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Abstract. We provide a systematic renormalization group formalism for the mass effects
in the relation of the pole mass and short-distance masses such as the MS mass of a heavy
quark Q, coming from virtual loop insertions of massive quarks lighter than Q with the
main focus on the top quark. The formalism reflects the constraints from heavy quark
symmetry and entails a combined matching and evolution procedure that allows to disentangle and successively integrate out the corrections coming from the lighter massive
quarks and the momentum regions between them and also to precisely control the large
order asymptotic behavior. With the formalism we systematically sum logarithms of ratios of the lighter quark masses and heavy quark mass, predict the O(α4s ) virtual quark
mass corrections in the pole-MS mass relation and calculate the pole mass differences for
the top, bottom and charm quarks with a precision of around 20 MeV.

1 Introduction
The masses of the heavy quarks, especially of the top, are among the most important parameters in
the standard model, having strong impact on e.g. precise consistency tests of the standard model and
the estimation of the electroweak vacuum stability. However, it must be kept in mind that the mass of
a heavy quark Q, due to confinement, is not a physical observable but should be viewed as a formal
theory parameter which depends on the renormalization scheme. This concept is incorporated most
cleanly in the so-called MS mass mQ (µ), which is defined analogous to the MS-renormalized strong
coupling constant α s (µ). Like the strong coupling, the MS mass mQ (µ) depends on a renormalization
scale µ. This scale can be interpreted as the scale above which short-distance information is contained
in the mass and should be chosen around or higher than the mass scale. The MS mass has no kinematic
meaning, but can be measured very precisely from experimental data. On the other hand, the sopole
called pole mass mQ is defined as the position of the single particle pole of correlation functions
containing the heavy quark Q as an external on-shell state, which is identical to the statement that
in the pole mass scheme all on-shell self-energy corrections are absorbed into the mass parameter,
including contributions from energy regions below 1 GeV  ΛQCD . Since the MS mass does not have
pole
such contributions, it is called a “short-distance mass”. The pole mass mQ can be interpreted as
the kinematic mass of an isolated heavy quark Q in the context of perturbation theory. It is obvious
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that the definition of the pole mass implies some conceptual and practical problems, since, due to
confinement, external on-shell quarks do not exist and therefore they do not arise as single particle
poles in physical correlation functions. Nevertheless it is unavoidable that the pole mass scheme
appears in one way or another in higher order QCD calculations involving external massive quarks.
For perturbative calculations involving the production of top quarks at hadron colliders, the pole mass
scheme is the main top quark mass scheme used in the literature.
We now investigate the perturbative behavior of the pole mass for the top, bottom and charm
quarks. For this purpose it is convenient to consider the perturbation series relating the pole and MS
mass. In Refs. [1–8] this relation was computed to 4-loop accuracy, within the approximation that all
quarks lighter then Q are massless. Using their results and the top, bottom and charm quark MS mass
values mt ≡ mt (mt ) = 163 GeV, mb ≡ mb (mb ) = 4.2 GeV and mc ≡ mc (mc ) = 1.3 GeV we obtain
pole

mt

pole
mb
pole
mc

= 163 + 7.5040 + 1.6005 + 0.4941 + (0.1944 ± 0.0004) GeV ,

(1)

= 1.3 + 0.2108 + 0.1984 + 0.2725 + (0.4843 ± 0.0005) GeV ,

(3)

= 4.2 + 0.3998 + 0.1986 + 0.1443 + (0.1349 ± 0.0002) GeV ,

(2)

where the terms show the series in powers of the strong coupling α s (mQ ) in the scheme that includes
Q as a dynamical flavor. The fourth order coefficient displays the numerical uncertainties from [8],
which are, however, much smaller than other types of uncertainties considered here.
The pole mass scheme is infrared-save and gauge-invariant [1, 9], but suffers from large perturbative corrections, as can be seen explicitly already at low orders from the series above. The bad
perturbative behavior is related to the absorption of linearly infrared sensitive on-shell self-energy
contributions into the pole mass. This infrared sensitivity of the on-shell diagrams grows with loop
order. In the large-β0 limit, the asymptotic large order behavior of the pole-MS relation has the form
pole

mQ − mQ (mQ ) ∼ µ

∞

16 
n=0

3

2 β0(n )

n

n!

