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Abstract. The structure of liquid Bi has been debated in relationship with the
Peierls distortion, as crystalline Bi takes A7 structure. A recent ab initio molecular dynamics simulation for liquid Bi predicted a ﬂat-topped proﬁle of the
acoustic dispersion curve. To conﬁrm the prediction, we have carried out inelastic x-ray scattering (IXS) for liquid Bi. The dynamic structure factor obtained
by the IXS exhibits a distinct inelastic excitation of the longitudinal acoustic
mode up to 14 nm−1 and the dispersion curve of the excitation energy obtained
by the memory function analysis becomes a ﬂat-topped one. We found that a
linear chain model including the interatomic interaction with the second nearest neighbors can explain the ﬂat-topped proﬁle. The result suggests that the
anomalous dispersion curve in liquid Bi arises from local anisotropy related to
the Peierls distortion in the crystalline phase. .

1 Introduction
Bi belongs to the same group as As in the periodic table of elements, and the local structure
of liquid Bi has been discussed from a view-point of the Peierls distortion [1]. The Peierls
distortion is realized in a A7 crystalline structure type comprising three short and three long
bonds in a distorted simple cubic lattice to gain the electronic energy.
The structure factor S (Q) of liquid Bi, where Q is momentum transfer, exhibits a shoulder
at high momentum transfer side of the ﬁrst maximum (see Fig. 3) [2–4], in contrast to a
symmetrical proﬁle of simple liquid metals. The origin of the shoulder in S (Q) of liquid
Bi was theoretically studied and it was found that an eﬀective pair potential with a ridge in
the repulsive component could reproduce the shoulder [5, 6]. Later, an ab initio molecular
dynamics (AIMD) simulation for liquid Bi [7] revealed that longer and shorter bonds produce
a distinct shoulder at the ﬁrst peak in S (Q).
Atomic dynamics in liquid Bi had been studied by inelastic neutron scattering (INS) experiments. Most recently, Sani et al. [8] carried out INS experiments at Q ≤ 6 nm−1 and
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reported the dynamic structure factor S (Q, E), where E is energy transfer, with good statistics. The S (Q, E) exhibits the inelastic excitations of the acoustic mode dispersing with Q.
However, this result did not ﬁx conﬂicting INS results obtained in 1980’s: Dahlborg and Olsson [9, 10] reported no distinct inelastic excitation of the acoustic mode in S (Q, E) at Q > 6
nm−1 , while Shibata et al. [11] reported experimental observation of the acoustic excitations
up to 12 nm−1 . Later Dzugutov and Dahlborg [5] reported that there appears no distinct
acoustic excitation at Q > 6 nm−1 with a classical molecular dynamics simulation (CMD),
consistent with the INS results by Dahlborg and Olsson.
Contrary to the CMD result, Souto et al. [7] reported that inelastic excitations of the
acoustic mode survive up to 14 nm−1 in S (Q, E) obtained by an ab initio molecular dynamics
(AIMD) simulation. Furthermore the AIMD simulation for liquid Bi predicted an intriguing
dispersion curve of the acoustic mode with a ﬂat-topped proﬁle, which is much diﬀerent
from a sinusoidal proﬁle in simple liquid metals [12]. To investigate the behavior of the
acoustic excitation in liquid Bi, we carried out inelastic x-ray scattering (IXS) experiments.
A high-resolution IXS technique allows us to avoid the kinematic constraints of INS and
to obtain good spectra out to large energy transfer. The technique is also advantageous for
measurements at extreme conditions such as high temperatures and high pressures owing to a
small beam size of approximately 0.1 mm in diameter. Details of the IXS results have already
been reported in Ref.[13]. In this article, we report the results of the acoustic mode in liquid
Bi brieﬂy and present results obtained by S (Q, E) near the ﬁrst peak position of S (Q) that are
not published.

