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Universal damping mechanism of quantum vibrations in deep sub-barrier fu-
sion reactions
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Abstract. 1 demonstrate that the coordinate dependence of the coupling strengths of colliding nuclei is im-
portant for describing the deep sub-barrier fusion hindrance. To this end, I firstly show the performance of an
extended coupled-channel model by phenomenologically introducing a damping factor in the coupling poten-
tial. The damping factor stimulates the damping of quantum vibrations occurring near the touching point of
colliding nuclei and introduce a coordinate dependence in the coupling strengths. Next, I directly show the
coordinate dependence of the transition strengths of colliding nuclei by microscopically calculating excited
states using the random phase approximation method. The obtained transition strengths of colliding nuclei as a
function of the center-of-mass distance strongly correlate with the damping factor that reproduces very well the
fusion hindrance. This is a direct justification for the concept of the coordinate-dependent coupling strengths.
Finally, I conclude that the damping of quantum vibrations near the touching point is the universal mechanism

for the deep sub-barrier fusion hindrance.

1 Introduction

At extremely low incident energies, called the deep sub-
barrier energies, the steep fall-offs of fusion cross sec-
tions compared to the estimations of the standard coupled-
channel (CC) model have been observed in a wide range
of mass systems (see Ref. [1] for details). These steep
falloff phenomena are often referred to as the fusion hin-
drance. An important observation for understanding this
fusion hindrance is that the potential energy at the touch-
ing point of the colliding nuclei strongly correlates with
the threshold incident energy for the emergence of the fu-
sion hindrance. That is, the fusion hindrance would be
associated with dynamics in the overlap region of the two
colliding nuclei (see Fig. 1 in Ref. [2]).

To describe these fusion hindrance phenomena, recent
theoretical works have been mainly devoted to how to ex-
tend the standard CC model in this overlap region. Two
different models based on assumptions opposite to each
other have been proposed [1]. One is the sudden approach
proposed by Misicu and Esbensen [4, 5]. They constructed
a heavy ion-ion potential to stimulate the effect of nuclear
incompressibility, which gave a shallow potential pocket.
Recently, Simenel et al. wused the density-constrained
Hartree-Fock method to demonstrate that Pauli repulsion
reduces the tunneling probabilities at deep-sub-barrier en-
ergies [3].

The other is the adiabatic approach proposed by
Ichikawa et al. [6]. In this approach, neck formations be-
tween the colliding nuclei are taken into account in the
overlap region. Based on this picture, the sudden and adi-
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abatic processes were smoothly jointed by phenomenolog-
ically introducing the damping factor in the coupling form
factor [7]. That is, a coordinate dependence was intro-
duced in the coupling potential. Later, I showed that the
physical origin of the damping factor is the damping of
quantum vibrations of the target and the projectile near
the touching point using the random-phase approximation
(RPA) method for not only the light mass-symmetric 'O
+ 160 and “°Ca + %°Ca systems [8] but also the mass-
asymmetric '°0 + 2%8Pb system [9].

In this paper, I demonstrate the importance of the co-
ordinate dependence of the coupling strength using a phe-
nomenological model and examine this assumption by a
microscopic RPA calculation. I show that the damping
of the quantum vibrations near the touching point occurs,
which is a universal mechanism in the deep sub-barrier fu-
sions and is responsible for the fusion hindrance.

In the standard CC model (and the sudden model), the
total wave functions are expanded by the basis of isolated
nuclei. Then, important input parameters are the excitation
energy and the coupling strength for each excitation. The
excitation energy is usually taken from the experimental
data and the coupling strength is estimated from measured
transition probability. However, in the CC calculations, it
is usually assumed that these values are unchanged dur-
ing the fusion process, even when the two nuclei strongly
overlap with each other. This seems to be an unrealis-
tic assumption. As shown in Ref. [8], the single-particle
wave functions are drastically changed by level repulsions,
which are associated with the neck formations.