 α(n ) (µ) n+1
s

4π

,

(4)

where β0 is defined via the QCD β-function describing the running of the strong coupling
∞
 (n ) n+1
)

dα(n
s (µ)
(n ) α s (µ)
)
(µ)
β
.
= β (n ) (α s (µ)) = − 2 α(n
s
n
d log µ
4π
n=0

(5)

The variable n denotes the number of quarks lighter then ΛQCD , which are taken to be massless
throughout this work. The pattern of factorial divergence of the perturbation series and the linear dependence on the renormalization scale µ of the strong coupling are called the O(ΛQCD ) renormalon of
the pole mass [10, 11]. It is an important observation that, up to power corrections of order Λ2QCD /mQ ,
the asymptotic large order behavior is independent of the heavy quark mass mQ . This follows from
Heavy Quark Symmetry (HQS) [12]: low momentum sensitivity grows with loop order and the high
order terms are therefore governed almost exclusively by long-distance physics. Consequently, in this
regime the heavy quarks are essentially static color sources whose precise mass values are irrelevant.
On the other hand, it should be stressed that the renormalon is solely an artifact of the pole mass
definition and not related to any physical effects. Another crucial point is that the high order asymptotics depends only on the number of massless quark flavors n . This can again be understood from
the HQS argument above. Due to the linear dependence of Eq. (4) to the renormalization scale µ the
precise value which is chosen in practice is of high importance. E.g., to ensure the cancellation of
an O(ΛQCD ) renormalon between two series, the same µ-value must be chosen. We note that in the
relation between the pole and other short-distance masses the same pattern can be seen: at asymptotic
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high orders one observes factorial growth and the series becomes linear in the renormalization scale
of the stong coupling.
It is important to note that the renormalon behavior of the pole mass is not just an issue of pedagogical interest, but one that is relevant phenomenologically [13]. This is because for µ = mQ the
known coefficients of the series in Eqs. (1)–(3) agree remarkably well with the corresponding large order asymptotic behavior already beyond the terms of O(α s ) (so that the terms of the series are known
quite precisely to all orders) and because even for orders where the QCD corrections still decrease
with order they can be very large numerically and make phenomenological applications difficult.
Although the perturbative series relating the pole and MS mass is diverging, the series is asymptotic and therefore not meaningless. It is known from the theory of asymptotic series that the best
approximation of the LHS of series like in Eq. (4) is usually obtained when truncating the asymptotic
series at the smallest correction term at order nmin . There is a region in the orders n around nmin of
width ∆n in which all series terms have a size close to the minimal term. At orders above nmin + ∆n/2
the series diverges quickly and the series terms from these orders are useless even if they are known
through an elaborate loop calculation. The uncertainty with which the pole mass can be determined
in principle given the full information about the perturbative series is called the pole mass ambiguity.
It is universal, independent of the choice of the renormalization scale µ and exists in equivalent size
in any context without the possibility to be circumvented. Using the method of Borel summation the
(n )
pole mass ambiguity can be estimated to be of order ΛQCD
, where the superscript (n ) stands for the
dependence of the hadronization scale on the number of massless quark flavors.
For more details on the numerical values and derivations we refer to Ref. [14].

2 Light Massive Flavor Dependence
Due to the hierarchy in quark masses, in many applications of top quark physics the bottom and charm
quarks may be taken as massless. However, when interested in the high order behavior of the pole
mass, due to the increasing sensitivity to low scale physics, the effects of lighter massive quarks q with
mq > ΛQCD become relevant and actually have some impact. The mass of a virtual quark flavor in the
on-shell self-energy diagram acts as an effective infrared cut-off at the mass scale and therefore this
quark flavor is removed from the high order asymptotic behavior [15]. The removal of heavy lighter
flavors from the high order asymptotics together with the n -dependence of the QCD β-function lead to
an increased infrared sensitivity of the heavy quark pole mass and a stronger divergence pattern of the
series, as can be seen from Eq. (4). It is obvious that, since the masses of the lighter massive flavors
alter the pattern of divergence of the renormalon series, their induced corrections are themselves
plagued by a renormalon.
To study these corrections it is again convenient to consider the perturbative relation between the
pole and MS mass. Including the bottom and charm quark as massive flavors, the pole-MS mass
relation for the top quark can be written in the form [14]
n
 (nt +1)
∞



