered, each deﬁning
diﬀerent forces. These moduli govern the stretching and
bending of the membrane, as well as local and global
preservation of the surface and volume of the cell.
The interaction between the ﬂuid and the object is
provided by coupling of LB and IB method. From the
ﬂuid velocity ﬁeld given over the LB ﬁxed mesh, the corresponding ﬂuid forces are applied to IB points, adding up
with elastic forces. Reversely, the change of object’s shape
generates forces that are applied back to the ﬂuid by entering the external forces in the governing LB equation

for the LB method. Since the ﬁxed LB mesh and free IB
mesh do not overlap, we need to interpolate the values of
respective forces and velocities between the IB points and
the lattice points as depicted in Figure ??.

Fig. 1. Two dimensional version of the LB-IB method coupling. The respective forces and velocities are transferred from
and to the vertices of LB lattice squares where the IB point is
currently located.

Basic principle for objects immersed in a ﬂuid is the so
called no-slip boundary condition. The aim of this method
is to keep the zero diﬀerence between the ﬂuid velocity
and the velocity of IB points on the surface of the objects.
Several approaches have been established to achieve this
e.g. bounce back scheme, implicit treatment of restoring
force or the direct forcing method [?].
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2 Simulation setup

In our case, we use transfer force between the objects
and the ﬂuid similarly as in [?] by following equation
Fi = ξ(vi − ui ),

Based on the previous theoretical considerations, we designed the following simulation experiment.

(1)

where vi is the velocity of the IB point i, ui is the interpolated velocity of the ﬂuid at the particle position i and ξ
is phenomenological friction coeﬃcient. Then, total force
exerted on each IB mesh point consists of elastic forces
and force of ﬂuid-object interaction [?].
Current implementation of the Object-in-ﬂuid framework distributed as a part of ESPResSo [?] requires to
set the friction coeﬃcient. This phenomenological constant was previously calibrated by the following experiment: A rigid ball with the same density as surrounding
ﬂuid was put into a static ﬂuid. The ball was pushed with
given nonzero initial velocity. The resulting drag force of
the ﬂuid on the sphere may be computed explicitely. This
drag force slows the sphere down and the velocity evolution of the sphere may be evaluated by theoretical computations. The computational simulations of this experiment
were performed using the Object-in-ﬂuid framework and
the corresponding friction coeﬃcient was determined to
ﬁt the theoretical data [?].
The computational experiment however was performed
according to the authors not correctly. The initial speed
of the sphere was set to the IB points only and the inner
ﬂuid of the sphere was initiated with zero speed. This way,
the whole movement had to be mediated by the IB points
only, while we argue that the inner ﬂuid should have been
initiated with the same initial speed as the IB points.
The remedy for this situation is however not trivial.
In the LB method, setting the nonzero initial speed to
inner LB points of the sphere while preserving zero speed
to the neighbouring outer LB lattice points, is unphysical
and leads to shocks. Therefore we present new experiment
with physically correct assumption in Section ??.

2.1 Terminal velocity experiment
We put a spherical object into a static ﬂow. We exert a
horizontal constant force F0 on the sphere that causes the
sphere to move horizontally. The static ﬂuid will reversely
exert a drag force on the sphere. As mentioned above, the
drag force is directly proportional to the velocity of the
sphere. Therefore the drag force is increasing and we can
compute the velocity proﬁle.
The Newton equation of motion for such sphere is
mv  = F0 − 6πνrv.
This diﬀerential equation has the following solution
v(t) =

F0
F0
−
exp
6πνr 6πνr



−6πνrt
m


.

(5)

We can see that the velocity depends on the mass of
the sphere. In the coupled LB-IB method, there is ﬂuid
contributing to the object’s mass as well as the mass of
IB points. There is however no direct way how to interpret
the physical object’s mass in terms of model components
(LB ﬂuid mass and IB points mass).
We can however get rid of the object’s mass in the
velocity expression by considering the terminal velocity
as limit t → ∞
v∞ = lim v(t) =
t→∞

1.1 Theoretical considerations

F0
,
6πνr

(6)

where v∞ is terminal velocity. This way we do not have the
problem with overall mass of the object, since the terminal
velocity do not depend on the object’s mass.
When simulating this experiment, we obtain terminal
velocity of the simulated sphere that should be the same
as in (??). This will however hold true only if the interaction between ﬂuid and object is calibrated properly. In
other ways, the simulated terminal velocity will equals to
theoretical v∞ only if the friction coeﬃcient is correct.

In general, the motion of any object under the application
of given force, is described by the Newton’s second law of
motion
(2)
F = mv  ,
where m is the mass of the object and v  is the acceleration of the object. We consider small solid rigid sphere
relatively slow speed. The drag force of the ﬂuid exerted on
moving objects with very low Reynolds number (Re < 1)
is described by Stoke’s law as
Fd = 6πνrKv,

(4)

(3)

2.2 Restriction on practical implementation

where r is the radius of the object, v is the relative velocity of the object to the ﬂuid, K is the shape dependent
constant, for spherical object K = 1, and ν is the dynamic
viscosity of the ﬂuid. This equation assumes the object to
be immersed in an unbounded ﬂuid. Otherwise, complex
boundary eﬀects will come into play.

