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Finite volume - space-time discontinuous Galerkin method for the
numerical simulation of compressible turbulent flow in time dependent

domains
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Abstract. The article is concerned with the numerical simulation of the compressible turbulent flow in time
dependent domains. The mathematical model of flow is represented by the system of non-stationary Reynolds-
Averaged Navier-Stokes (RANS) equations. The motion of the domain occupied by the fluid is taken into account
with the aid of the ALE (Arbitrary Lagrangian-Eulerian) formulation of the RANS equations. This RANS system
is equipped with two-equation k — w turbulence model. These two systems of equations are solved separately.

Discretization of the RANS system is carried out by

the space-time discontinuous Galerkin method which is

based on piecewise polynomial discontinuous approximation of the sought solution in space and in time. Dis-
cretization of the two-equation k — w turbulence model is carried out by the implicit finite volume method, which
is based on piecewise constant approximation of the sought solution. We present some numerical experiments to
demonstrate the applicability of the method using own-developed code.

1 Introduction

During the last decade the space-time discontinuous Ga-
lerkin finite element method (ST-DG), which is based on
piecewise polynomial discontinuous approximations of the
sought solution, became very popular in the field of nu-
merical simulation of the fluid flow. This method of higher
order was successfully used for simulation of the Navier-
Stokes equations ([2],[4],[5]). Unfortunately this method
became unstable, when it was used for the whole system
of the RANS equations with k — w equations. Thus we
solve this two systems separately. We use the ST-DG for
the discretization of the RANS system of equations and
the finite volume method for the equations of the k — w
turbulence model. Due to the time dependent domain the
RANS equations are transformed in the ALE (Arbitrary
Lagrangian-Eulerian) formulation. In this article Wilcox
k — w turbulence model was choosen ([10]). For numeri-
cal experiments will be used flow around moving airfoil.
A solid airfoil with two degrees of freedom performs ro-
tation around elastic axis and oscillations in the vertical
direction. The discrete flow problem is coupled with the
system of ordinary differential equations describing airfoil
vibrations. Results of numerical simulation are presented.

2 Formulation of the k& — w turbulence
model

We consider compressible turbulent flow in a bounded do-
main Q(f) ¢ R?, depending on time ¢ € [0,T]. We as-
sume that the boundary €(¢) consists of three disjoint parts
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0Q(t) = I'UTp Uy (1), where Iy is the inlet, I is the out-
let and Iy (¢) is impermeable wall, whose parts may move.

The time dependence of the domain is taken into ac-
count with the aid of a regular one—to—one ALE mapping

A, : Q0) — Q).

We define the ALE velocity z by the relations

(X, 1) = gﬂt(X), t€[0,T], X € 20),
2(x, 1) = Z( A (x),0, t€[0,T],x € Q>)

and the ALE derivative of a vector function w = w(x, )
defined for x € Q(¢t) and t € [0, T']:

D7 ow

e )= —(X,0),

Dt wx, 1) ot X,

where
w(X, 1) = w(A(X),1), X € Q0), x = A(X).

Then the system of the RANS equations describing the
compressible turbulent flow can be written in the ALE form

DAw <y dg(w) 2\ Of7 (W)
Dr +Z ox. +wd1vz+; ox.

s=1

_ Z 0k (w) Z OR (W, Vw) 0

0xg - Oxg
where for s = 1,2 we have

w =Wy, ...ws)" = (p,pv1,pv2, E)' € RY,
£,(W) = (ot oo foa)”
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= (pvy, pu10s + O14P,
P2V + 62sp’ (E + p)Us)T,
£w) = (), S1T

2 2 2
= (0, §Pk515, gpk(szs, gpkvs) ,

g;(w) = f(w) — z;w,
R(W, VW) = (Ry.1, ... Rya)”

) T
VoV 1% CpHL | CpHT\ 00

= [0, T T E ‘r”v,+( P + Prr x|
s

r=1

ks(w) = (ks,l 5 eeey ks,4)T

k\ ok \
:(O,...,O,(,uL+a'kp—) ) ,
w

0x;
where
, 2 .
Ty = —g(llL + ur) divo 6 + 2(ug + pr) dg(v),
1 {0vy, O,
A (0) = 2 (ax, " Bxs)‘