 α s
(mt ) 
(t,b,c)
(b,c)
(c)
pole
an (nt + 1) 
(1, rbt , rct ) + δt (rbt , rct ) + δt (rct ) , (6)
m t − mt = mt
 + mt δt
4π
n=1

where mt ≡ mt (mt ), nt = 5 denotes the number of quark flavors lighter than the top, an (nt + 1) are
the perturbative coefficients describing the QCD corrections from gluons and nt + 1 massless virtual
t +1)
is the strong coupling that evolves with nt + 1 active dynamical flavors, see Eq. (5).
quarks, and α(n
s
Results for the corrections from one lighter massive flavor up to O(α3s ) were determined [2, 16]. The
terms δt contain the mass corrections coming from the top quark on-shell self-energy diagrams with
t +1)
. The
insertions of virtual massive quark loops and can be written in a perturbative expansion in α(n
s
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superscripts of the form (q, q , . . . ) indicate that each diagram contains at least one insertion of the
massive quark q and in addition all possible insertions of the (lighter) massive quarks q , . . . as well as
of massless quark and gluonic loops. b and c relate to the bottom and charm quark respectively. From
each diagram the corresponding diagram with all the quark loops in the massless limit is subtracted
in the scheme compatible with the flavor number scheme for the strong coupling α s . The fraction
rqq ≡ mq /mq stands for the ratio of MS masses for quarks q and q . By construction, the sum of all
virtual quark mass corrections contained in the functions δt are RG-invariant: they originate solely
from the quark self-energy diagrams arising in the pole mass renormalization and, since the δt denote
the difference between massive and massless diagrams, the UV-divergences are canceled.
The aim now is to study the contributions of the light massive flavors in a coherent and systematic
manner, which is done in a renormalization group framework. This framework allows to disentangle
the contributing momentum modes and resum the logarithms of quark mass ratios which arise in
the multi-scale problem. Consequently, it is possible to study the large order behavior and general
structure of the mass corrections and the overall large order behavior of the pole mass, and use this
knowledge in several applications.

3 Integrating Out Hard Modes from the Top Quark Pole Mass
3.1 MSR Mass

To set up the renormalization group framework and disentangle the different momentum regions below
the top mass scale, we use the MSR mass mMSR
Q (R) which was introduced in Ref. [17, 18], however,
without the inclusion of massive lighter quarks. In the presence of massive bottom and charm quarks
the top quark MSR mass is defined through [14]
pole
mt

−

mMSR
(R)
t

=R

∞

n=1

 (nt ) n


 α (R) 
 + mt δ(b,c)
an (nt )  s
(rbt , rct ) + δ(c)
t
t (rct ) ,
4π

(7)

where the coefficients an are the same as in the pole-MS relation Eq. (6) and R is a momentum scale
which is in principle arbitrary, but should be sufficiently larger than ΛQCD to stay away from the Lant +1)
t)
→ α(n
in
dau pole. The terms δt are derived from the respective δt of Eq. (6) by replacing α(n
s
s
the perturbative expansions. The introduction of the MSR mass is necessary since the MS mass is
not adequate to describe scales far below the heavy quark mass scale. The MSR mass fixes the two
main problems in this context: first, the heavy quark is removed as a dynamical degree of freedom
from the series (i.e. integrated out). Second, the MSR mass incorporates linear scale dependence by
replacing mt multiplying the coefficients an on the RHS of Eq. (6) with the arbitrary momentum scale
R. Linear scale dependence is crucial in the low momentum region to describe the linear low momentum sensitivity of the pole mass. Indeed linear momentum dependence appears also in the pole-MS
mass relation, but only at asymptotically high orders (see Eq. (4)). It should be also mentioned that
the replacement of mt and the removal of the heavy flavor in the definition of the MSR mass do not
change the asymptotic high order behavior of the series, because the latter is independent of the heavy
quark mass and the number of massive flavors. As argued at the end of Sec. 2, the mass corrections
are RG-invariant and it is therefore natural to leave the mass correction term independent of R. So the
MSR mass is defined in close analogy to the µ-dependent MS strong coupling whose renormalization
group evolution only depends on the number of active dynamical quarks (which is typically the number of quarks lighter than µ) and where mass effects are implemented by threshold corrections when
µ crosses a flavor threshold.
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Figure 1. Left: Graphical illustration of the physical contributions contained in the pole, MSR and MS mass
schemes coming from the different momentum scales for the case of the top quark. The quark loops stand for
the contributions of the virtual massive quark loops contained in the masses. Right: Graphical illustration for
pole-MS mass differences, the MSR-MS mass matching corrections and MSR mass differences for different R
scales. They constitute the major contributions in the RG analysis of the heavy quark pole masses.

