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Superfluid effects in collision between systems with small particle number
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Abstract. The interpretation of the new effects of the superfluidity in reactions with small number of particles
is discussed in a simple model where the exact solution is accessible. It is find that the fluctuations of observable
with the gauge angle reproduce well the exact fluctuations. Then a method of projection is proposed and tested
to determine the transfer probabilities between two superfluid systems.

1 Introduction

In a precedent contribution [1], we studied the reaction
between two superfluid nuclei 2°0+%°0 with the Time-
dependent Hartree-Fock-Bogoliubov theory. The depen-
dence of the observables with respect to the initial relative
gauge angle between the two initial fragments has been
studied. A Josephson effect has been found, as well as
a dependence of the nucleus-nucleus potential with this
gauge angle. Those effects have also been studied in Ref.
[2]. As point out by Ref. [3], the interpretation of this re-
sult is ambiguous for systems which should have a given
number of particles in each fragment initially and so re-
spect the gauge angle symmetry. This motivate us to con-
sider a more simple model that can be solved exactly.

2 Model

Our model is inspired by the Dietrich model of nuclear
Josephson effect [4]. Two systems are initially considered
S; and S; both are composed of Q doubly degenerated
levels with N particles. Each level i is paired with a con-
jugated level i. The initial Hamiltonian of the system is
composed of a pairing interaction,

For simplicity, we consider all the particles paired. The
exact solution of this Hamiltonian is obtained by diagonal-
izing the Hamiltonian in the space of all the configurations
that have N particles in both sides. We consider the case
of Q=4, N=4 and G = —0.2 MeV. In that case, the total
energy of the system with the exact solution is 1.6 MeV.
For the HFB solution, we adjust the interaction Geﬂ:%G
in order to obtain the same initial energy.
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The initial state is then propagated in time, with the
time-dependent Hamiltonian that connect the two systems,

Ay =B+ Vi) Y (Ajagaja,-+afa;a;a,-). @)
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For simplicity reason, the time dependent interaction is
chosen as,

V(t) = Voe A3)

with a=0.3x10*s72. The system is evolved between time
t=-15x10"2%s and t=15x10"2%s. An effective interaction
ngf:%Vo is also taken in order to be consistent with the
initial calculation. Two values of V|, are tested, a weak
and a strong interaction are chosen respectively with Vy =
—0.003 and —0.4 MeV. The two calculations, exact and
TDHEFB differs at the initialization of the calculation. For
the exact case, there is no gauge angle, because the exact
state has a good number of particles in both fragments so
only one calculation is done. But for the TDHFB dynamic,
the initial total state is defined as :

¥, = l_[(u,» + v,-aja;) l_[(uj + eZi“’vja;a;)l—), 4@
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with ¢ the relative gauge angle. 24 initial values of ¢ are
chosen in the interval [0, r].

3 Results

Two observables are computed as a function of time, the
number of particles in the S; system (]\75[) and the total
energy (H(r)). In this model, we expect to reproduce with
TDHFB the Josephson effect and the fluctuations of the
internal energy described in the introduction. Note that in
this model, the energy is not conserved because the Hamil-
tonian changes as a function of time. This is what we
find in the fig. 1 in the TDHFB case and in fig. 4 for
the exact case. The TDHFB average number of particles
in one of the fragments changes with respect to ¢ follow-
ing a sin(2¢) dependence and the energy changes linearly
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Figure 1. Comparison of the exact and TDHFB average number
of particles in the S; system (up) and the average energy (down)
as a function of time in the weak interaction case. Each red line
corresponds to a calculation with a given value of the initial rel-
ative gauge angle .
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Figure 2. Dependence of the TDHFB results with the relative
gauge angle ¢. Top : Number of particles in the S; system at the
time 6x10%* s. Down : Energy at time t=0.

with cos?(¢). The dependences with respect to the relative
gauge angle are shown in fig. 2.