We use the following notation: v = (v, v;) - velocity, p
- density, p - pressure, 6 - absolute temperature, E - total
energy, v - Poisson adiabatic constant, « - heat conduction
coefficient, ¢, - specific heat at constant volume, c, - spe-
cific heat at constant pressure, where ¢, = yc,, Pr is the
laminar Prandtl number, which can be express in the form
Pr = C”l’: L, Prr is the turbulent Prandtl constant number, pr
is the eddy-viscosity coefficient, y;, is the dynamic visco-
sity coefficient dependent on temperature via Sutherland’s
formula. The above system is completed by the thermody-
namical relations

E 1

1 1
=(y=-D[E-Zpp?- ===
p= )( 2p|v| pk),H C(p 3

jof” - k)
and is equipped with the initial condition
w(x,0) = wl(x), xeQ

and the following boundary conditions

a) p|r, =PD;
b) vl =vp = (p1.vp2)’, )
2
Vv CpML CpHT 00
C - + + — =0 on/l7y,
) ;1 Tarltslr ( Pr  Prr )Hn n
a) lr, ) = zp = velocity of a moving wall,
06
b) =—| =0,
onlrya

5, 0
a) ZT n,=0,r=12 onlp, b)—

= 0’
Na 0’1

s=1 To

with given data wo, PD,>Up, Zp. It is possible to show that
f,(aw) = a f(w) for @ > 0. This property implies that

f;(w)=A,(ww, s=1,2, 3)

where

Df(w)

As(w) = Dw

s=1,2,

are the Jacobi matrices of the mappings f;. Similary we can
express

fPw) = Al(wyw, s=1,2.

The viscous terms R (w, Vw) can be expressed in the form
2 ow

R,(W, VW) = ) KyWo—, s=12 @
=1 0

where K, ;(w) € R¥* are matrices depending on w.
The aforesaid system of the RANS equations is com-
pleted by the Wilcox’s turbulence model (see [10]) for pr:

2 2

oW A, (W) OR,(W, VW) _ _
— + = + . 5
o1 Z:; ox, Z:; o, WO
where for s = 1,2 we have
W = @1, )" = (pw,pk)" € R,
£.(W) = (fu1, fi2)" = (pwoy, pkog)T,
R, (W, VW) = (R, 1,R;»)" =
k dw k ok \"
r+ 0022+ 5=
W Oxg W Ox;

5(W) = (P, — Bow® + Cp, Py — B pwk)” .

Here w is the turbulence dissipation, k is the turbulence
kinetic energy and ur is the eddy viscosity. We can write
the production terms as

2

P—2 7 Oy
M

r=1
Lt)Pk
Py, =ay s
Yok
where
2 2
T?, = —§yT divo 6, — gpk Osr + 2ur dg(0),
1{dvy, O,
dvr == - + s
sr(®) 2 (ﬁx, 6x5)
pk
Hr = —.
7]

Limited eddy viscosity @ is given by the term

@® = max {w, Clim

2
%rs = —gdiVU 6,«5 + 2drs(v)'

The cross-diffusion term Cp is defined as

2
ok 0
Cp = O'ngax ——w,O .
w — O0x; Oxg

The coefficients 8, 8%, 0k, 0w, Op, ¥y, Clim, Prr are chosen
by [10]:

13

=35 B=00708, B =009, =06, o,=05,
7 1 8

Cling, O'ng, PVT=§.
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This system is also equipped with the initial condition
W(x,0)=w'(x), xeQ

and the following boundary conditions

a) wlr, = wp, b) k|, = kp, (6)
a) wlp, = Wyar,  b) k|rw =0, (7N
ow
i =0 b) — = 0, 8
9 Gl =0 )2 (,m @®)

with given data W°, wp, kp, Wyai-

3 Discretization
3.1 Space discretization of the flow problem

By ©,,(f) we denote polygonal approximation of the do-
main (7). Let 7,,(¢) be a partition of the domain €,,(¢) into
finite number of closed elements with mutually disjoint in-
teriors such that Q,(r) = | keT,r K. In 2D problems, we
usually choose K € 7,(¢) as triangles or quadrilaterals.
By ¥,(¢) we denote the system of all faces of all elements
K € T,(t). Further, we introduce the set of boundary faces
ﬂB(t) ={I'eF,(0); 0y} and the set of inner
faces F/(t) =F,(O\F2(1). Each I' € F,(1) is associated
with a unit normal vector n,. For I' € ﬁB(t) the normal
nr has the same orientation as the outer normal to 0Q),(?).
For each I' € Th’ () there exist two neighbouring elements
KE, KR € T3,(t) such that I' C 0K= N OKR. We use the con-
vention that K¥ lies in the direction of ny and K~ lies in
the opposite direction to ny. If ' € ﬂB (1), then the element
adjacent to I” will be denoted by K~.

We shall look for an approximate solution of the prob-
lem in the space of piecewise polynomial functions
Shty = (SP@)', ST = {v; vlg € PP(K),YK € Ti(1)},
where p > 0 is an integer and PP(K) denotes the space of
all polynomials on K of degree < p. A function @ € SZ ®
is, in general, discontinuous on interfaces I' € ?'h’ (7). By
@k and PR we denote the values of @ on I' considered
from the interior and the exterior of Kﬁ, respectively, and
set

(P)r = %(95%"' (151;)’

L R
[@]r = ¢r_ QD[‘»

which denotes the average and jump of @ on I.

The discrete problem is derived in the following way:
For arbitrary ¢ € [0,7] we can multiply the system by a
test function SZ (1), integrate over K € 7,(¢), apply Green’s
theorem, sum over all elements K € 7,(¢), use the concept
of the numerical flux and introduce suitable terms mutually
vanishing for a regular exact solution. Moreover, we carry
out a suitable partial linearization of nonlinear terms.

In order to evaluate the integrals over I" € ¥, (¢) in in-
viscid term we use the approximation

2
HOWE, Wi np) = ) g (W),

s=1

where H is a numerical flux. For the construction of the
numerical flux we use the properties (3) of f;. Let us define
the matrix

2
P(w,n) := ) (A(W) - 2,0,

s=1

where n = (n1,n2), n? + n} = 1. Then we have

2
P(w, mw = > g(Win,.
s=1

It is possible to show that the matrix P is diagonalizable. It
means that there exists a nonsingular matrix T = T(w, n)
and a diagonal matrix A = A(w, r) such that

P=TAT !, A=diag,,.., ),

where A; = A;(w, n) are eigenvalues of the matrix P. Then
we can define the “positive” and “negative” parts of the

matrix P by
P* = TA*T™!, A* =diag(1%, ..., 2%),

where 4™ = max(4,0), - = min(4, 0). Using this concept,
we introduce the so-called Vijayasundaram numerical flux

L R L R
p* (%ﬁ wl+ P (un) Wk

2
This numerical flux has suitable form for a linearization.
Now we can define inviscid form in the following way:

H(WL, wR, n) =

by (W, Wi, Dp, 1) =

_ Z IZ(A (Wy) — z5()D) Wy, -

KeTu(t)

+Zf

reF(1)

+ fP+(<wh> nr) Wi + P~ ((Wy, ), ) WY ) - &y dS

TeF L)

(P* (W), mr) wh + P~ (W), "r)WR) [@4] dS

The boundary state w 1s evaluated with the aid of the local
linearized Riemann problem described in [9].

