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Abstract. The electron cyclotron emission (ECE) diagnostic provides routinely electron temperature (7,) mea-
surements. At ASDEX Upgrade an electron cyclotron forward model, solving the radiation transport equation
for given T, and electron density profile, is used in the framework of integrated data analysis. With this method
T. profiles can be obtained from ECE measurements even for plasmas with low optical depth. However, due to
the assumption of straight lines of sight and an absorption coefficient in the quasi-perpendicular approximation
this forward model is not suitable for the interpretation of measurements by ECE diagnostics with an oblique
line of sight.

Since radiation transport modelling is required for the interpretation of oblique ECE diagnostics we present in
this paper an extended forward model that supports oblique lines of sight. To account for the refraction of the
line of sight, ray tracing in the cold plasma approximation was added to the model. Furthermore, an absorption
coefficient valid for arbitrary propagation was implemented. Using the revised model it is shown that for the
oblique ECE Imaging diagnostic at ASDEX Upgrade there can be a significant difference between the cold

resonance position and the point from which most of the observed radiation originates.

1 Introduction

For the measurement of both, the electron temperature
(T.) profile and T, fluctuations, Electron Cyclotron Emis-
sion (ECE) is a widely used diagnostic. However, ev-
ery ECE diagnostic inherently measures radiation temper-
ature (Tyaq) and not T.. For many cases it is possible to
assume that fluctuations in T},q are identical to T, fluctu-
ations at cold resonance. But this procedure fails if ab-
sorption is low near the cold resonance and/or if the line
of sight (LOS) is not perpendicular to the magnetic field
lines. If the LOS of ECE diagnostic is not perfectly per-
pendicular to the magnetic field, the Doppler effect leads
to a broadening of the local cyclotron frequency. If the
ECE diagnostic is located on the low field side (LFS), the
down-shifted emission can be reabsorbed close to the cold
resonance, but the up-shifted emission cannot. Hence, the
location of the measurement is not necessarily the cold res-
onance position. In this article an electron cyclotron for-
ward model is introduced that allows the determination of
the region in the plasma that contributes to the measured
Trad'

The article is structured as followed. In the second sec-
tion that follows this introduction the forward model is in-
troduced. Afterwards, in the third section, the limitations
of the model are discussed. Finally, in the forth section. an
example for the application of the forward model is given.
Conclusions are drawn at the end.

2 Electron cyclotron forward model

The purpose of the electron cyclotron forward model is to
calculate T4 for a given antenna pattern of the diagnostic,
the T, profile, the electron density (n) profile and the mag-
netic equilibrium. The process of calculating T},4 can be
decomposed into two steps. First ray tracing is performed
to obtain the LOS of the diagnostic and, second, the radia-
tion transport along the LOS to obtain 7',q is calculated.

2.1 Ray tracing in the limit of geometrical optics

The implementation of ray tracing in the present model
closely follows ref. [1]. The only distinction is that diffrac-
tion is neglected. Differently from ref [1], a single ray,
rather then a whole diffracting beam, is traced, hence only
standard ray tracing equations are solved [2]:

dN AN/OR

d¥ _ 9A/oN N
A5 Joasan||

ds ~ loa /N . W

The arclength is given by s and X is the spatial coordinate.
The second canocical coordinate N := % with £ the wave
vector, w the angular (measured) frequency and ¢ the vac-
uum speed of light. With A the cold plasma dispersion

relation:
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and N, is the cold plasma refractive index:

1+NH21A
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s ( ) 2(1-X-Y2)

3)
Where "+" corresponds to the extraordinary mode (X-
mode) and "-" corresponds to the ordinary mode (O-
mode).

1-X
Y2

A= \/(1 — N2 +4N; 4

2
In equation (2) X := %5 has been introduced with w, =

N % the plasma frequency and e is the elementary
charge. The vacuum permittivity is symbolized as € and
me the electron rest mass. Furthermore, the normalized
cyclotron frequency ¥ := £ was introduced in equa-
tion (2), where w.y = % is the cyclotron frequency and
B the absolute magnetic field strength. The component of
N that is aligned with the magnetic field line is denoted
as N := IN|cos 6 := %’;.
lar to the magnetic field lines is analogously defined to be
N, := |N|sin 6. For B the magnetic field ripple of ASDEX
Upgrade is considered [3].