2 Experimental procedure
The IXS experiments were conducted at the high-resolution IXS beamline (BL35XU) at
SPring-8 in Japan [14]. Backscattering at the Si (11 11 11) reﬂection provided a beam of
approximately 1010 photons/sec in a 0.8 meV bandwidth onto the sample. The energy of the
incident beam and the Bragg angle of the backscattering were 21.747 keV and approximately
89.98◦ , respectively. The spectrometer resolution was approximately 1.5 meV depending on
the analyzer crystal, and it was experimentally determined by scattering from polymethyl
methacrylate (PMMA). Q resolution, ΔQ, was set to be 0.45 and 1.0 nm−1 (full width) for
Q ≤ 11 and Q > 11 nm−1 , respectively.
X-ray diﬀraction measurements using monochromatized high-energy x-ray were carried
out at BL04B2/SPring-8 [15], to obtain S (Q). Details of the data processing are described in
Ref. [13].
Liquid Bi of 99.999% purity was mounted in a single-crystalline sapphire cell of Tamuratype [16] that was carefully machined to provide a 0.04 mm sample thickness. The cell was
placed in "Marburg" chamber [17]. IXS spectra were measured at 573 and 1023 K [18] in
pure He atmosphere at 0.1 MPa. The background spectra were measured at 573 K with an
empty cell. After the absorption correction, the backgrounds were subtracted from the data,
and S (Q, E)/S (Q) were obtained. More details were described in Ref. [13].

3 Computer simulations
AIMD simulations were performed at 573 K using Quantum ESPRESSO package [19], which
is based on the density functional theory, plane waves and pseudopotentials. The generalized
gradient approximation(GGA) [20] was adopted for the exchange-correlation energy. We
used the norm-conserving pseudopotential Bi.pbe-hgh.UPF [21] for the electron-ion interaction with ﬁve valence electrons, 6s2 6p3 . The plane-wave cutoﬀ energy for the electronic
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Figure 1. ω (Q) (open squares), ωp (Q) (black circles) and ω0 (Q) (open triangles) obtained by IXS
results at 573 K. ωp (Q) by AIMD simulations of this study and that at 600 K [7] is indicated by diamonds
and circles with cross, respectively. Also shown are the excitation energy obtained by INS by Sani et
al. (double circles) and by Shibata et al. (circles with half moon), and CMD (dash-dotted line). A bold
red curve denotes the dispersion relation obtained by a regular chain model with two force constants.

wavefunctions was 15 Ry. The Γ point was only used to sample the Brillouin zone of the MD
supercell. We used 128 Bi atoms in a cubic MD cell with periodic boundary conditions. The
length of the side of the MD cell was 1.6422 nm. The MD simulation was performed on the
ground-state Born-Oppenheimer surface at 573 K for 32 000 steps with a time step of 4.8 fs,
and reproduced S (Q, E) at Q ≥ 3.8 nm−1 with quality as good as that by Souto et al [7]. We
also carried out a CMD simulation at 573 K using the model potential reported in [5] for a
system with 256 particles. To obtain S (Q, E), the simulation was performed for 60 000 steps
with a time step of 2.4 fs. More details are described in Ref. [13].

4 Results and discussion
4.1 The acoustic dispersion

The integration of S (Q, E) obtained by IXS was carefully compared with S (Q) obtained
independently by our own x-ray scattering experiment. By adjusting the integration at 8 nm−1
with S (Q), we obtained S (Q, E) of the absolute scale. Then S (Q, E) obtained by IXS was
compared with that by INS. Our data nicely agree with those by Sani el al. [8]. The diﬀerence
is that INS spectra are truncated at an energy where inelastic excitations still exist, probably
owing to the kinematic constraint of INS. Our results exhibit that the inelastic excitation is
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Figure 2. A schematic illustration of a linear chain connected with springs between the ﬁrst and second
nearest neighbors.