For the discretization of the viscous terms we use the
property (4) and get the viscous form

an(Wp, Wy, Dp, 1) 1=

2 oWy 0D,

s —_— d
K i (W) o ox, x

+
KeTn()

_Zfr k

ref (1) L <

WP

ow,
D KaxWa) 5= () - by dS
X
reFk( s
2 2
Z(ZK (W h>

1
¢ Z k=1

refl @) s=1

2 2
-0 Z IZZKM( Dl (”F)y wy, dS
k=1

reran Y =1

ZKsk(wh>—><nr)s [®,]dS

1

—
ngiINg

1
2

Ngl

%

> (nr)s - [wp] dS
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Weset ® = 1or® = 0or ® = -1 and get the so-called
symmetric version (SIPG) or incomplete version (IIPG)
or nonsymetric version (NIPG), respectively, of the dis-
cretization of the viscous terms.

Further, we define the turbulent forms p, k,, the inte-
rior and boundary penalty form J; and the right-hand side
form [, in the following way:

Ph(Wi, Wy, D, 1) 1= Z
reflo

2
f D ALVWE - B (n), dS
rssi

2

DN ORXLATE

refl ()

2
+ Z frZAf(Wh)Wh'

reFk s=1

> | ZA (Wi O gy,
0x;

D (nr), dS

Dy, (nr), dS

KeTh(n)

b= O [ st(w,,) o (np), ds

I"E‘f’(t)

@j; (nr); dS

" Z kaj(wh) Dy, (nr); dS
ref @
> [ kawh) T,

KeTu(t)

VACROESY f olwy] - (@3] dS
r

reF(1)

+ Z fO’Wh'@hdS,

rerBm T
(W B 1) = f owg - By dS
r

reFE@)
2 2
T
-6 fZZKM W) g ) Wi dS,
regfhlf(z) I =1
where ol = %, where d(I') is the diameter of

I' € F,(t), Re is the Reynolds number and Cy > 0O is a
suitable sufficiently large constant. The boundary state wg
is defined on the basis of the Dirichlet boundary conditions
and extrapolation:

1
wg = (0p, PDUDI, PDUD2, CoPDOF + 5PD lopl?) on T,

szwﬁ onlp,

1
Wg = (0%, pEzp1, przpa, Cop 0% + §P1L~ lzpl*) on [y ().

In the vicinity of discontinuities or steep gradients non-
physical oscillations can appear in the approximate solu-
tion. In order to overcome this difficulty we employ artifi-
cial viscosity forms, see [8]. They are based on the discon-
tinuity indicator

1
Kyi=——— onl?dS, K € T,(0),
g()(K) KK ﬁKMh] € Ti(®)

where [p;] is the jump of the function p;, (= the first com-
ponent of the vector function w;) on the boundary 0K,
d(K) denotes the diameter of K and |K| denotes the area
of the element K. Then we define the discrete discontinu-
ity indicator

G()(K) :=0
G((K) = 1

if g(t)(K) < 1,
if g)(K) > 1, K € Ti(1),

and the artificial viscosity forms
Bh(wl’n Wh, Qh’ t) =
Vi Z d(K)G(t)(K) f Vw,, - V&, dx,
K

KeT(t)
In(Wp, Wy, @, 1) 1=

1
) 5 (GOKD +GaKD) fr [wi] - [®;] S,

refl()

with constants v; and v,.

All these forms are linear with respect to w;, and non-
linear with respect to wy,.

Finally, we set

(.4, =f @y dx.
-Q/t(t)

3.2 Full space-time DGM discretization

Let0 =1y <1t <..<ty =T be a partition of the interval
[0, T] and let us denote I, = (t,—1,tm)s Tm = tym — tu—y for
=1,..., M. We define the space 8 = (S’”’)4 where

h,

Sy = {¢ 9, —Zm, where ¢; € S1/(1), g,quam)}

with integers p, g > 1. P4(I,,) denotes the space of all poly-
nomials in 7 on I, of degree < g. Moreover for @ € S/
we introduce the following notation:

= &(z;) = lim B(),

s

(D) = D — D .

m

m

Approximate solution wy, of the problem will be sought
in the space S‘Zf Since the functions of this space are in
general discontinuous in time, we ensure the connection
between I,,_; and I, by the penalty term in time

"
(%ot Pt ),
The initial state wy, is included by the L? (Q5,(tp))-projection
of w on S/(19):

Y&, € Szz

(Wae (). Pue@})), = (W', Biel)),
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Now we introduce a suitable linearization. We can use two
possibilities.

