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Abstract. Dynamical description of low energy fission is, in our full microscopic approach, decomposed in
two steps. In the first step we generate the Potential Energy Surface (PES) of the compound system we want
to describe with the Hartree-Fock-Bogoliubov (HFB) method with a Gogny interaction. The second step uses
the Time Dependent Generator Coordinate Method (TDGCM) with the Gaussian Overlap Approximation
(GOA). The GOA holds in two assumptions: the overlap matrix between HFB states has a gaussian shape
(with respect to the difference between coordinates of states in deformation space); and the expectation value
of the collective hamiltonian between these states can be expanded up to order two, leading in this case to a
Schrodinger-like equation.

In this work we replace TDGCM+GOA in the second step of our approach by an exact treatment of the
TDGCM. The main equation of this method is the time-dependent Hill-Wheeler equation and involves two
objects: the overlap matrix and the collective hamiltonian. We first calculate these matrices on a PES. Then,
we build an “exact TDGCM?” solver using a finite element method and a Crank-Nicolson scheme.

In this talk, we will present the time-dependent Hill-Wheeler equation and discretization schemes (in time
and deformation space). The analytic calculation of overlap matrix and collective hamiltonian will be detailed.
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Finally, first results with an exact treatment of the TDGCM will be discussed.

1. Introduction

Several approaches have been using for the last eighty
years for the description of the fission dynamics:

e the micro-macro ones [1,2], where the nucleus is
represented by a classical system (a liquid drop for
example) with microscopic corrections;

e the microscopic ones, for exemple TDHF [3-5] and
the TDGCM [6-8] where an effective nucleon-nucleon
interaction is postulated and the dynamics is obtained
by solving the Schrodinger equation.

In our case, we describe the dynamics of the fission with
a fully microscopic approach using the TDGCM: in a first
step, the calculation of a set of static constrained meanfield
states is done and the second step is the description of
the dynamics by mixing the meanfield states. Due to the
limitation of the calculation power, the Gaussian Overlap
Approximation (GOA) has been used and the results we
have obtained are in good qualitative agreement with
experimental data [8]. The GOA assumes in fact two
approximations: the presupposition of the overlap kernel’s
shape and the Taylor expansion up to the second order of
the collective hamiltonian.

However, the error associated with the GOA is not
known. This is why we have started two years ago
the developpment of the whole formalism of the exact
TDGCM.
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2. The TDGCM formalism

The TDGCM is a beyond mean field approach that
allows us to describe the collective motions of a nuclear
compound system. The aim of this section is to explain
the leading steps to the Hill-Wheeler equation, the main
equation in the TDGCM.

2.1. TDGCM state

The starting point of the TDGCM is the definition of a set
D = {le(qo,q1,--- ,qn))} of states indiced by collective
variables ¢ = (g0, g1, -+, gn—1) .

In the case of the microscopic description of the fission
process, the elements of this set can be chosen as Hartree-
Fock-Bogoliubov (HFB) states contrained in deformation:

(@) 0r0le(@)) = g, (1)

and consequently, the set D is called “the deformation
space” in the following. A such set is represented by
a Potential Energy Surface (PES). As an example, the
PES of the 22°Th is shown in Fig. 1. In Eq. (1), Qs
names the multipolar moment of order A and the collective
variable ¢, correspond to the expected value of Qko. The
HFB states are calculated here in axial symmetry with
an effective nucleon-nucleon interaction (Gogny DIS).
l¢p(q)) is developped on an optimized two-center harmonic
oscillator basis B(q) as particle basis which depends itself
on the collective variables. The time-dependent trial wave
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Figure 1. Potential Energy Surface of ?*°Th constrained in
elongation and asymmetry obtained by meanfield calculations
(N. Dubray).

function is then defined as:

IGCM(I)>E/qulw(q»f(q,t), 2

where |GCM(?)) is the TDGCM state at time ¢, Q is the
set of all the collective variable values (a subset of R")
and f(q, t) is a complex time dependent weight function.

In order to obtain the dynamical description of the
fission process, the next step is the determination of the
weight function f(q, t).

2.2. Hill-Wheeler equation

The time dependent trial wavefunction describes a non
relativistic quantum state. So, it is a solution of the
Schrddinger equation:

(H — ihi) IGCM(?)) = 0, (3)

with A the nuclear hamiltonian of the compound system.
Applying each state (¢(q)| on each side of the Eq. (3) leads
to the Hill-Wheeler equation:

d
/qu’ <H(q,q/)—ih/\/(q,q’)dt> flg',n=0. 4

The overlap kernel A/ and the collective hamiltonian kernel
‘H are defined as:

N(qsq/) _ 1 ’
(i) =wan () wan.  ©

2.3. Discretization of the deformation space

The collective variables ¢ and ¢’ in (4) are continuous
and we don’t have access to HFB states for every ¢. So,
the deformation space D is discretized. In a first step in
this work, a direct discretization of the deformation space
has been used: we considere now only a finite number

M of constrained HFB states |¢(qo)), - - - , [¢(qp—1)). The
discretized Hill-Wheeler equation is:

AN .
(H—mNm)ﬂn_O ©)

with N the overlap and H the collective hamiltonian
matrices, and their matrix elements are defined as:

Nij EN(‘I:’» qj)s (7)
Hij = H(qiv qj)s (8)

and ]? (1) is the discretized weight function:

i = fg;n. )

The following subsection discusses the calculation
method of the overlap and the collective hamiltonian
kernels.