The resulting renormalization group equation in R is linear in R, as required by low scale physics,
and is called the R-evolution equation. For an arbitrary heavy quark flavor Q, it takes the form
R

∞
 (nQ ) (R) n+1

d MSR
R,(n ) α
(n )
mQ (R) = − R γR,(nQ ) (α s Q (R)) = − R
γn Q s
,
dR
4π
n=0

(8)

R,(n )

where nQ denotes the number of quark flavors lighter than Q and the coefficients γn Q are known up
to four loops and given in Refs. [17, 18]. It is easy to see that Eq. (8) is renormalon-free since the
renormalon ambiguity of the series proportional to R is independent of R and therefore canceled when
differentiated.
As mentioned below Eq. (5), it is crucial to choose the same renormalization scale when subtracting two series which contain an O(ΛQCD ) renormalon. This is e.g. the case for the difference of the
MSR mass at two different R-scales in fixed-order perturbation theory using Eq. (7), which for widely
separated scales leads inevitably to large logarithms. To avoid this problem one can use the solution
of the R-evolution equation Eq. (8)
∆m

(nQ )



(R, R ) =


mMSR
Q (R )

−

mMSR
Q (R)

=

∞

n=0

R,(n )
γn Q



R

R

 (nQ ) n+1
 α (R) 

dR  s
,
4π 

(9)

to resum these logarithms in a renormalon free way.
One can interpret the MSR mass as the pole mass minus all self-energy contributions coming from
scales below R and all virtual quark mass corrections from quarks lighter than the heavy quark, see
the left plot of Fig. 1. This also illustrates that the MSR mass is a short-distance mass. ∆m(nQ ) (R, R )
represents the self-energy contributions to the mass in the presence of nQ active dynamical flavors
coming from the scales between R and R. This is illustrated in the right plot of Fig. 1.
3.2 MSR-MS Mass Matching

The matching relation between the top MSR and MS mass at the common scale µ = R = mt can be
obtained by eliminating the pole mass from Eqs. (6) and (7). The resulting matching coefficient then
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accounts for the virtual top quark contributions and can be written in the form
(nt +1→nt )
mMSR
(mt ) − mt = ∆mt(nt +1→nt ) (mt ) + δmt,b,c
(mt ) .
t

(10)

The term ∆mt(nt +1→nt ) (mt ) contains the virtual top quark loop contributions in the approximation
that all nt quarks lighter than the top are massless and can be expressed in a power series in the strong
coupling in the (nt + 1) flavor scheme. The series only contains the hard corrections coming from
the virtual heavy top and therefore does not have any O(ΛQCD ) ambiguity, see the right plot of Fig. 1
for illustration. ∆mt(nt +1→nt ) (mt ) can therefore be computed to high precision using the an coefficients
which are known up to O(α4s ) [1–8].
For the top quark the matching corrections amount to approximately 30 MeV and the analogous
corrections for the bottom and charm amount to approximately 5 MeV, with an uncertainty at the level
of 1 to 2 MeV.
(nt +1→nt )
The term δmt,b,c
(mt ) represents the virtual top quark contributions arising from the finite
masses of the lighter massive bottom and charm quarks. Since at O(α2s ) only the loop of a top quark
(nt +1→nt )
(mt ) starts at O(α3s ), where only self-energy diagrams with
can be inserted, the series for δmt,b,c
one insertion of a top quark loop and one insertion of a loop of one of the lighter massive quarks
(nt +1→nt )
can contribute. The expansions of δmt,b,c
(mt ) in the mass ratios rbt and rct start quadratically in
these ratios indicating that the corrections are governed by the scale mt just like the matching term
∆mt(nt +1→nt ) (mt ) and do not have any linear sensitivity to small momenta and the lighter quark masses,
in particular. This feature is realized at any order of perturbation theory. Because the finite mass
t +1→nt
(mt ) start at O(α3s ) and are quadratic in the mass ratios they are extremely small
corrections δmnt,b,c
and never exceed 0.01 MeV. This is also true for the finite mass corrections to the bottom quark due
to the massive charm quark and we can expect that this is also exhibited at higher orders. Hence, this
kind of correction can be neglected for all practical purposes and will not be considered and discussed
any further here.
3.3 Top-Bottom and Bottom-Charm Mass Matching

