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Abstract. I review kaon decays. I introduce the flavor problem and possible solutions.
Very rare kaon decays like K → πνν̄ are very important to this purpose: we study also
K → πl+ l− , K → ππee where chiral dynamics is important to disentangle short distance
effects. We have also studied lepton flavor (universality) violation in rare kaon decays
and the Bardeen Buras Gerard approach to describe the K ± → π± l+ l− form factor.

1 Introduction
Kaon decays are an important place to study non-perturbative aspects of QCD and test the Standard
Model. Indeed some channels are completely dominated by long-distance dynamics, such as the CPconserving amplitude for K → ππ and others, like K → πνν [1], which are described in terms of
pure short-distance physics. In this review we will be mostly concerned with kaon decays involving
electromagnetic interactions and thus long-distance phenomena are not negligible. However, as we
shall see, it is still possible in these channels to extract the short-distance component with an accurate
analysis. Indeed there are plenty of motivations to look for new physics (NP) in these kaon decays
[2].
The channels which will be considered here are K → ππγ, K → ππee, KS ,L → l+ l− , KS ,L →
+ − + −
l l l l and KS → π+ π− l+ l− . Recently, Buras and collaborators, motivated by their previous work
where weak hadronic matrix elements are evaluated in their model (BBG model) and also by recent
lattice results, are investigating New Physics to explain the experimental value of   [2–5], Motivated
by this interest we study also the K ± → π± l+ l− form factor in the BBG model [6].

2 THE ULTRA-RARE DECAY K + → π+ νν̄

Rare kaon decays furnish challenging MFV probes and will severely constrain additional flavor
physics motivated by NP. SM predicts the V − A ⊗ V − A effective hamiltonian
H

=

α
GF
∗
√
( Vcs
Vcd XNL +
Vts∗ Vtd X(xt )
) sL γµ dL νL γµ νL ,

2 2π sin2 θW 
λxc
A2 λ5 (1 − ρ − iη)xt

(1)

2
xq = m2q /MW
, θW the Weak angle and X’s are the Inami-Lin functions with Wilson coefficients known
at two-loop electroweak corrections [7]. S U(2) isospin symmetry relates hadronic matrix elements
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for K → πνν to K → πlν to a very good precision [8] while long distance contributions and QCD
corrections are under control [7] and the main uncertainties is due to the strong corrections in the
charm loop contribution. The structure in (1) leads to a pure CP violating contribution to KL → π0 νν,
induced only from the top loop contribution and thus proportional to m(λt ) (λt = Vts∗ Vtd ) and free of
hadronic uncertainties. This leads to the prediction [7]
B(KL → π0 νν)SM =

(2.9 ± 0.2 ± 0.0) × 10−11 ,
(8.3 ± 0.3 ± 0.3) × 10−11 .

B(K + → π+ νν)SM =

(2)

where the first is the parametric uncertainty due to the error on |Vcb |, ρ and η, fK , and the second error
summarizes the theoretical uncertainties on non-perturbative physics and QCD higher order terms.
±
K → π± νν receives CP conserving contributions proportional to e(λc ), and to e(λt ) and a CP
violating one proportional to m(λt ). E949 Collaboration [9, 10] and E391a Collaboration [11] have
then measured


±
−10
B(K ) = 1.73+1.15
−1.05 × 10

E949

B(KL ) < 2.6 × 10−8 at 90% C.L. E391aCollaboration

(3)
(4)

The direct upper bound for the neutral decay can be improved with a theoretical analysis: the isospin
structure of any sd operator (bilinear in the quark fields) leads to the model independent relation
±
among A(KL → π0 νν) and A(K → π± νν) [12]; this leads to
±

B(KL → π0 νν) < 4 B(K → π± νν)

(5)

The upcoming KOTO experiment [8, 13] for KL → π0 νν and NA62 at CERN [14] encourage
theoretical investigations of extensions of the SM: these experiments probe deeply to the MFV scale
[15]. More aggressive NP models can furnish substantial enhancements and be either discovered
or ruled out [7, 16]! Further motivation to rare kaon decays program has come from the possible
departure from the SM prediction of the experimental value of   [2–5, 9] : we have investigated a
very predictive Susy scenario for K → πνν [17, 18]

3 K → ππγ and K → ππee-decays
3.1 K → ππγ

Let’s discuss K(p) → π(p1 )π(p2 )γ(q) decays: according to gauge and Lorentz invariance we decompose K(p) → π(p1 )π(p2 )γ(q) decays, in electric (E) and magnetic (M) amplitudes [19]. Particularly
interesting are the recent interesting NA48/2 data regarding K + → π+ π0 γ decays [20].
Due to the ∆I = 3/2 suppression of the bremsstrahlung, interference between E B and the electric dipole (E DE ) and magnetic transitions (MDE ) can be measured. Defining zi = pi · q/m2K z3 =

pK · q/m2K and z3 z+ =
bremsstrahlung
∂2 Γ
∂T c∗ ∂W 2

m2π+
m2K

W 2 , (W 2 is defined in this equation) we can study the deviation from



 
  