If we compare the average value of (‘I’¢I(5|‘I’¢> we find
a good agreement with the exact case. But it is more dif-
ficult to interpret the fluctuations of those observables. In
that aim, we compute the quantal fluctuations of the ob-
servable in the exact case,

et \/<\11|(§2| ¥) - (¥10] )2, ©)

to the standard deviation of the TDHFB observable with
respect to ¢,

(" (" 2
O'EDHFB = \/;L <T¢|O| T¢>2d¢_(;j0‘ <\P¢|O| \Pap>d‘p) .

(6)

These fluctuations are included in fig. 3 and 4 by er-
ror bars. A very good agreement is found, showing that
this interpretation of the fluctuations of the observable is a
good one. Note that we should not take into account the
direct calculation of the fluctuations of the observable in
each trajectory,

0h = (IO W) — (IO W2 (D)

Indeed, at the initial time, these fluctuations are non zero
because of the number of particles is not a good quantum
number and because the HFB ground state is not an eigen-
state of the Hamiltonian. Then, to convolute the distri-
bution of O'g with O'EDHF B will only bring spurious results.
Then in realistic cases, the present interpretation should be
used with caution and a more rigorous method of restaura-

tion of the gauge angle symmetry should be consider.
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Figure 3. Comparison of the exact and TDHFB results for the
number of particles in the S; system as a function of time in the
weak (up) and strong (down) interaction case. The error bars
represent the fluctuations of this number.

4 Projection method

Although fluctuations of observables brings interesting in-
formation, we would like to develop a method of projec-
tion in order to determine the complete distribution of par-
ticles in each fragment. To determine the transfer proba-
bilities, we use the projection method [5] that determines
the probability Ps(N) to have a given number of particles
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Figure 4. Comparison of the exact and TDHFB results for the
energy as a function of time in the weak (up) and strong (down)
interaction cases. The error bars represent the fluctuations of the
energy.

N in a subspace S,
Ps(N, 1) = CPO|Ps(N)¥(1)), (3
with
R 1 2 N
Ps(N) = 5~ f e# s Ny, ©)
271' 0

N is the operator that count the number of particles in the
subspace S.

As discussed in Ref. [6], the projection method has
to be modified when used with theories that mix differ-
ent number of particles. It is the case here, where we use
quasi-particle states that contain initially components with
the good number of particles N, but also components with
<o Neot=4, Niot-2, Niot+2, Niot+4,... Those components will
induce spurious results. For exemple, at the initial time,
even if the two fragments are separated by an infinite dis-
tance, the pair transfer probability will not be zero.

To suppress the spurious component, a double projec-
tion technique is applied,

_ (POIPSN) PN ¥ (1))
(POIPN) (D)

Ps(N) ; (10)

with P(Ny) the projector onto the total space. This
method only works for collisions where only one of the
fragments is in the superfluid phase, the other one has to
be in the normal phase. Let’s see what happen, if we use
this method to collisions where both fragments break the
gauge angle symmetry with average number N; and N,
respectively for system 1 and 2. The total wave function
after projection onto the good total number Ny, = Ny + N,
will still contain spurious components with an initial num-
ber of particles Ny —2n and N, +2n with n an integer. Those

components will correspond to pair transfer states, and are
spurious because they can happen before the collision.

Then for the collisions between two superfluid sys-
tems, we have to compute the probability

(P, 0 (DIPS(N) Iy, v, (D)
CIWAG AV,

Ps(N,t) = , an

with the state,
[n, n, (1)) = UTPPHEB (1, P S(N)P (NP (1)),  (12)

with S the complement of the subspace S. The subspace S
and S contain respectively the initial systems 1 and 2 at the
initial time. UTPPHFB (1, 1) is the propagator between time
tp and time ¢ of a projected state. The self-consistent prop-
agation of a quasi-particle state would be a theory interest-
ing to develop. Nevertheless in the present calculation, we
choose to propagate independently each state with differ-
ent gauge angles, with the TDHFB propagator UTPHFB,

U(to, tp)Ps(N)IP(t = 0))