visible at Q ≥ 6 nm−1 and it disperses with increasing Q. Hence the prediction by Souto et
al. [7] was experimentally conﬁrmed. Details are shown in Ref. [13].
To determine the excitation energy of the acoustic mode, S (Q, E)/S (Q) experimentally
obtained should be deconvoluted with the resolution function. We tried three model functions;
(a) the memory function formalism with two viscous decay channels [22–25], (b) a model
function consisting of single Lorentzian and single damped harmonic oscillator (DHO) [26],
and (c) a model function consisting of single Lorentzian and two DHO’s. Hereafter, we
present the results using (a). Details of these model functions are described in Ref. [13].
Using the memory function formalism, the excitation energy of the acoustic mode, ωp (Q),
was deﬁned as the peak position of the current-current correlation function deduced from the
deconvoluted S (Q, E)/S (Q).
Figure 1 shows ωp (Q) of liquid Bi at 573 K as a function of Q, with the normalized second frequency moment, ω0 (Q), and the normalized fourth frequency moment ω (Q). ω0 (Q)
and ω (Q) are ﬁtting parameters in the memory function analysis. The ﬁgure also depicts the
excitation energies obtained by the AIMD and CMD simulations, and those of INS measurements by Sibata et al. [11] and Sani et al. [8]. As shown in the ﬁgure, ωp (Q) obtained by
IXS linearly disperses up to 7 nm−1 This dispersion curve is consistent with that obtained by
INS by Sani et al. ωp (Q) deviates from the linear dispersion and stays at approximately 8.5
meV at 10 ≤ Q ≤ 15 nm−1 . A ﬂat region in the dispersion curve is consistent with the prediction by the AIMD simulations by Souto et al. [7] although the AIMD results lie at energies
slightly higher than black circles. The IXS results surely conﬁrm the theoretical prediction
of a ﬂat-topped dispersion curve.
As shown in Fig.1, the peak positions of the current-current correlation function obtained
by CMD (a dash-dotted curve) agree with ωp (Q) (black circles) at approximately 10 nm−1 .
With decreasing Q, however, real excitation energies of the acoustic modes deviate much
from the CMD results at approximately 5 nm−1 . This result suggests that the eﬀective pair
potential, able to reproduce characteristics in S (Q), cannot exactly simulate the atomic dynamics in liquid Bi at low Q.
We could related the ﬂat-topped dispersion curve of the acoustic mode in liquid Bi, using
a linear chain model. We describe it using the illustration in Fig. 2. A simple linear chain
connected by a spring with force constant K1 gives a sinusoidal dispersion curve expressed by
Mω2 = 2K1 (1−cos Qa), where M, ω and a are atomic mass, an excitation energy and a lattice
constant, respectively. When the second springs of a force constant K2 are ﬁxed between
the central atom and the second nearest neighbors as shown in the ﬁgure, the equation of the
dispersion curve is modiﬁed as Mω2 = 2K1 (1−cos Qa)+2K2 (1−cos 2Qa). This equation can
reproduce a ﬂat-topped dispersion curve by adjusting parameters K1 , K2 and a [13]. Although
the model is based on a regular structure, the concept of a pseudo-Brillouin zone [27] may
support applicability of our model to a disordered structure. A linear chain connected by
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Figure 3. S (Q) (upper curves) and the FWHM of the dynamics structure factor (middle curves and
symbols) of liquid Bi at 573 and 1023 K in this work, and the FWHM of liquid Ga (a bottom curve and
symbols) reported in [28]. The FWHM denoted by symbols is the IXS results and that denoted by lines
is the theoretical optimization by Eq. (1).

strong and weak springs hints the one-dimensional Peierls distortion. Hence, we could relate
the ﬂat-topped dispersion curve with the Peierls distortion in liquid Bi.
4.2 Hard-sphere-like dynamics

S (Q) of liquid Bi exhibits the ﬁrst maximum with a shoulder at higher Q. S (Q) of liquid Ga
exhibits a similar proﬁle. Scopigno et al. [28] carried out IXS measurements of liquid Ga near
the melting point, and analyzed the linewidth of S (Q, E) in high Q region including the S (Q)
maximum using an Enskog’s theory. The equation given by de Schepper and co-workers [29]
expresses the linewidth zh (Q) as,
zh (Q) =