So far, many theoretical works for deep sub-barrier fu-
sions have paid attention only how to construct the inter-
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nuclear potential in the overlap region. However, in this
paper, I would like to stress that the treatment of the cou-
pling potential in the overlap region is also much important
for describing the deep sub-barrier fusion hindrance.

2 Coordinate-dependent coupling
strength phenomenologically
introduced by the damping factor

Before introducing the coordinate dependence in the cou-
pling strength in the standard CC model, I first briefly de-
scribe the standard CC model (for details see Refs. [10, 11,
14]).

For heavy-ion fusion reactions, the no-Coriolis ap-
proximation is often used [11, 14]. Then, the CC equations
[11, 14] are given by

»d> JJ+ HR?

ar e PV e E]""(r)

+ 3 Van(Pun(r) =0, (1)

where r is the radial component of the relative motion
coordinate, u is the reduced mass, E is the incident en-
ergy in the center-of-mass frame, J is the total angular
momentum, and ¢, is the excitation energy of the n-th
channel. A bare nuclear potential V¥ consisting of the
Coulomb and nuclear interactions is given by VO(r) =
ZrZpe*|r + VI(\,O)(r), where Zr and Zp denote the proton
number of the target and projectile, respectively. The ma-
trix elements of the coupling Hamiltonian V,,, are calcu-
lated with the collective model including the Coulomb and
nuclear components.

In coupling matrix elements, I consider only vibra-
tional couplings in this paper. The nuclear coupling
Hamiltonian can be generated by changing the target ra-
dius in the nuclear potential of V](\?) to a dynamical op-
erator Ry — Ro + O,. Therefore, the nuclear coupling
Hamiltonian is given by Vi(r, 0,) = V' (r— 0,) [11, 14].
For the vibrational coupling, the operator O, is given by
0, = B/ Var - RT(QEO + a,), where “zo and a,o are the
creation and annihilation operators of the phonons, respec-
tively, and Ry is the radius of the target nucleus. Here, the
eigenvalues 1, and the eigenvectors |a) of O, are given by
O,la) = A,la). The deformation parameter 3, is an in-
put parameter and can be estimated from an experimental
transition probability B(EA) which is given by

45 B(EA) T
= Al @)
3ZrR} e

Ba

where e is the elementary charge. The matrix elements
of the nuclear coupling Hamiltonian are expanded by the
eigenvalues and eigenvectors [10, 11, 14], and thus are de-
fined as

Vi = (nlViy(r, O)lm) = Co(r)
= D (alaXamVi(rd) = Co),  (3)

where Cy is the coupling constant given by Cy(r) =
(OIVn(r, 0)I0).

A main idea to include the coordinate dependence in
the coupling strength is the introduction of the damping
factor @(r, A,) in the coupling form factor. I employ the
following form for the nuclear coupling potential with re-
spect to the eigen channel «,

©) L2VO

d 1
Vy(r, de) = V() + |- d’rv Aot 5 drg 2|01, A,).
“4)

Here,

1 r>R;+ A,

(Two-body region),

D(r, o) = )
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e~ r—Ra=da)"/2¢;  Otherwise

(Overlap region),

where R; is the damping dependent touching distance
between the target and the projectile defined by R; =
rd(AlT/ 1A },/ 3). The coeflicients r, and a4 are the damping
radius and diffuseness parameters. The damping factor ®
represents the physical process for gradually transitioning
from sudden to adiabatic approximations by diminishing
the excitation strengths of the target and/or projectile vi-
brational states after the two colliding nuclei overlap one
another. An important modification is that the touching
point in the damping factor depends on A4,, namely, the
excitation strength begins to reduce at different distances
in each eigen channel.

Although I attempted to apply several functional forms
to the damping factor, I found that the form of Eq. (5)
can well reproduce various experimental data. Later, I
will show the justification of this functional form by a di-
rect calculation of the transition strength using the RPA
method.

After these modifications, in the two-body region (r >
Ry + A,), the standard CC equations of Eq. (1) work well
because @ = 1. Conversely, in the overlapping region (r <
Ry + A,), the coupling matrix elements become V,, —
0 because ® — 0. Then, the standard CC equations of
Eq. (1) are close to the one-dimensional Schrédinger-like
equations given by

B d> JJ+ DR?