The theoretical expressions for forces and velocities derived from (??) are only valid under the assumptions that
no boundary eﬀects are involved. This means that in theory the unbounded domain must be used. This is of course
problematic in simulations and we must be careful when
choosing the size of computational domain.
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2.3 Implementation details

We can see that the diﬀerences between the terminal
velocities when changing the size of the box from 200μm to
We simulate experiments by software ESPResSo with frame- 400μm is less then 5%. Therefore we will perform all subwork Object-in-ﬂuid. It allows to simulate elastic object sequent simulation using the size of simulation box 200μm.
described by triangulation its surface ﬁlled with the same
ﬂuid as outside. The simulation box has a cubical shape
with uniform discretization. The discretization grid is cho- 3.2 Results for ﬁxed mesh and ﬁxed size of the sphere
sen such that we do not have signiﬁcant boundary eﬀects.
The boundary conditions for the ﬂuid on the all sides Although we assume that the friction coeﬃcient will change
of the simulation box are set to be zero.
for diﬀerent triangulations, ﬁrst we determined the friction
Every time a particular force must be exerted on a coeﬃcient for mesh with 393 points and with radius 4μm.
spherical object, this force is divided by the number of IB We set density of ﬂuid to 1025kg.m−3 , dynamic viscosity
mesh points and only afterwards it is applied to each IB to 1.5375 × 10−3 P a.s and force exerted on the sphere to
point.
0.393 × 10−9 N . We performed a series of simulations of
We use diﬀerent meshes with diﬀerent number of nodes, terminal velocity experiment described in Section ??. We
lengths of edges and sizes of the object. All meshes how- varied the value of friction coeﬃcient and for each value we
ever are quasi-uniform in a sense that they are composed obtained diﬀerent terminal velocity. In Figure ?? we can
of almost equilateral triangles.
see the results with value of friction coeﬃcient computed
Since the model we are working with is primarily used from theoretical consideration indicated by red horizontal
for elastic objects, we set quite high elastic coeﬃcients to line. The intersection of the line and the curve determines
ensure that simulated object behaves like a rigid one. To the calibrated friction coeﬃcient with value 1.76. In the
control this eﬀect we record the diﬀerences in the volume,
surface area and maximal diameter of the object at the
0.005
beginning and at the end of the simulation. We keep all
Simulation
these diﬀerences under the threshold 5%.
0.0048
Velocity [μm/μs]

0.0046

3 Computational analysis and results
3.1 Size of the simulation box
Theoretical considerations in Section ?? assume the immersed sphere in a unbounded ﬂuid to eliminate boundary
eﬀects. In practice, we need to set up the simulation box
large enough so that boundary eﬀects are negligible. We
follow the numerical simulation reported in [?] where the
ratio between the size of the sphere and the simulation
box was approximately 1:30. With the size of our sphere
having diameter 8μm we set the size of the box to 200μm.
Moreover we perform an analysis of the inﬂuence of the
simulation box on the resulting drag force.
Setting the friction coeﬃcient to 1.0 we choose four
diﬀerent sizes of cubic box: 50μm, 100μm, 200μm and
400μm. We perform the simulation for the terminal velocity. The results are presented in Table ??.

0.0042
0.004
0.0038
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0.5

1
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2
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3
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3.5

4

Fig. 2. The dependence of friction coeﬃcient on the terminal
velocity experiment.

ﬁgure we can see that the terminal velocity is more sensitive for lower values of friction coeﬃcients and increasing
the friction coeﬃcient above certain level does not inﬂuence the terminal velocity much.

Table 1. Terminal velocities for diﬀerent box sizes for ﬁxed
friction coeﬃcient ξ = 1.0
s (size of box)
vs (term. vel.)
δs→2s (rel. diﬀ.)

0.0044

3.3 The dependence of friction coeﬃcient on the
number of nodes and radius of the sphere

50μm
100μm
200μm
400μm
0.00304 0.00356 0.00381 0.00395
+14.61% +6.56% +3.54%

In Section ?? we determined friction coeﬃcient for one
speciﬁc mesh and for one speciﬁc radius of the sphere. If
we use diﬀerent mesh or diﬀerent size of the sphere, the
friction coeﬃcient changes. We would like to derive an
expression for dependence of the friction coeﬃcient on the
number of mesh points and radius of the sphere. Knowing
this dependence, we do not need to calibrate the friction
coeﬃcient each time the mesh or size changes.