Comparing the pole-MSR mass relation for the top quark of Eq. (7) to the pole-MS mass relation for
the next lighter massive quark, i.e. the bottom
n
 (nb +1)
∞



 α
(mb ) 
(b,c)
(c)
pole
 + mb δt (1, rcb ) + δt (rcb ) ,
mb − mb = mb
an (nb + 1)  s
(11)
4π
n=1

with nb = nt − 1 = 4, one immediately notices that for R = mb the corrections are identical in the
approximation that in the virtual quark loops all nt lighter quarks (including the bottom quark) are
treated as massless. This identity is a consequence of heavy quark symmetry which states that the
low-energy QCD corrections to the heavy quark masses coming from massless partons are flavorindependent. Obviously, this is also valid when comparing the bottom to the charm quark.
The resulting matching relation reads
 pole

  pole
mt − mMSR
(mb ) − mb − mb = δm(t→b)
(12)
t
b,c (mb , mc ) ,
where δm(t→b)
b,c (mb , mc ) encodes the heavy quark symmetry breaking corrections coming from the finite
virtual charm and bottom quark masses. Their form can be extracted directly from Eqs. (6) and (7)
and written as (rqq = mq /mq )



 (b,c)
(b,c)
(c)
(c)
(m
,
m
)
=
m
(r
,
r
)
+
δ
(r
)
−
m
δ
(1,
r
)
+
δ̄
(r
)
,
(13)
δ
δm(t→b)
bt
ct
ct
cb
b
c
t
b
cb
b
t
t
b,c
b
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Figure 2. Left: Top-MSR bottom-MS mass matching correction δm(t→b)
b,c (mb , mc ) at O(α s ) (red dashed curve) and
3
O(α s ) (red solid curve) over the renormalization scale µ. The virtual bottom and charm mass effects to the top
quark self-energy of the first term in Eq. (13) (green curves) and the virtual bottom and charm mass effects to the
bottom quark self-energy of the second term of Eq. (13) (blue curves) at O(α2s ) (dashed) and O(α3s ) (solid). For
the masses of the top, bottom and charm quarks the values (mt , mb , mc ) = (163, 4.2, 1.3) GeV are used. Right:
The bottom-MSR charm-MS mass matching correction δm(b→c)
(mc ) at O(α2s ) (red dashed curve) and O(α3s ) (red
c
solid curve) over the renormalization scale µ. The virtual charm mass effects to the bottom quark self-energy
(green curves) and the virtual charm mass effects to the charm quark self-energy (blue curves) are shown at
O(α2s ) (dashed) and O(α3s ) (solid).