The two equations in (1) form a system of two coupled
three dimensional differential equations. They are solved
numerically using the DLSODE [4] algorithm. The deriva-
tives in equation (1) are expanded using chain rules, which
allows analytical evaluation of most the derivatives. Only
the spatial derivatives of the numerical input quantities (7,
profile, magnetic field and equilibrium) are performed nu-
merically. For all interpolations the spline routines given
by ref. [5] are used. The splines also provide all the re-
quired derivatives. The problem of the transition from
vacuum propagation to plasma propagation is performed
using root solving accounting also for the additional re-
fraction on plasma entry via Snell’s law. The first point of
plasma propagation is given by the outermost point given
by the input density profile.

To assure that the implementation of ray tracing is cor-
rect, the present model was benchmarked against the TOR-
BEAM code [6]. Although TORBEAM does account for
diffraction, the central ray of a TORBEAM calculation is
only subject to refraction. In the following, one of the
benchmarking scenarios is discussed.

For this particular case the LOS is reflected near the
plasma core. As an example a channel of the slightly
oblique ECE Imaging system (ECEI) array [7] at ASDEX
Upgrade was chosen (s. a. section 4). As plasma scenario
#30839 at + = 1.75s was selected. In the top graph of
figure 1 the poloidal cross section of ASDEX Upgrade is
shown. Flux surfaces are depicted as black dashed lines
and the separatrix is highlighted with a blue solid line. In
the bottom of figure 1 the top view of ASDEX Upgrade
is shown. In both graphs the LOS according to the pre-
sented model (green) and TORBEAM [6] (dashed purple)
are shown. On the entire LOS up shortly before the reflec-
tion the two rays do not deviate by more than 2 mm. This
deviation is expected when comparing ray tracing codes,
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Figure 1. The top graph shows the poloidal cross section of AS-
DEX Upgrade for # 30839 at r = 1.75 s. The bottom graph shows
the corresponding top view. Both graphs show one of the LOSs
of the ASDEX Upgrade ECEI system. The green LOS is ob-
tained by the present model and the purple LOS was calculated
by the TORBEAM code (s. ref. [6]).

especially if refraction is strong (s. a. ref. [8]). But even
this small deviation has a strong effect on the reflection,
showing how strongly the reflection is altered by slight
changes in the ray properties. For this reason propagation
is stopped in the present model upon a sign change in %.
Therefore, multiple passes through a resonant layer by an
internal reflection are explicitly excluded from the model.
A direct consequence of this is that an internal reflection
by the plasma is treated like a wall reflection with the cor-
responding inaccuracies. A description of the model for
wall reflections can be found in section 2.3. In section 3.1
it is discussed, how reflections (both by the wall or by the

plasma) affect the accuracy of the model.

2.2 Radiation transport and EC absorption

In this section the modelling of the radiation transport is
explained. Only a single ray and measured frequency are
considered. Hence, for each measured frequency the radi-
ation transport equation has to be solved only once. The
radiation transport equation (5) is given as [9]:

i 1,(s) _ 1
ds N(%,ray(s) Ng),ray(s)

(Jo(8) — aw()u(s))  (5)
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Integrating equation (5) over the LOS yields the intensity
1,(sany) at the antenna position s,y. Furthermore, s is the
LOS coordinate, N,, .y the ray refractive index , j,(s) the
emissivity and «,(s), where introduced in equation (5).
Although the "ray refractive index" N,y appears in the
radiation transport equation it can be eliminated with a

simple substitution % — E,(5):
d Jo(S)
—E,(8) = —— — @, (5)Z,(s 6
I () N2 () (9)Z0(5) ©)

Solving equation (6) yields Z,(san). At the antenna po-
sition, however, there is no plasma and Nf)’ray(sam) =1
and E,(Sa:) = 1,(sant). Hence, Ni,ray(s) is not needed in

Jw(8)
NG ray(5)
in place of j,(s). The radiation transport equation can

be solved by a conventional, explicit Runge-Kutta scheme
(e.g. Rk4). Both, the absorption coefficient and the emis-
sivity are strongly peaked near the cold resonance position.
Hence, it is useful to choose a smaller step size close to the
cold resonance [10].