1) We put W, (1) := wy (¢, _,) fort € I,.

2) We prolong the solution from the time interval 7,,,_;
to the time interval 7,,,.

We say that a function w;,, € S"7 4 is the approximate
solution of the problem (1) obtained by the ST-DG method,
if it satisfies the following conditions

M

2.

m=1 m

D7'w),,
((% cbhf) + (@) - VWi, @n)z) dt

+ Z f (ah(wh‘r, Wi, Qh‘r’ t) + bh(whﬁ Wpr, (ph‘ra t)) dr
+ Zf (,gh(Whr, Wies Phe 1) + T3 (Wi, Wie, ¢hr,l)) dr
m=1 In
M
+ Z f (J;:—(Wh‘r’ ¢h‘r, t) + Ph(V_Vhr, Wiz, ¢h‘r’ t)) dr

M
D (Wiehnot. a5, ), (W), Piei)),

m=2

_ Zf Li(Whe, Ppr, 1) dt+(w (ph‘r(t()))

+Z f K (Wie, Diea1) dt Ve €SI

4 Finite volume discretization of the £ — w
turbulence model

The finite volume method is applied on the same mesh
Tn(t) as ST-DG method. So, similarly as in Section 3.1,
let 7,(r) = {Ki(?)}ic; be a partition of the domain Q; ()
into finite number of closed elements with mutually dis-
joint interiors such that Q) = Uier Ki(t), where I c Z+ =
{0,1,2,3,...} is a suitable index set. If two elements have a
common face, then we call them neighbours and put I';;() =
I'ji(t) = 0K;(t) N 0K(t). For each i € I we define the index
set s(i) = {j € I; K;(?) is aneighbour of K;(#)}. The bound-
ary 0Qy(t) is formed by a finite number of sides of ele-
ments K;() adjacent to 0Q;(¢). We denote all these bound-
ary sides by S ;(¢), where j € I, C Z7 = {-1,-2,-3,...}
and set y(i) = {j € ;S ;(¢) is a side of Ki(H)},I;(t) =
S j(t) for Ki(t) € T3(t) such that §; C 0K;,j € Ip. For
an element K;(7), not containing any boundary side S (),
we set y(i) = 0. Moreover we define S(7) = s(i) U y(@)
and n;;(t) = ((n;j(H)1, (ni;(¢))2) as the unit outer normal
to 0K;(t) on the side I';;(¢). We again consider a partition
0=1ty<t <..<ty =T of the interval [0, T] and denote
Lp=Un1,tn), Tn =ty —tpform=1,. M.

Now we can integrate the system (5), apply Green’s
theorem and approximate the integrals with the one-point
rule and we get the following implicit finite volume scheme

I
Kt 97" = Kt ) W1 = f f SIS dr
ty-1 Y Ki(1)

W//zz////////z/z/z&

Figure 1. The scheme of the vibrating airfoil.
fn
+ > f AW, W, ny(1))
tn-1 rlj(t)

JeS (D)
I
f f ZR (WF ,VWr )(nz/(t))s
=10 Tij(0) g

=0 Viel.

Here W} resp. VW[ denote W" resp. VW™ at the center
ij ij

of the edge I7; at time instant #,,. By W!" we shall denote
approximate solution of W on the element K; at time instant
Im

o 1

W~
oK) Ik,

For the numerical flux H we again use the concept of the
Vijayasundaram numerical flux in the following way:

H(Wm /" nlj(t)) — ((V Z> n,j)+ 171+((V_z) l‘lu) w

w(x,t,) dx.

for j e s(z) and

HOW, &7, n(1) = (v = 2) - n) W+ (v = 2) - ) W

for j € y(z), where Wz denotes boundary conditions. One
possibility of linearization of R, and § is via Taylor expan-
sion which is used in our case. For more details see [6].