where the first term on the RHS (multiplied by mt ) represents the virtual bottom and charm mass
effects in the top quark self-energy and the second term (multiplied by mb ) represents the virtual
bottom and charm mass effects in the bottom quark self-energy.
It is important that the quark mass corrections in (13) are expressed coherently in powers of α s
at the common scale µ because the individual δn terms carry infrared sensitive contributions and
therefore each contain an O(ΛQCD ) renormalon ambiguity. In Eq. (13) these renormalon ambiguities
cancel.
In the left plot of Fig. 2 the top-MSR bottom-MS mass matching correction δm(t→b)
b,c (mb , mc ) of
Eq. (12) is displayed as a function of the renormalization scale µ at O(α2s ) (red dashed line) and O(α3s )
(red solid line) for (mt , mb , mc ) = (163, 4.2, 1.3) GeV. The matching correction at O(α3s ) amounts to
6 MeV and has a scale variation of only 1 MeV for mb ≤ µ ≤ mt . Compared to the O(α2s ) result we see
a strong reduction of the scale dependence at O(α3s ). An analog matching contribution δm(b→c)
(mc ) can
c
be defined, describing the heavy quark symmetry breaking corrections for the bottom quark coming
from the finite charm quark mass. Again, we observe excellent convergence and strongly reduced
scale dependence, see the right plot in Fig. 2.
Through successive R-evolution with the appropriate flavor number (see Eq. (9)) and matching at
the mass thresholds of the bottom and charm quark (see Eqs. (10) and (12) and their generalizations to
the appropriate flavors) we can now decouple the different momentum regions in the pole-MS relation
of Eq. (6). The resulting formula for the top quark pole mass reads
pole

mt

= mt + ∆m(6→5)
(mt ) + ∆m(5) (mt , mb ) + δm(t→b)
t
b,c (mb , mc )
+ ∆m(5→4)
(mb ) + ∆m(4) (mb , mc ) + δm(b→c)
(mc )
c
b
 (3) n
∞

 α s (R) 
(3)
 ,

(m
)
+
∆m
(m
,
R)
+
R
a
(n
=
3,
0)
+ ∆m(4→3)
c
c
n 
c
4π
n=1

7

(14)
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where all logarithms log(mb /mt ) and log(mb /mc ) are systematically resummed. The sum of all terms
pole
pole
in the first two lines is just mt − mc + mc , and the first term in the third line is the charm MS-MSR
matching contribution. All quantities except for the last term are free from an O(ΛQCD ) renormalon
ambiguity and can be evaluated to high precision with uncertainties of the order of 20 MeV for the
evolution contributions and 1 MeV for the matching contributions using the available 4-loop expressions for an [1–8] and 3-loop expressions for the mass corrections [2, 16]. The ambiguity of the top
quark pole mass due to the O(ΛQCD ) renormalon is contained solely in the R-dependent series which
pole
(R). This relation specifies the charm quark pole mass ambiguity, and
is just equal to mc − mMSR
c
it fully encodes the top and bottom quark pole mass ambiguities due to heavy quark symmetry. It
should be noted that among all the terms shown in Eq. (14) the contributions from the MSR mass differences ∆m(5) (mt , mb ), ∆m(4) (mb , mc ) and ∆m(3) (mc , R), determined with R-evolution, and the series
proportional to R, which contains the O(ΛQCD ) renormalon, constitute the numerically most important
terms. Their sum is of the order of 10 GeV, exceeding the contributions from the matching corrections
by far, which amount to only 50 MeV.