To solve the radiation transport equation both, the
emissivity j,(s) and the absorption coefficient a,(s), are
required. In the present model the electrons are assumed to
be in thermal equilibrium. This allows the usage of Kirch-
hoft’s law to calculate the emissivity from the absorption
coefficient:

the radiation transport equation as long as is used

(1)2 Te kb
T 83 cg

Jon($) = @u()BB.0(5) * au($N, ™
Isp,, is the black body intensity. Applying the Rayleigh-
Jeans approximation yields the expression given on the
right side of equation (7) for Igp,, [11]. Equation (7) can
be rearranged to deliver ’];jz—‘(v) Hence, it is enough to com-

w, ray

pute the ratio Jo20) and this is possible without explicitly

ovray
evaluating N7, ., cf. equation (6).

For the absorption coefficient an almost entirely ana-
lytic formulation is used, which is given by ref. [12]. The
advantage of this method is given by very high numerical
stability and the low requirement in computational effort.
Such advantages are desirable, if the forward model is to
be used in a gradient based optimization framework like
IDA (s. a. ref. [10]). For a moderately dense plasma with
large T the absorption coefficient of the n-th harmonic can
be approximated by (s. ref. [12], specifically equation (2a)
and (10a)):

w2
A (s) z47r2_p—'u ffdulduuu—Lx
Cow Y

2
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Equation (8) contains an integral in cylindrical, di-
mensionless momentum space. The symbols u,, =

P/ (comeyp) corresponds to the (dimensionless) momen-
tum perpendicular/parallel to the magnetic field. The

Lorentz factor y is given by y = /1 +u] +uj. The in-

verse normalized cyclotron frequency is given by @ := =
(X

megcy

and u := T The 4(...) in equation (8) represents a
Dirac delta function. The J,(b) stands for the Bessel func-
tion of first kind and n-th order and b := @N,u,. Fi-
nally, e,, e, e; are the components of the polarization vec-
tor. The mode selection is performed by the choice of
N,, and the polarization vector. Note that most of these
quantities carry an implicit dependence on LOS position
s. To allow for arbitrary propagation angles, the quasi-
perpendicular approximation (assuming Ny < vi/co with v
the thermal electron velocity) that is utilized in ref. [12] is
not applied in the implementation. In the forward model
equation (8a) of reference [12] is implemented for the cal-
culation of the absorption coefficient. In this equation the
individual terms that build up the absorption coeflicient are
not as clearly visible as in equation (8), but still there are
several simplifications that are advantageous for the im-
plementation. The most notably distinction between equa-
tion (8) and equation (8a) of reference [12] is that the latter
holds the solution of the integral over u, in equation (8).
The remaining integration over i is performed numeri-
cally in the model (Gaussian quadrature). To obtain a,,(s)
the contribution of all individual harmonics n = 1, ...,
has to be summed up. For ASDEX Upgrade typical T,
and for the various ECE viewing geometries available at
ASDEX Upgrade [7, 10] it is generally only necessary to
consider the contribution of harmonics that have a cold
resonance in the plasma. For X-mode ECE diagnostics
located on the LES, the first harmonic is also irrelevant,
since the resonance lies in cut-off.

The contributions to the absorption coefficient can be
split into three components as shown in equation (8),
i.e. the "polarization factor" [12], the electron momen-
tum distribution (EMD) and (relativistic) resonance con-
dition. For the EMD a relativistic Maxwellian is used also
known as Maxwell-Juettner distribution. For the meaning
and implications of the resonance conditions we refer to
ref. [11]. The "polarization factor" accounts not only for
wave polarization, but also for finite Larmor radius effects
[12]. For the wave polarisation the cold plasma approxi-
mation is used in ref. [12] and this is also implemented in
the present model. For further details we refer to [2, 12].