2.4. Collective matrices

The first step to solve the Hill-Wheeler equation is
to calculate the collective matrices N and H. In this
purpose, the method initially developped by Q. Haider and
D. Gogny in [9] has been extended to our case of optimized
two center harmonic oscillator bases in axial symmetry.
This new method allows us to calculate the overlap matrix
N, the generalized density matrix S”/, and the generalized
pairing matrices T"/ and Y/ defined by equations 4.5-4.7
of [9]. With theses matrices, we can calculate every one
body collective matrix thenceforth we know the expression
of the matrix element of the associated operator in the
harmonic oscillator basis in g; or ¢q;.

2.5. Dynamical description

To solve the Hill-Wheeler Eq. (6) with a small number
of meanfield states, there is no need of a time
scheme: the Hill-Wheeler equation is a linear differential
equation of order one. However, the HFB states in
the deformation space are not independent. After a
proper orthonormalization of the HFB states using a
diaonalization of the overlap matrix N and the deletion of
the eigenstates of N associated with a small eigenvalue A
(A < € with € ~ 107%), the Hill-Wheeler equation can be
written on the form:

<H - ihi) gt)=0. (10)

H is the expression of the collective hamiltonian in the
orthonormal basis which diagonalizes N and g(¢) is the
time dependent weight vector in this basis and contains all
the information about the TDGCM state |GCM(t)). The
expression of g(¢) can be found analytically in this case:

ﬁ0=em<—zﬁ>ﬁt=®- (11)

3. Results for the reaction 2*5U(n,f)

The results presented here are obtained with a set of HFB
states constrained in elongation for the reaction 2>>U(n,f).



EPJ Web of Conferences 146, 04034 (2017) DOI: 10.1051/epjconf/201714604034
ND2016

q' (b) g (b)
g.ﬂU 5000 10000 150.00 20000 250.00 300.00 50.00 10000 15000 20000 25000 30000

20.00 \\ \
40.00 \

40.00

N H (MeV)
80.00 1.00 -0.000e+00
100.00 E
120.00 =075 -";446.11
140.00 E ©
= Q -
a0y 16000 Eos =-892.22
180,00 = =
200 E 1385
22000 +0.25 l
240.00 E .1.784+03
260,00 £0.00
280,00
300,00
320,00
Figure 2 Overlaps calculated for  each pair Figure 4. Collective hamiltonian values calculated for each
: _ r_ . .
(19(q = q20)). 9@’ = qi))) of HFB states constrained in pair (|</_)(q = g2)). l¢(g' = g5))) of HFB states constrained in
elongation. elongation.
' (b)
100000, 000 5000 100.00 15000  200.00 25000 30000
E 0.00- s 1 1 L 1 I
: N : : : ! :
1 20.00 A
10000; 40 00)- =y
: 6000+ | H (reduced)
] \ (MeV)
1000/ 80.00-- X -1519.73
i 100,004 [
.. 1 120,004+ |
g o ) ﬂ A 130,001 * 1693
8 f \ [l\J- lﬁ — f [ |‘ by 16000+ =
E 10} Y h., ]lln f || III|"lI j \ /J " 180.004- =179
L i \Nr I l“’lj LIL YA l\., / | 200,004 -
2 [ 1| ' AR WAY RN ‘ | 220,00 =
2 1 | Lf | \ \ : =—-1508.6
fl J h \ \ 240,004
A / 3 260,004
0.1/ V "'| / a0 00 2038.18
i .( 300,00
0.01. 320.00+
0 50 100 150 200 250 300 350 Figure 5. Reduced collective hamiltonian values, where the white
Mean elongation (b) . .
areas correspond to the pair of HFB states with an overlap lower
Figure 3. Relative error between the exact and the than 107%.
TDGCM+GOA overlaps.

The collective hamiltonian matrix is shown in Fig. 4.
3.1. Collective matrices It is calculated for every pair of HFB state for which the
overlap is greater than 1073, and the other values of the

The overlap matrix is shown in Fig. 2. Its val- collective hamiltonian are set to 0. The reduced collective

ues decrease rapidely according to ¢q —¢q’, where hamiltonian H™?, defined as:

g =qx and q' = gj,. There are singularities around

g =g € {25fm?, 50fm* 100fm’ 210fm?, 310fm?} wd _ Hij

with § = %(q + ¢q’), due to fast variation or discontinuities Hj;" = N..’ (13)

[10] in the deformation space. Y

We have calculated the relative error between the
exact overlap and the TDGCM+GOA ones (without metric
correction) by a gaussian fit on the exact overlap. The

relative errors £(gq) for each ¢q is defined as:

allows us to see closely the variations into the hamiltonian
and it is shown in Fig. 5.

3.2. Dynamical description
_ IINE{‘1C - NS‘II

&) = ||Nﬁ‘|| (12) The vector g(t = 0) is chosen to have the two properties:
q
1. (N f (t = 0));, the initial probability to be in the HFB
The results we have obtained are represented on the Fig. 3. state in ¢;, is a gaussian centered in the first well of
Around singularities into the exact overlap matrix, we can potential;
see a relative error greater than 50% and up to 3 order of 2. the energy of the TDGCM state is slightly above the
magnitudes. fission barrier.
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We have observed the influence of fast variations of the
distance d(q, q’) associated with the overlaps, defined by:

d(g.q") = /2 = 2{e@le(q"), (14)

between neighbor HFB states in the deformation space.

4. Conclusions and remarks

This work is a first step to the description of the fission
process using the TDGCM. The calculation of observables
(fission yields, neutron emission multiplicities, ...)
remains an open question in this case, but several
possibilities are explored. The next steps of this work are
the calculation of these observables using sets of HFB
states constrained in elongation and mass asymmetry, and
the implementation of a new solver using a time scheme
(Crank-Nicolson for example).

There are also possible continuations, as the addition of
the intrinsic excitations to break the adiabatic hypothesis in
our model.
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