4 Some Applications
4.1 Light Virtual Quark Mass Corrections at O(α4s )

The excellent perturbative convergence of the top-MSR bottom-MS mass matching correction
δm(t→b)
b,c (mb , mc ) discussed in the previous section illustrates that it is a short-distance quantity and
free of an O(ΛQCD ) renormalon ambiguity. This is also expected theoretically due to heavy quark
symmetry. However, the facts that the overall size of the matching corrections only amounts to a
few MeV, and that the O(α3s ) corrections are only around 1 MeV as seen in Fig. 2 allows us to draw
interesting conceptual implications for the large order asymptotic behavior of the virtual quark mass
corrections in the mass relations of Eqs. (6) and (7). As a consequence we can predict the yet uncalculated virtual quark mass corrections at O(α4s ) to within a few percent without an additional loop
calculation.
Let’s consider the matching correction δm(Q→q)
(mq ) between the MSR mass of heavy quark Q and
q
the MS mass of the next lighter massive quark q assuming the massless approximation for all quarks
lighter than quark q, i.e. nQ = nq + 1 = n + 1 and n = nq being the number of massless quarks. This
situation applies to the matching relation for the top-MSR and the bottom MS masses for a massless
charm quark or to the matching relation between the bottom-MSR and the charm-MS masses.
In the left plot of Fig. 2 we have displayed separately the virtual bottom and charm mass effects to
the top quark self-energy (green curves) and the virtual bottom and charm mass effects to the bottom
quark self-energy (blue curves), i.e. the first and second term of the RHS of Eq. (13), at O(α2s ) (dashed)
and O(α3s ) (solid). We see that both types of contributions each are quite large and furthermore do not
at all converge. The O(α3s ) corrections are even bigger than the O(α2s ) corrections, which indicates that
the corresponding asymptotic large order behavior already dominates the O(α2s ) and O(α3s ) corrections.
The origin of this behavior has been already mentioned and is understood: the mass of the virtual
quark q acts as an infrared cutoff and therefore modifies the infrared sensitivity of the self-energy
diagrams (of quark Q and of quark q) with respect to the case where the virtual loops of quark q are
evaluated in the massless approximation. As a consequence these corrections individually carry an
O(ΛQCD ) renormalon ambiguity. Moreover, at large orders in perturbation theory the sensitivity of the
self-energy diagrams to infrared momenta increases due to high powers of logarithms from gluonic
and massless quark loops. As a consequence, at large orders, the finite mass effects of the virtual
loops of quark q in the self-energy diagrams of quark Q and the self-energy diagrams of quark q
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Figure 3. Left: Prediction for the O(α4s ) virtual quark mass correction δ(q)
Q,4 (rqQ ) for mq ≤ µ ≤ mQ (green bands)
for nQ = n + 1 = 5 (lower band) and nQ = n + 1 = 4 (upper band). The black dashed lines show the prediction
for µ = mQ which gives the simple approximation formula in Eq. (15). Right: The O(α3s ) virtual quark mass
(q)
correction δ(q)
Q,3 (rqQ ) for nQ = n + 1 = 5 (red curve). The green band is the prediction for δQ,3 (rqQ ) using the
method used in the left plot showing excellent agreement to the exact result within errors.

become equivalent due to heavy quark symmetry. The strong cancellation in the sum of both types of
(mq ) (∼ 75% at O(α2s ) and  90% at O(α3s ) for the cases displayed in Fig. 2) thus
corrections in δm(Q→q)
q
confirms that the known O(α2s ) and O(α3s ) self-energy corrections coming from virtual quark masses
are already dominated by their large order asymptotic behavior.
(b→c)
(mc ) converge very well and their O(α3s ) corrections
The series for δm(t→b)
b,c (mb , mc ) and δmc
amount to only about 1 MeV, thus we can expect that the two types of corrections that enter
4
δm(t→b)
b,c (mb , mc ) agree even better than 1 MeV at O(α s ) and beyond. This allows to make an approxi4
mate prediction for the yet uncalculated O(α s ) finite mass corrections from virtual loops of a quark q
(mq ) to
in the pole-MS mass relations of a heavy quark Q by setting the O(α4s ) correction in δm(Q→q)
q
zero. The residual µ-dependence vanishes in the formal limit that the virtual quark q mass corrections
are entirely dominated by their large order asymptotic behavior and can be used as an uncertainty estimate of our approximation. For µ = mQ , we can provide the very simple closed analytic expression

 (nQ ) (q)
  
 (nQ )
2 
(nQ )
(q)
.
δ
δ(q)
(1)
−
6
β
δ
(1)
+
4
β
δ
(1)
ln
r
(1)
β
ln(r
)
(r
)
≈
r
+
12
δ
2
qQ
2
qQ
qQ q,4
0
1
0
q,3
Q,4 qQ

(15)

The coefficients δ(q)
q,n (1) describe the corrections from virtual massive loops of the heavy quark q to the
q self-energy and are known up to O(α4s ) from the full an coefficients computed in Refs. [1–8].
In the left plot of Fig. 3 we show the prediction of δ(q)
Q,4 (rqQ ) for the top (nQ = nt = 5, lower band)
and bottom (nQ = nb = 4, upper band) with a scale variation of mb ≤ µ ≤ mt and mc ≤ µ ≤ mb
respectively. The appropriate curves for Eq. (15) are shown as the black dashed lines. The uncertainty
amounts to ±3% (for rqQ  0.1) or smaller (for rqQ > 0.1). The reliability of the prediction and
uncertainty estimate was additionally tested by “predicting” the already exactly known δ(q)
Q,3 (rqQ ) using
the same method, see the right plot of Fig. 3. The prediction is fully compatible with the exact result
and the uncertainty amounts to ±10% (for rqQ  0.1) or smaller (for rqQ > 0.1).
To conclude it should be mentioned that the prediction of Eq. (15) can be generalized to even
higher orders in α s by using the known asymptotic behavior of the coefficients an , as well as to the
case of having a larger number of lighter massive quarks.
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4.2 Pole Mass Differences