2.3 Wall reflections

At frequencies for which the cold resonance lies near the
plasma edge or in the scrape-off layer (SOL), the opti-
cal depth (t,,) is small. Therefore, it is possible that the
plasma is not optically thick (i.e. 7, < 3 [2]) after a sin-
gle pass through the plasma. Since the reflectivity of the
wall material is hight the LOS is reflected on the high field
side (HFS) and passes through the plasma a second time.
Depending on the optical depth of the plasma this process
can occur consecutively multiple times, which increases
the total length of the LOS and if the reflect LOS passes
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through resonant layers also the observed intensity. To ac-
count for this process, a model of infinite reflections is
employed using the wall reflection coefficient Ry, as a
(free) parameter. Since all ECE diagnostics at ASDEX
Upgrade have a slight toroidal inclination the ray does not
pass through the LFS port when reflected back from the
HFS. Instead the ray hits again a wall tile and is reflected
back towards the HFS. This motivates to approximate the
vessel wall as two plain mirrors facing each other. Assum-
ing that the radiation of the plasma [, and the reflectivity
of the wall Ry, is constant for each reflection, the relation
between observed intensity and the intensity of a single
pass is given by [13]:

I, Refl 1
=—"= 9
KRl Iw 1- RwalleiT‘” ( )

At low optical depth kreq can be larger than two, meaning
that the lengthening of the LOS due to wall reflections is a
dominant effect. The consequences of this for the validity
range of the model is discussed in section 2.3.

2.4 The birthplace distribution of observed
intensity

To illustrate which portion of the plasma contributes to the
measured intensity, a birthplace distribution of observed
intensity (BPD) D,,(s) can be defined:

.(U TOJ
Dafs) = 200D

In equation (10) the the transmittance 7, (s) of the plasma
for waves at frequency w along the LOS from point s to
the observation point s,y Was introduced:

(10)

To(s) 1= e ™ =exp (— fsow aw(S')dS') (11)

A function similar to equation (10) is frequently used in
the literature (e.g. [14], [15]), but never in conjunction
with a proper normalization. To obtain the BPD the inte-
gral representation [16] of the radiative transport equation
(5) is required, where the boundaries are given by the start
and end points of the LOS (e. g. inner wall s;,, and outer
wall s, if there is no internal reflection):

amw=fwmmuww (12)

Normalizing the argument of the integral in equation (12)
to the observed intensity /,,(sow) yields the BPD (see equa-
tion (10)). How useful the BPD is, is demonstrated using
discharge # 30839 at + = 1.75s as an example. The same
channel of the slightly oblique ECE Imaging diagnostic at
ASDEX Upgrade is picked as for the benchmark of the
ray tracing. In figure 2 the top shows both the emissiv-
ity j, (blue line) and the transmittance T,, (black dashed
line) as a function of LOS coordinate s. At the bottom the
BPD (red line) is shown as well as T, (dotted black line).
One can see that although the emissivity is non-zero for a
wide region, the BPD remains zero due to the extremely
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Figure 2. Emissivity, transmittance (top), BPD and T, (bottom)
for # 30839 at + = 1.75s. The corresponding LOS is shown in
figure 1.

small transmittance . Even near the cold resonance posi-
tion (vertical dashed line) the transmittance is still almost
zero due to an optical thick layer shortly after the cold res-
onance. This layer is formed by the electrons, which have
their cyclotron frequency up-shifted by the Doppler-shift.
In this layer the transmittance then rises to one and the
BPD becomes non zero. One can then use the maximum
of the BPD as a corrected resonance position or "warm"
resonance position [14]. Alternatively one can use the first
moment of the BPD as a weighted center of the emission
line [17].