1 27 ) R .
= 5= | dee MO g, 10)e NS (1 = 0)),
2w 0
(13)
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with [¥(p, 1)) the evolved state using the TDHFB equation
of motion of the initially state rotated by an angle ¢. Using
the properties,

Ps(N)P5(Ny) = Ps(NDP(Ny + Ny),  (15)

eigan‘ l"]TDHFB (tO’ l) — l"]TDHFB (tOv t)eiszm , (16)

we find the expression of the probability,

11 iy oo N
Ps(N,f) = N G ffj:fo lP1=0)N1~igsN=itp3 Ny

X (Ppr, DN Mo W (g, 10))dpr 234, (17)

with the norm,

1 o i( Wi—ig3N,
N — @1 —@4 )N; =193 Niot
2y fffo ¢

X (P(p1, DN Wy, )1 54. (18)

The overlap is computed with the Pfaffian method [7],

(B, D]e# s el gy 1y = (~1y SELCEET
[T5 vat,
(19)
M= viu VTei#3 (1 + O(i)e#2) V'
T Ve (1 + @@)e)V Uty
(20)

With C the matrix obtained from the Bloch-Messiah de-
composition [8] and v, the occupation numbers in the
canonical basis. The C, v,, V and U correspond to the
bra (¥(¢1, )| while the C’, v/,, V' and U’ refer to the ket

a’
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[¥(¢4,1)). The function O(7) is equal to 1 if the state i be-
longs to the system S and O if not.

To test this method, we used a slightly different model
than previously, we introduce the single particle energy.
The four states of each fragment have an energy e;=i MeV
with i=1,2,3,4. Because we use the projection method,
we don’t take an effective interaction, we take the case of
G = -1 MeV, V=-0.03 MeV and a=0.3x10*s72. Using
the standard TDHFB equation,

20 (VO |y UO
ma (Ve )= n( v ) e
with
h A

we found a spurious behavior. As figure 5 shows with
red solid line, after the reaction happens, when V(¢) be-
come small, the pair transfer probability P, = Pg,(6,?) is
not constant. This is a non-physical behavior that is not
present in the exact calculation. We believe that this be-
havior is due to the approximation that the TDHFB are
independently propagate in time. This induce different ro-
tation velocity in the gauge angle plane due to the different
chemical potential after the Josephson transfer takes place.
To reduce this spurious behavior, our prescription is to re-
move the chemical potential in both fragments,

(k=25 A
H = ( A -+ As(D) ) @3)

with As the chemical potential computed in the subspace
S as,

Q
1 A2y — 1
ds== Real(M +ek). (24)
Q K
k>0eS

With n = |vef? and x; = uvy. Note that in this model the
quasi-particle basis {k} is the same as the particle basis {i}.
This prescription improves the result on fig. 5, but a better
agreement with the exact solution is found if one removes
also the rotation due to the different quasi-particles energy,

h— As(t) — (1 A
7‘{ = S( 1 k( ) . ’ (25)
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Figure 5. Pair transfer probability determined using several pre-
scription of the TDHFB equation compared to the exact determi-
nation of the pair transfer probability.

with the quasi-particle energy,
& = (ex — As)(1 — 2I’lk) + AkKZ + A,*(Kk. (26)

Using this TDHFB equation of motion, on fig. 5, the
transfer probability is almost stable after the two systems
are isolated and the average result reproduces well the ex-
act calculation.

5 Conclusion

In conclusion, we used a simple model of reaction between
two superfluid systems. We interpret the fluctuations of

the TDHFB observables with respect to the initial relative
gauge angle as statistical fluctuations. The average value

and the standard deviation of the energy and the number
of transferred particles from TDHFB are closed to the ex-
act results. We then developed a projection method to de-
termine the transfer probabilities. A spurious behavior is
found after the separation of the two systems, a prescrip-
tion to modify the TDHFB equation in order to cure the
problem is proposed and reproduce correctly the exact re-
sults. This prescription will be used in the case of a realis-
tic calculation in a future contribution.
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