Another interesting application of the RG-setup introduced here is the determination of the difference
of the pole masses of two massive quarks. Due to heavy quark symmetry, the differences of two heavy
quark pole masses are free of O(ΛQCD ) renormalon ambiguities and can therefore be determined to
high precision. The matching corrections discussed above and the R-evolution of the MSR mass allow
us to systematically sum logarithms of the mass ratios that would remain unsummed in a fixed-order
calculation, and to achieve more precise perturbative predictions [18]. The resulting relations between
the top, bottom and charm quark pole masses read


pole
pole
(mt ) + ∆m(5) (mt , mb ) + δm(t→b)
(16)
mt − mb = mt − mb + ∆m(6→5)
t
b,c (mb , mc ) ,


pole
pole
mb − mc = mb − mc + ∆m(5→4)
(mb ) + ∆m(4) (mb , mc ) + δm(b→c)
(mc ) ,
(17)
c
b


pole
pole
(6→5)
(t→b)
(5)
(mt ) + ∆m (mt , mb ) + δmb,c (mb , mc )
mt − mc = mt − mc + ∆mt
+ ∆m(5→4)
(mb ) + ∆m(4) (mb , mc ) + δm(b→c)
(mc ) .
c
b

(18)

Each of the mass differences is the sum of universal matching and evolution building blocks which
each can be computed to high precision as mentioned at the end of Sec. 3.3. The numerical evaluation
using the values given in Ref. [14] for the case (mt , mb , mc ) = (163, 4.2, 1.3) GeV gives
pole

mt

pole

mb

pole
mt

pole

− mb

pole

− mc

−

pole
mc

= 168.169 ± 0.016 GeV ,
=

3.331 ± 0.017 GeV ,

= 171.500 ± 0.024 GeV .

(19)
(20)
(21)

The uncertainties in the pole mass differences are between 16 and 24 MeV and should be considered
as conservative estimates of the theoretical uncertainties due to missing higher order corrections.

5 Conclusions
We have provided a renormalization group framework which allows to study the mass effects of virtual
pole
massive quark loops in the relation between the pole mass mQ and short-distance masses such as
the MS mass mQ (µ) of a heavy quark Q, where we mean virtual loop insertions of quarks q with
ΛQCD < mq < mQ . Special focus was put on the top, where these corrections are most important.
In this context it is well-known that the virtual loops of a massive quark act as an infrared cut-off
on the virtuality of the gluon exchange that eliminates the effects of that quark from the large order
asymptotic behavior of the series. This effect arises from the O(ΛQCD ) renormalon contained in the
pole mass which means that the QCD corrections have a linear sensitivity to small momenta that
increases with the order in the perturbative expansion.
It was examined (i) how the logarithms of mass ratios that arise in this multi-scale problem can
be systematically summed to all orders, (ii) the large order asymptotic behavior and structure of the
mass corrections themselves and (iii) the consequences of heavy quark symmetry. E.g. the framework
pole
allows to relate the QCD corrections in the top quark pole-MS mass difference mt − mt (mt ) coming
pole
from scales smaller than the bottom mass, to the bottom quark pole-MS mass difference mb −mb (mb ).
Within the RG framework, we find that the bulk of the lighter virtual quark mass corrections is
determined by their large order asymptotic behavior already at O(α3s ), which confirms earlier observations made in Refs. [19, 20] and [21]. We used this property to predict the previously unknown O(α4s )
lighter virtual quark mass corrections to within a few percent from the available information on the
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O(α4s ) corrections for massless lighter quarks without an additional loop computation, see Eq. (15).
Furthermore we calculated the differences of the top, bottom and charm quark pole masses with a
precision of around 20 MeV.
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