(0) —
20 dr2 + 2 + V() + e —Elu,(r)=0

(r<R;+41,). (6)

If an adiabatic one-body potential Vfgzi is substituted to
V@ in Eq. (6), one can avoid double counting of the CC
effects and correctly estimate the tunneling probability in
the one-body process. Subsequently, all the physical quan-
tities are smoothly joined.

An example of the application for this model is a calcu-
lation for the '°*0+2%8Pb system. I incorporate the damp-
ing factor in the computer code ccfull [11]. For the
160+298ph system, I include the coupling to the low-lying
3~ phonon states and the double-octupole phonon excita-
tions for both the '°0 and 2®Pb nuclei. In the calculations,
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I adopt the Yukawa-plus-exponential (YPE) potential as a
basic heavy ion-ion potential VO (r). In order to fit the ex-
perimental fusion cross sections, the radius parameter r
is adjusted to be 1.2 fm for '°0+2%Pb system. For the
damping factor, I use r; = 1.255 fm and a; = 1.14 fm.
The details of all calculations and parameters are given in

Ref. [2].
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Figure 1. Calculated and experimental fusion cross sections ver-
sus incident energies for the '°0 + 2%Pb system. The solid circles
denote the experimental data [12, 13]. The solid and long-dashed
lines indicate the calculated results with and without the damp-
ing factor, respectively. The short-dashed lines indicate the cal-
culated results of no coupling. The arrow indicates the potential
energy at the touching point Vroycp-

Figure 1 shows the fusion cross sections thus obtained.
The fusion cross sections obtained with the damping fac-
tor are in good agreement with the experimental data (see
the solid line). We see that drastic improvement has been
achieved by taking into account the damping of the CC
form factors, as compared to the result without the damp-
ing factor (the dashed line).
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Figure 2. Logarithmic derivative representations of the fusion
cross sections versus incident energies for the '°0 + 2%Pb sys-
tem. The solid and dashed lines indicate the results calculated
with and without the damping factor, respectively. The solid cir-
cles are obtained from the experimental fusion cross sections of
Refs. [12, 13].

Figure 2 compares the logarithmic derivatives
dIn(E¢ . 0us)/dEcm. of the experimental fusion cross
sections with the calculated results. It is again remarkable
that only the result with the damping factor achieves nice
reproduction of the experimental data. The result with the
damping factor becomes saturated below E.,, = 68 MeV.
The measurement at further lower incident energies for
this system will thus provide a strong test for the present
adiabatic model.
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Figure 3. Systematic trends of the (a) radius and (b) diffuseness
parameters in the damping factor versus the mass numbers of the
compound nuclei for various systems. The solid circles denote
the obtained values fitted to the experimental data. The dashed
lines indicate the average value of all the obtained values in indi-
vidual radius and diffuseness parameters.

I have also tested this model in various systems and
investigated the systematic trends of the obtained radius
and diffuseness parameters in the damping factor. I per-
form calculations for the medium-heavy mass systems of
64N + 9Ni, 8Ni + 8Ni, and Ni + >*Fe, the medium-
light mass systems of 4°Ca + “°Ca, ¥8Ca + *Ca, and >*Mg
+ 30Si, and the mass-asymmetric systems of ¥Ca + %Zr
and '°0 + 2%8Pb. The obtained results are shown in Fig. 3.
Clearly, the values of r, are almost constant at around an
average value of 1.31 fm. Except for a few points, the val-
ues of ay are also distributed around an average value of
1.02 fm.

Thus, the damping factor strongly correlates with the
damping of the transition strength of individual colliding
nuclei when they approach one another. In this respect,
the damping of the transition strengths would start at the
overlapping between the tails of the density distributions
for colliding nuclei. That is, the radius parameter of the
damping factor would correlate with a range of interac-
tions between the colliding nuclei. This would result in an
almost constant value of r; in all the systems.