3 Limitations of the presented model

The model presented in the previous section has two major
limitations. The strongest is the influence of wall reflec-
tions or multiple passes through a resonance at extremely
low optical depths. The second, weaker limitation are
plasmas, where w. ~ wp. This section delivers a brief
discussion about the validity range of the model.

3.1 Minimum optical depth for accurate modelling

At low enough optical depth wall reflections can enhance
the observed T},4 by an order of magnitude. Unfortunately
accounting for the chaotic ray dynamics originating from
multiple reflections of rays on the complex structures of
the vessel is computationally far too expensive to be used
in forward modelling. Empirically it was observed, how-
ever, that the simple model of two plain mirrors facing
each other can deliver good results. Using the simplified
reflection model presented in section 2.3 for the profile
radiometer at ASDEX Upgrade the ECE measurements
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could be described up to low optical depth [10]. However,
the profile radiometer at ASDEX Upgrade is situated in
the mid plane. This means that the poloidal inclination of
the LOS is only few degrees. Hence, the model of the two
mirror represents the situation of the LOS being reflected
on the torus wall adequately. For larger poloidal inclina-
tions of the LOS the cold resonance position changes after
each reflection since the LOS does not hit the wall per-
pendicularly. Also in the case of an internal reflections, it
is usually the case that the second pass does not have the
same cold resonance as the first. Therefore, the assump-
tion that each reflection contributes as much radiation as
the first pass is poor. For this reason the impact of wall re-
flections onto the forward modelled T,.q is studied. Given
an uncertainty of the measured Ty,q of 10 %, ke < 1.1 for
wall reflections to affect the measured T, also by 10 %.
Using equation (9) and a reasonable Ry, ~ 0.9 [10] this
means that for 7, > 2.3 wall reflections increase the mea-
sured Toq by 10 %.

3.2 Limitiations of the analytic absorption formula

The absorption coefficient presented in ref. [12] is opti-
mized to accurately predict the microwave radiation losses
through high harmonics in high 7. plasmas. Therefore, the
applicability of equation (8) for ECE forward modelling of
low needs to be investigated. In the following the approxi-
mations used in ref. [12] are reviewed and their effect onto
the validity range of the present model are discussed.

In the formulation presented in ref. [12] there are
two major approximations that have consequences for the
model. The first is that only the electromagnetic compo-
nent of the energy flux density is considered [12, 15, 18].
The second is that both refractive index and wave polariza-
tion are considered in the cold plasma limit. This renders
the absorption coefficient to be not applicable at all for
the first harmonic [2, 18]. For harmonics with n > 4 the
harmonic overlap does not allow the expansion into single
harmonics [2]. For the regime, where harmonics start to
overlap, the sum over infinite harmonics needs to be car-
ried out asymptotically. An analytical formula for this sum
can be found in ref. [12]. However, for the application at
ASDEX Upgrade the main interest is in the emission of
the second harmonic X-mode.

For the second harmonic, strictly speaking, the accu-
racy of the absorption coefficient is only guaranteed, if
[2, 12, 18]:

Wiy > W) (13)
Since the main target of the model is to predict Ty,q for
ECE measurements around the second harmonic X-mode,
the applicability of the absorption coefficient given by [12]
needs to be discussed in further detail.

Generally the condition given by expression (13) is
only met at ASDEX Upgrade for low density plasmas.
However, the sensitivity of T;,q on the magnitude of the
absorption coefficient is low, as long as the optical depth
7, > 3. Only at ECE measured frequencies corresponding
to the plasma edge and SOL, where the optical depth is