The diﬀerences reported in Table ?? are deﬁned as
relative diﬀerence when doubling the size of the box by
expression
v2s − vs
δs→2s =
v2s
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Heuristics

(b) the friction coeﬃcient decreases linearly with the
increasing the number of nodes
Both hypotheses may be merged into one expression.
Starting from the already calibrated value of friction coeﬃcient ξ393,4 for mesh with 393 nodes and radius 4μm,
we can write down the following expression for mesh with
n nodes and radius of sphere r

First we analyze situation for two diﬀerent meshes with
number of mesh points n1 and n2 with the radius of the
sphere ﬁxed. We want to ﬁnd out what is the relation
between corresponding friction coeﬃcients ξ1 and ξ2 in
order to achieve the same simulated behaviour.
As soon as the sphere reaches terminal velocity, all
forces exerted on the mesh points come to equilibrium.
There are three types of forces exerted on the mesh points:
elastic forces, dragging force F0 , and ﬂuid forces that act
in the opposite direction to F0 . The elastic forces just
keep the sphere almost solid and do not contribute to the
balance between the dragging force and the ﬂuid force. So
basically, in each mesh point we have the equilibrium of
the dragging force and the ﬂuid force. We can use (??) to
calculate the ﬂuid force and thus we have for both meshes
F0 =

n1


ξ1 (ui − vi ) =

i=1

n2


ξ2 (ui − vi ).

ξn,r =

i=1

ξ1 =

n1


Veriﬁcation
To conﬁrm these hypotheses, we performed number of
simulations. We picked 4 diﬀerent meshes with number
of nodes 126, 393, 500, 1182. With each mesh we considered three diﬀerent radii 2, 4 and 8 μm. For each of these
12 cases we computed the friction coeﬃcient using (??).
Then we performed our computational experiment with
ﬁxed F0 and we recorded the obtained terminal velocities.
In ﬁrst two columns of Table ?? we can see the parameters of the simulations. In column 3 we see values of
friction coeﬃcient computed from (??). In next column we
see the obtained terminal velocity that can be compared to
the theoretical value of terminal velocity computed from
(??) presented in column 5. In the last column we can see
relative error in v∞ .
The relative error in all simulations is low (under 5%)
which conﬁrms the validity of (??).

(7)

i=1

ξ2 ,

n1 .ξ1 = n2 .ξ2 .

or

(8)

i=1

Second, we analyze the situation when we keep the
number of mesh points ﬁxed equal to n and we have two
diﬀerent radii r1 and r2 . Assume that we want to use
two diﬀerent dragging forces F1 and F2 to get the same
terminal velocity for both spheres. In the equilibrium, the
dragging forces F1 , F2 are compensated by the drag force
computed from (??) and thus we get
F1 = 6πνr1 v∞ K =
F2 = 6πνr2 v∞ K =

n

i=1
n


Table 2. The comparative result for diﬀerent radiui and number of mesh points. The calibrated case is emphasized with
boldface.
mesh
126
126
126
393
393
393
500
500
500
1182
1182
1182

ξ1 (ui − vi )
ξ2 (ui − vi )

i=1

With similar argumentation as before we note that both
spheres are moving with the same terminal velocity and
thus ui and vi are the same. Using this result after dividing
the previous two equations we end up with
r1
n.ξ1
ξ1
=
=
r2
n.ξ2
ξ2

(10)

This expression reﬂects both hypotheses and satisﬁes both
(??) and (??).

Our aim is to get the same behaviour of simulated sphere
in the computational experiment and thus the velocities
ui of mesh points for both meshes will be the same. The
same holds for the ﬂuid interpolated velocities vi and thus
we can conclude that
n1


393 r
ξ393,4 .
n 4

r
2
4
8
2
4
8
2
4
8
2
4
8

ξ
2.74
5.49
10.89
0.88
1.76
3.52
0.69
1.38
2.77
0.29
0.59
1.17

vsim
0.006532
0.003428
0.001668
0.006532
0.003404
0.001646
0.006515
0.003399
0.001645
0.006513
0.003400
0.001644

vexact
0.006780
0.003390
0.001695
0.006780
0.003390
0.001695
0.006780
0.003390
0.001695
0.006780
0.003390
0.001695

δsim→exact
3.66 %
1.10 %
1.60 %
0.72 %
0.41 %
2.89 %
3.92 %
0.26 %
2.98 %
4.18 %
0.30 %
3.01 %

(9)

Hypotheses

4 Summary and discussion

From relations (??) and (??) that we have obtained using
heuristic considerations, we can formulate the following
two hypotheses:
(a) the friction coeﬃcient increases linearly with the
increasing radius of the sphere

In this work we designed simulation experiment for calibration of interaction between object and ﬂuid in the
lattice-Boltzmann – immersed boundary method. We calibrated friction coeﬃcient and we derived an explicit formula describing its dependence on size and number of
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mesh points. This formula was conﬁrmed by series of computational simulations.
The results presented in Table ?? indicate two phenomena. First, when keeping the radius ﬁxed to value 4μm
for which the friction was calibrated, the relative error between simulated and exact terminal velocity is very low,
under 1%. This suggests, that the change of the mesh density with size of the object ﬁxed is a safe operation.
Second, when keeping the number of mesh points ﬁxed
and changing the radius, relative errors are bit higher, but
still acceptable. This indicate that the behaviour of the
sphere is more sensitive to the changes in mesh density.
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