3 Direct calculation of
coordinate-dependent transition
strength using the RPA method

As shown in the previous section, the damping factor phe-
nomenologically introduced works very well for describ-
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ing the deep sub-barrier fusion hindrance in various sys-
tems. The damping factor tells us the importance of the
coordinate dependence of the coupling strength. To justify
this assumption, I directly calculate the transition strength
for 1°0 + 2%8Pb as a function of the center-of-mass dis-
tance R using the RPA method.

I calculate the mean-field potential for the '°0O + 28Pb
system using the folding procedure with the single Yukawa
function [15]. Before the touching point, I assume the
spherical shape for both nuclei. After the touching point, I
describe the nuclear shapes with the reflection-asymmetric
lemniscatoids parametrization [16]. (The parametrization
dependence is negligible, because in this paper I do not
discuss the strongly overlapping region.) Based on these
densities, I also calculate the Coulomb potential. I use
the radius for the proton and neutron potentials, Ry, with
Ry = 1.27A'73 fm, where A is the total nucleon number.
The depths of the neutron and proton potentials for indi-
vidual °0O and 28Pb nuclei, V7 and Vp, are taken from
Ref. [17].

Using the obtained mean-field potentials, I solve the
axially-symmetric Schrodinger equation with the spin-
orbit force and obtain the single-particle wave functions
¢;(R) and the eigen energies €(R). The details of the
model and the parameters are given in Ref. [9]. Then,
the z component of the total angular momentum, €, is
the good quantum number. Note that the parity is not a
good quantum number because the mean-field potential
for the whole system breaks the space-reflection symme-
try. I expand the single-particle wave functions in terms of
the deformed harmonic-oscillator bases in the cylindrical
coordinate representation. The deformation parameter of
the basis functions is determined so as to cover the target
and the projectile. The basis functions with energies lower
than 26 7w are taken into account.

The obtained single-particle energies as a function of
the center-of-mass distance R is shown in Fig. 1 of Ref. [9].
As shown in the figure, the single-particle wave functions
are drastically changed by level repulsions, which are as-
sociated with the neck formations. We can also see ex-
tremely strong Coulomb effect of 2! Pb on '60. The single-
particle energies of the pj;, and p3), states in °O re-
markably increase with decreasing R due to the increasing
Coulomb effect from 2%Pb. Then, many level crossings
and repulsion between the energy levels of '°O and 2°°Pb
occur. Below R = 13 fm, the Coulomb barrier becomes
lower due to the attractive nuclear mean-field potential.
Then, the strong mixture of the single-particle states be-
tween '°O and 2%Pb starts in many levels, which causes
many level splittings seen in the Nilsson diagram.

I now solve the RPA equation at each R for the mass-
asymmetric '°0 + 2%8Pb system. The RPA equation then
reads

(o i) -remls S)E) @
where

Amin =(@R)| @] an | H, a}a;]|I6(R)) ®)

Buinj =(¢(R)| @} an |H, da, || I6(R)). ©)

The symbols X and Y are the forward and backward ampli-
tudes, respectively, 7 is the excitation energy, a' (a) indi-
cates creation (annihilation) operator, and H is the Hatree-
Fock Hamiltonian. I calculate the first excited 3~ (octupole
vibrational) states of '°0 and 2°Pb, which give the main
contributions in the standard CC calculations. I can easily
apply the RPA method to the di-nuclear system, because
its wave function is described with a one-center Slater de-
terminant. I take the single-particle levels for each neutron
and proton from first to 200th and the coherent superposi-
tion of all one-particle one-hole states with excitation en-
ergies below 30 MeV. I follow the diabatic single-particle
configuration corresponding to the ground state of '°O. I
use the density-dependent residual interaction taken from
Ref. [18] and tune it so that the energy of the spurious
center-of-mass motion becomes zero. I calculate B(E3)
values for the RPA solutions with = 0 in individual nu-
clei using the shifted octupole operator, §30 (R-R{), where
R}, is the center-of-mass position of the projectile or target
nucleus.