1
DE Q2
,
S (Q) 1 − j0 (Qσ) + 2 j2 (Qσ)

(1)

where DE , j0 (x) and j2 (x) are Enskog’s diﬀusion coeﬃcient, zero-th and second order spherical Bessel functions, respectively. DE is related to Boltzmann diﬀusion coeﬃcient D0 as
DE = D0 /g(σ), where g(σ) is the pair distribution function at a hard sphere diameter σ. By
using free parameters of DE and σ, and S (Q) experimentally obtained, Scopigno et al. could
reproduce Q dependence of the linewidth well as shown at the bottom of Fig.3. To evaluate
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Table 1. The optimized Enskog’s diﬀusion coeﬃcient DE and hard sphere diameter σ with a packing
fraction ϕ and a number density ρ.
T [K]
573
1023

DE [m2 /s]
3.6 × 10−9
6.1 × 10−9

DE [meV nm2 ]
2.4 × 10−3
4.0 × 10−3

σ [nm]
0.36
0.35

ϕ
0.71
0.63

ρ [nm−3 ]
28.9
27.2

the eﬀective mass, DE expressed by the packing fraction ϕ [28, 30]
DE

=

1
16




1
6 3 (1 − ϕ)3
πkB T
,
m
πρϕ2 (1 − ϕ/2)

(2)

was used. Here m and ρ are the eﬀective mass and number density, respectively. In a hard
sphere model, ϕ, ρ and σ are related as ϕ = πρσ3 /6. In the case of liquid Ga, σ slightly
larger than the atomic diameter of Ga, and an eﬀective mass sightly larger than the atomic
mass were obtained. These results obtained for liquid Ga were discussed as an indication of
existence of dimeric clusters in Ref. [28].
To apply the Enskog’s theory, we deconvoluted S (Q, E)/S (Q) with a Lorentzian and the
resolution function. Figure 3 shows a full width at half maximum (FWHM) obtained for
liquid Bi at 573 (blue circles) and 1023 (open triangles) K as a function of Q/Qm , where
Qm denotes the ﬁrst peak position of S (Q). Qm values of liquid Bi and liquid Ga are 0.21
and 0.25 nm−1 , respectively. In our analysis, S (Q) of liquid Bi was our own data obtained
by x-ray diﬀraction measurements shown at the top of the ﬁgure. Bold and broken curves at
the middle position of the ﬁgure denote the optimized ﬁts using eq.(1), where DE and σ are
free parameters as the previous study [28]. As shown in the ﬁgure, the best ﬁts reproduce
FWHM at 573 K fairly well but does not at 1023 K. Although FWHM denoted by symbols
seems to follow the proﬁle of S (Q), the ﬁtting proﬁles are clearly worse than the results of
liquid Ga. The optimized DE and σ are tabulated in Table 1. σ of liquid Bi is larger than a
cutoﬀ distance in g(r), which is approximately 0.29 nm. Asymmetrical bonding consisting of
longer and shorter bonds may be inferred in liquid Bi from the optimized σ. However it was
not a reasonable result that the eﬀective mass obtained using eq. (2) was much smaller than
the atomic mass.

5 Conclusion and future perspective
The present results suggest that a ﬂat-topped dispersion curve observed in liquid Bi can be
explained by taking the interatomic force between the second nearest neighbors into account.
This result strongly hints asymmetrical bonding in liquid Bi. Symmetry breaking of bonding
related to electronic energy levels in a molecule is well known as the Jahn-Teller eﬀect.
Hence, local structure may also be distorted in a liquid if a distortion makes the electronic
energy lowered, as the case of liquid Bi.
Peierls distortion in liquid Bi has been expected by detailed analysis of the average structure [1]. Such a picture was strongly supported by atomic conﬁgurations obtained by AIMD
simulations AIMD [7], and primitive analysis for the ﬂat-topped dispersion curve conﬁrmed
by the present IXS results. It is very important to study the proﬁles of acoustic dispersion
curves in liquid metals and semiconductors where asymmetrical bonding is expected, in order to understand the present results deeply.
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