low, T.g becomes dependent on the absolute magnitude of
the absorption coefficient. To asses the sensitivity a bench-
mark was performed using the ASDEX Upgrade profile
radiometer antenna pattern (s. [10] for details about this
diagnostics). For a wide range of T, and n. profiles Tyaq
was then calculated using the model presented in section 2.
For the comparison the same scenarios were also modelled
using the absorption coefficient derived from the fully rel-
ativistic dispersion relation as described by ref. [19]. The
results are the following. In general the absorption coef-
ficient used in the present model approximates the fully
relativistic absorption coefficient adequately, even if con-
dition given by expression (13) is violated. In most cases
the relative deviations between the two absorption coeffi-
cients is smaller than 20 %. Even if this threshold is ex-
ceeded, the effect on T4 remains small as the absolute
value of the absorption coefficient influences the BPD only
weakly. However, there is the exception of a resonance
coinciding with a reflection. Close to a reflection equa-
tion (8) becomes inaccurate, since the condition expressed
by equation (13) is strongly violated. Furthermore. the ray
tracing is inaccurate due to the omission of relativistic ef-
fects. In all other cases the "warm resonances" obtained
with both the absorption coefficient presented in section 2
and the one given in ref. [19] deviate only by less than
3 mm as is demonstrated with an example in the following
section.

4 Example: Birthplace distribution of
observed intensity for the slightly
oblique ECE Imaging diagnostic at
ASDEX Upgrade

The ECEI at ASDEX Upgrade [7] consists of two separate
imaging diagnostics. Through the usage of two opposite
signed toroidal angles the two arrays allow measurements
in 3D. Although the toroidal deviation from the perpen-
dicular is small (e.g. about 7° at launch for #30839), the
Doppler-Effect has significant influence onto the center of
the BPD. This is demonstrated using the following exam-
ple. In discharge # 30839 the ECEI system was used to
measure the plasma displacement by magnetic perturba-
tion coils [20]. For this purpose the ECEI observed the
plasma edge near the separatrix. As described in ref. [20]
the measurement position is not adequately captured by
the cold resonances. However, through the usage of the
model described in section 2 it was possible to recover the
actual measurement positions using the maximum of the
BPD as "warm" resonance position.

In figure 3 the expected measurement positions of the
first ECEI array are shown in the cross section of ASDEX
Upgrade for discharge #30839 at ¢t = 1.75s. All channels
for which the measured optical depth 7 < 0.05 were re-
moved from the plot, since they lie far outside the validity
regime of the model. If one assumes that the measure-
ment positions are well described by the cold resonances
(red stars) then, as shown in figure 3, one would expect
the array to cover a large portion of the plasma edge and
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Figure 3. Poloidal cross section of ASDEX Upgrade for dis-
charge # 30839 at t = 1.75s. The dashed black lines show flux
surfaces and the blue line marks the separatrix. The grey struc-
ture outlined by a solid black line depicts a piece of the outer
vessel wall.

the SOL. But, if radiation transport is considered, the ex-
pected measurement position shrink together to a thin band
shortly inside the separatrix (green circles). For the chan-
nels in the SOL this is due to the shine-through originat-
ing from the pedestal top. For the channels further inside
the plasma the "warm" resonances are shifted outward by
the Doppler effect. In figure 3 a third set of warm reso-
nance positions, marked by blue squares, is shown. These
warm resonances are obtained if the absorption coefficient
discussed in section 2 is replaced by the absorption coef-
ficient obtained from the fully relativistic dispersion rela-
tion (s. ref [19]). The "warm" resonance positions accord-
ing to the absorption coefficient presented in section 2 and
the absorption coefficient obtained from the fully relativis-
tic dispersion relation are displaced at their maximum by
2 mm. This is much smaller than the accuracy of the mea-
surements used for the prediction of the model. Hence, the
absorption coefficient presented in section 2 is at least suf-
ficient in this case for the purposes of determining warm
resonances for oblique ECE diagnostics like the ECEI di-
agnostic at ASDEX Upgrade.

5 Conclusions

A model for the radiation transport consideration refrac-
tion in the cold plasma limit has been presented. This
model makes use of the approximation for the absorp-
tion coefficient presented in ref. [12]. The limitations
of the model due wall reflections and internal reflections

at low optical depth have been discussed. Furthermore
it was shown that for the slightly oblique ECEI at AS-
DEX Upgrade the "warm" resonances obtained can dif-
fer significantly from the cold resonances. Lastly it was
demonstrated, that the approximation used for the absorp-
tion coefficient is adequate for the calculation of warm res-
onances for oblique ECE diagnostics.
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