5 Equations for the moving airfoil

We shall simulate the motion of a profile in 2D with two
degrees of freedom: H - displacement of the profile in the
vertical direction (positively oriented downwards) and « -
the rotation of the profile around the so-called elastic axis
(positively oriented clockwise), see Figure 1. The motion
of the profile is described by the system of ordinary differ-
ential equations

mH + S o4& + kygH = —L(?), ©)]

SoH + L + koo = M(2),
where we use the following notation: m - mass of the air-
foil, L(¢) - aerodynamic lift force, M(¢) - aerodynamic tor-
sional moment, S, - static moment of the airfoil around the

elastic axis (EA), kyy - bending stiffness, k4, - torsional
stiffness. We define L(7) and M(¢) by the terms

2

L) := —lf o0, dS,
Tw() ,Z::‘

2
M) = zf Z Ton(—1)* (X1+61J - xffah) ds,
w(® =1
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1

Figure 2. Displacement for far-field velocity 10 ms™. !

Figure 4. Displacement for far-field velocity 20 ms™.

8 8
6 6
4 4
o 2 ~ 2
5 5
-2 -2
-4 -4
-6 ‘ : : : ‘ : ‘ -6 : : :
0 05 1 15 2 25 3 35 4 0 0.5 1 1.5 2

t(s) t(s)

1

Figure 3. Rotation angel for far-field velocity 10 ms™'. !

Figure 5. Rotation angel for far-field velocity 20 ms™.

where [ is the depth of the airfoil, x£4 are the coordinates
of the elastic axis and 7, := — p(is,+7¥, are the components
of the stress tensor. For the derivation of the system (9), see
e.g. [11].

The system (9) is transformed to a first-order system
and solved by the fourth-order Runge-Kutta method to-
gether with the discrete flow problem.

H (mm)

6 Numerical experiments 0 02 040608 1 12 14
t(s)

We performed numerical simulations in 2D for the pro-

file NACAQOO12 with the following data and initial con-

ditions: m = 0.086622 kg, S, = —0.000779673 kgm,

Figure 6. Displacement for far-field velocity 30 ms™!.

I, = 0.000487291 kg m~2, kyy = 105.109 Nm™', ky, = 8

3.696682 Nmrad~!, far-field pressure p = 101325 Pa, 6

airfoil depth [ = 0.05 m, airfoil length ¢ = 0.3 m, far-

field density p = 1.225 kg m~3, Poisson adiabatic con- . 4

stant y = 1.4, specific heat ¢, = 721.428 m? s~2 K!, heat og’

conduction coefficient k = 2.428 - 102 kg m s> K7, 2

H(0) = =20 mm, «(0) = 6°, H(0) = &(0) = 0. In the case 0

of space-time discontinuous Galerkin method we employ

linear polynomials in space and in time. Far field-velocity 2 \ \ \ \ \ \
was chosen in the range 10 ms~! to 40 ms~'. Figures 2-13 0 02 04 06 08 1 12 14
show the computed displacement and rotation of the pro- t(s)

file. Figures 14 - 17 show different quantities for far-field
velocity 37.5 ms™! at the time instant 0.34 s. Figure 18
shows detail of the mesh which consist of 69766 elements
in total.

Figure 7. Rotation angel for far-field velocity 30 ms™'.

7 Conclusion

In this paper we dealt with the finite-volume - space-time
discontinuous Galerkin method for the numerical solution
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Figure 10. Displacement for far-field velocity 37.5 ms~
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Figure 8. Displacement for far-field velocity 35 ms™!. Figure 12. Displacement for far-field velocity 40 ms~!.
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Figure 9. Rotation angel for far-field velocity 35 ms™'. Figure 13. Rotation angel for far-field velocity 40 ms™'.
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Figure 14. The distribution of the pressure.
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Figure 11. Rotation angel for far-field velocity 37.5 m s~
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Figure 15. The distribution of the velocity.
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Figure 17. The distribution of the Mach number.

Figure 18. Detail of the mesh.

of compressible turbulent flow in a time dependent do-
main. The applicability of the proposed method was demon-
strated on the examples of the interaction of compressible
turbulent flow and a moving airfoil.
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