4
2
m2 +
 E DE 2  MDE 2
DE W 2 + mπ+
= ∂ ∗ΓIB 2 1 + mπK 2Re EeA
+
 eA   eA  W 4 ,
∂T c ∂W
m2K

(6)

where A = A(K + → π+ π0 ). Study of the Dalitz plot relative to Eq. (6) has lead to measure separately
the linear and the quadratic term in W 2 : indeed integrating over the Dalitz plot and dividing for the IB
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Branching ratio the right-hand side of Eq. (6) leads these two terms (linear and quadratic) respectively
to the NA48/2 measurement of the two fractions, Frac(INT ) and Frac(DE), (see Ref. [20] )
NA48/2 K + → π+ π0 γ results
NA48/2
T c∗ ∈ [0, 80] MeV
Frac(DE) =
(3.32±0.15 ± 0.14)×10−2
Frac(INT) = (−2.35±0.35 ± 0.39)×10−2
3.2 K → ππee-decays

Historically kaon four body semileptonic decays, Ke4 have been studied as a tool to tackle final state
rescattering effects in K → ππ-decays: crucial to this goal has been finding an appropriate set of
kinematical variables which would allow i) to treat the system as two body decay in dipion mass Mππ
and dilepton mass Ml+ l− and ii) to identify appropriate kinematical asymmetries to extract observables
crucially dependent on final state interaction [21].
The traditional kinematical variables for the four body kaon semileptonic decay allow to write the
four body phase space Φ in terms of the two two-body phase spaces: Φπ and Φ from [21, 22]. We
extend the Ke4 kinematical and dynamical description of the amplitude to describe the K → ππe+ e−
decays; in particular we write the long distance contribution as

e
MLD = 2 u(k− )γµ v(k+ ) Hµ (p1 , p2 , q),
(7)
q
where Hµ is the electroweak hadronic vector, which can be written in terms of three form factors
F1,2,3 :
(8)
H µ (p1 , p2 , q) = F1 pµ1 + F2 pµ2 + F3 εµναβ p1ν p2α qβ .

Then the kinematical distributions can be written in terms of the three form factors.
Short distance physics can be studied by the diplane angular asymmetry. However this observable is proportional to electric (bremsstrahlung) and magnetic interference, both contributions known
already from KL → π+ π− γ. In fact it was known that these contributions were large and they may
obscure smaller but more interesting short distance physics effects.
We have performed a similar analysis for the decay K + → π+ π0 e+ e− trying to focus on i) short
distance physics and ii) all possible Dalitz plot analyses to disentangle all possible interesting long
and short distance effects [22]. The interesting physics is hidden by bremsstrahlung [22–24]
B(K + → π+ π0 e+ e− )B
B(K + → π+ π0 e+ e− ) M

∼ (330 ± 15) · 10−8

∼ (6.14 ± 1.30) · 10−8 ,

(9)

and so Dalitz plot analysis is necessary in order to capture the more interesting direct emission contributions. The K + → π+ π0 e+ e− -amplitude is then written as in Eq. 7 optimizing the theoretical and
experimental knowledge of K(p) → π(p1 )π(p2 )γ(q) decays.
Relatively to the K ± → π± π0 γ the possibility to go kinematically at large q2 opens the possibility
to beat the bremsstrahlung: at large dilepton invariant mass the bremsstrahlung can be even 100 times
smaller than the magnetic contribution, at the price, however, of decreasing the statistics. Indeed
compared to K ± → π± π0 γ differential decay rates we have the possibility to measure also the q2 differential rates
∂2 ΓIB
∂T c∗ ∂W 2 ∂q2

(10)
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The further advantage is that at each q2 we can measure the different Dalitz plot. Also several short
distance observables can be measured by appropriate kinematical analyses [22, 23]. In Table 1 we
show the ratios of Bremsstrahlung (B) to magnetic (M) and to various interferences. Our effort has
been to write the K ± → π± π0 e+ e− amplitude in terms of experimental known Bremsstrahlung (B) and
DE, electric (E) and magnetic (M), transitions [22]
Table 1. Branching ratios for the Bremsstrahlung and the relative weight of the rest of the contributions for
different cuts in q, starting at qmin (first row) and ending at 180 MeV. In the last column we have also included
the parity-odd magnetic-electric interference term.

qc (MeV)

B [10−8 ]