At R = 20 fm, the obtained first excited octupole
modes for '°0 and 2%Pb are isolated. When the two nu-
clei approach each other, however, these modes start to
fragment into several states. To evaluate the octupole col-
lective strengths carried by low-energy excitations, I then
calculate the energy-weighted sum of B(E3) strengths. By
checking the spectrum of all obtained RPA modes as a
function of R, I determined to take the sum for octupole
excitations with E < 4 MeV and E < 6 MeV for 2%Pb and
160, respectively.
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Figure 4. Energy-weighted sums of B(E3) for (a) '°O and (b)
208pb as functions of R. The solid circles show the results of
the RPA calculations. The dashed curves represent the damping
factor which well reproduces the experimental data of the fusion
cross section for '°0 + 2%Pb. The gray area indicates the overlap
region of the colliding nuclei.

Figure 4 shows the B(E3) strengths for (a) 160 and
(b) 298Pb as functions of R. The calculated values (the
solid circles) drastically decrease near the touching point
(the boundary between the white and gray areas) in both
nuclei. The transition densities and currents for the RPA
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modes with the maximum B(E3) at the touching point are
depicted in Figs. 2 (b) and (d) of Ref. [9]. These figures in-
dicate that the octupole collectivities of both '°O and 2%8Pb
are considerably diminished by each colliding partner.

To see the correlation with the damping factor phe-
nomenologically introduced in the CC calculation, I com-
pare the calculated results with the damping factor that
well reproduced the experimental data of the fusion cross
section for '°O + 2%8Pb shown in the previous section. In
this case, the largest eigenvalue of A, is 1.46 fm. In Figs. 4
(a) and (b), the dashed curves represent the damping fac-
tor with these parameters normalized at R = 20 fm. We
can see that the damping factor strongly correlates with
the calculated energy-weighted sums of B(E3) in the low-
energy region, which clearly indicates that the damping of
the quantum vibrations indeed occurs when the colliding
nuclei approach each other. The assumed functional form
of Eq. (5) is also justified. These results clearly show the
importance of the coordinate dependence of the coupling
strength.

This assumption has been also examined in various
systems. In Ref. [8], the damping of quantum vibrations
was obtained in the '°0 + '°0 and “°Ca + “°Ca sys-
tems. This causes by the drastic change of single-particle
wave functions constituting the low-energy collective ex-
citations. Therefore, the damping of quantum vibrations
would be the universal mechanism in all deep sub-barrier
fusion reactions.

4 Summary

In summary, I have demonstrated the damping of the quan-
tum octupole vibrations of both '°0 and 2*Pb, when they
approach each other. That is, the coordinate dependence of
the coupling strength plays an important role in describing
the deep sub-barrier fusion hindrance. I have examined the
coordinate-dependent coupling strength by introducing the
damping factor in the coupling potential in the standard
CC model. The damping factor suppresses the transition
strength near the touching point of colliding nuclei. The
CC calculations including the damping factor reproduce
well the fusion hindrance in various systems. The obtained
parameter r,, which is the radius parameter in the damping
factor, is almost constant in all systems.

I have also examined the coordinate dependence of the
transition strength by calculating the excited states of 90
and 2%8Pb as a function of R using the RPA method. The
obtained B(E3) strengths are substantially damped near
the touching point of the colliding nuclei. The obtained
energy-weighted sum of B(E3) in the low-energy region
exhibits a strong correlation with the damping factor that
reproduces well the experimental data of the fusion cross

section for '°0 + 2%8Pb, This is a clear evidence that the
damping of the quantum octupole vibrations indeed occur
near the touching point in the deep sub-barrier fusion re-
actions.

The drastic change of single-particle wave functions
constituting the low-energy collective excitations would
commonly occur in all deep sub-barrier reactions. There-
fore, the damping of quantum vibrations, that is, the
coordinate-dependent coupling strengths, in both the tar-
get and projectile near the touching point seems to be the
universal mechanism causing the fusion hindrance, which
should be taken into account in the standard CC model.

I thank K. Matsuyanagi, K. Hagino, and A. Iwamoto
for collaborations and useful discussions.
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