B/M

B/E

B/BE

B/BM

2ml
55
100
180

418.27
5.62
0.67
0.003

71
12
8
12

4405
118
30
5

128
38
71
-19

208
44
36
44

The big news is that NA48/2 has reported a final measurement of this branching: the experiment
selects 3 reconstructed tracks coming from one decay vertex, then Particle ID for e± /π± separation;
then two reconstructed γ clusters are compatible with π0 mass [25]. The number of K ± decays (kaon
flux) is measured by using the reference channel K ± → π± π0 (γ). 5076 events have been selected with
289 background; the error is dominated by external error on B(π0 → e+ e− γ)
(4.06 ± 0.06 stat. ± 0.04 syst. ± 0.13ext. ) × 10−6
to be compared to our prediction dominated from Bremsstrahlung [22, 23]
B(IB) = (4.19) × 10−6
B(IB) = (4.10) × 10−6

no Isospin breaking
with Isospin breaking

B(T OT ) = (4.29) × 10−6
B(T OT ) = (4.19) × 10−6

4 Bardeen Buras Gerard approach and K ± → π± l+ l− form factor

Attempting to match long distance to short distance Buras and collaborators [3, 4] compute loop calculations employing a cut-off regulator instead of the dimensional regularization method. Consequently,
their results exhibit a quadratic dependence on the physical cut-off M which is lost in the usual chiral
perturbative calculations. This quadratic dependence is a crucial ingredient in the matching of the
meson and quark pictures. They argue that one can obtain a parametrization of non-perturbative QCD
effects by matching a low-energy Lagrangian valid up to the scale M, to the logarithmic behavior of
relevant Wilson coefficients at high-energy. In this work we refer to this computational method as the
Bardeen-Buras-Gérard framework (BBG). Recentely Buras has advocated this determination to claim
New Physics to explain the experimental value of   [5]. BBG evaluate K → ππ chiral loop with a
dimensional cut-off (M) and match the quadratic divergences of the Qi (M) weak matrix elements with
the log of the short distance Wilson coefficient as described by the equation

ci (µ) Qi (µ)
(11)
Heff =
i

±

We have studied in the BBG contest the K → π± l+ l− form factor described in CHPT by a loop
function, W+ππ (z) and a polynomial in z with experimentally determined coefficients a+ and b+ [26].
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KS → µµµµ
KS → eeµµ
KS → eeee
KS → π+ π− µ+ µ−
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PDG
< 9 × 10−9 at 90% CL
(6.84 ± 0.11) × 10−9
−
−
−
−

Prospects
(LD)(5.0 ± 1.5) · 10−12 NP < 10−11
difficult : SD << LD
SM LD ∼ 2 × 10−14
∼ 10−11
∼ 10−10
SM LD ∼ 10−14

Table 2. Interesting channels: PDG values vs theoretical estimates

These parameterize the intermediate region between low and high energy regimes. Our goal is to
predict the values of these two coefficients using BBG framework [6].

5 Lepton flavor (universality) violation in rare kaon decays
Recent anomalies in the decays of B-mesons and the Higgs boson provide hints towards lepton flavor
(universality) violating physics beyond the Standard Model. We observe that 4-fermion operators
which can explain the B-physics anomalies have corresponding analogs in the kaon sector, and we
analyze their effect on K → π and K →  decays ( = µ, e). For these processes, we point out
the corresponding physics opportunities at the NA62 and KOTO experiments. In particular, assuming
minimal flavor violation, we comment on the required improvements in sensitivity necessary to test
the B-physics anomalies in the kaon sector [27].

6 KS ,L → l+ l− , KS ,L → l+ l− l+ l− and KS → π+ π− l+ l−

The recent LHCB limit on KS → µµ [9] in Table 6 is close to test interesting New Physics (NP) models
[28]. A high precision measurement can test the short distance (SD) SM but it requires to improve
the long distance (LD) prediction [28, 29] with auxiliary channels [30]. KL → µµ: the small ratio
1
SD/LD ∼ 30
may obscure an experimental improvement on the rate [28]. The situation would be a bit
ameliorated if the still unknown sign of A(KL → γγ) would be either theoretically or experimentally
determined. Help to this ambiguity could come from the experimental study of KS .L → l+ l− l+ l− [30]
As shown in Table 6 these channels are at reach in a high intensity machine and they may also give
LD distance info needed for a better control of KL → µµ. These four body decays have also a peculiar
feature, similarly to KS ,L → π+ π− e+ e− , the two different helicity amplitudes interfere; then one can
measure the sign KL →→ γ∗ γ∗ → l+ l− l+ l− by studying the time interference KS KL which it has a
decay length 2ΓS [30].
Actually only K + → π+ π0 e+ e− has been studied so far [22] while KS → π+ π− µ+ µ− , more feasible
experimentally, is in progress; however generic features can be already extracted from Table I in Ref.
[22]: we have less than 10 MeV phase space which can be extracted from the last lines of the Table
I in Ref. [22] telling us that i) the Branching is expected O(10−14 ) and the novel purely electric and
magnetic contribution are relatively enhanced with respect to the less interesting bremsstrahlung.

7 Conclusions
In these proceedings we have studied theoretical issues in radiative rare kaon decays. An interesting
channel, K + → π+ π0 e+ e− , is studied also in connection with the recent experimental NA48 results.
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Motivated by LHCB results on KS → µ+ µ− we discuss other channels like KS ,L → l+ l− l+ l− . Motivated
by recent theoretical work by Buras and collaborators we study also the K ± → π± l+ l− form factor; in
this channel may be interesting to study forward-backward asymmetry [26].
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