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Abstract. We discuss status and prospects of a dispersive analysis of the η and η′ transition form factors. Particular focus is put on the various pieces of experimental information that serve as input to such a calculation. These can help improve on the precision
of an evaluation of the η and η′ pole contributions to hadronic light-by-light scattering in
the anomalous magnetic moment of the muon.

1 Hadronic light-by-light scattering and the anomalous magnetic moment
of the muon
There is a by now long-standing discrepancy between the experimental determination of the anomalous magnetic moment of the muon as measured by the BNL E821 experiment [1], and its calculation
within the Standard Model [2], with both experiment and theory affected by a comparable uncertainty. With two different proposals to further improve on the accuracy of the measurement well under
way [3, 4], it is of utmost importance to also improve the accuracy of the theoretical Standard-Model
prediction before a persistent discrepancy of potentially increased signiﬁcance can be interpreted in
terms of physics beyond the Standard Model.
The Standard-Model uncertainty is entirely dominated by hadronic contributions. While the dominant hadronic vacuum polarization can be expressed, via a dispersion relation, in terms of measurable
e+ e− → hadrons total cross sections, which therefore can be further improved upon by a strong experimental effort to determine many of the exclusive channels contributing therein with yet improved
precision [5], the situation for the αQED -suppressed hadronic light-by-light scattering is less straightforward, relying until recently to a much larger extent on modeling [6], with badly controlled errors.
This presentation is part of an effort to analyze also the hadronic light-by-light scattering tensor
using dispersion theory [7, 8]. Dispersion theory makes maximal use of analyticity and unitarity,
two fundamental consequences of relativistic quantum ﬁeld theories that mathematically incorporate
the principles of causality and probability conservation. The various (in principle inﬁnitely many
different) contributions to hadronic light-by-light scattering are organized in terms of their analytic
structure, according to the cuts and poles in the different energy variables that are dictated by the
above principles. This has the advantage that all contributions will be given in terms of on-shell
form factors and scattering amplitudes, hence observables that can to a large extent again be related
to experimentally accessible quantities [9]. An ordering principle will be to consider intermediate
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Figure 1. Dominant contributions to hadronic light-by-light scattering: pseudoscalar pole terms (left) and
pion/kaon loop graphs (right).

states in terms of increasing masses, hence the lightest pseudoscalar pole terms (π0 , η, η′ ) as well as
pion–pion intermediate states are expected to give the largest individual contributions; see Fig. 1. In
addition, all such form factors and scattering amplitudes can in turn also be analyzed using dispersion
theory: they are reconstructed from their discontinuities or imaginary parts, whose most important
contributions are determined by the leading hadronic intermediate states. One therefore interrelates a
larger set of possible data, and often can avoid the direct use of amplitudes with leptons in the ﬁnal
state that are strongly suppressed by powers of the ﬁne structure constant αQED ; see the discussion in
Sect. 2.3. We will here concentrate on the transition form factors of the η and the η′ that determine the
corresponding pole terms; parallel efforts similar in style exist for the π0 transition form factor [10–12]
as well as for the pion loop including rescattering effects [13, 14].

2 Dispersion relation for the η and η′ singly-virtual transition form factors
2.1 Deﬁnition, intermediate states

The η(′) transition form factor that describes the process η(′) → γ∗ γ∗ is deﬁned according to


d4 xeiq1 x i�0|T jµ (x) jν (0)|η(′) (q1 + q2 )� = −ǫµναβ qα1 qβ2 Fη(′) γ∗ γ∗ (q21 , q22 ) ,
where

jµ = e



Q f q̄ f γµ q f

(1)

(2)

f

denotes the electromagnetic vector current for quarks of all ﬂavors f , weighted with the respective
electric quark charges Q f . In order to write down dispersion relations in the two virtualities q21/2 , we
ﬁrst decompose the form factors in terms of isospin: while the neutral pion always needs to decay into
one isovector and one isoscalar photon (vs), combined in both possible ways, the η(′) is given by the
sum of two distinct contributions, an isovector–isovector (vv) and an isoscalar–isoscalar (ss) one,
Fη(′) γ∗ γ∗ (q21 , q22 ) = Fvv (q21 , q22 ) + F ss (q21 , q22 ) ,

Fπ0 γ∗ γ∗ (q21 , q22 ) = Fvs (q21 , q22 ) + Fvs (q22 , q21 ) .

(3)

We need to identify the dominant intermediate states at low energies, where high precision is of
paramount importance. These are depicted in Fig. 2. For the isovector photons, the most important
intermediate state consists of a pair of charged pions, while for the isoscalar ones, three pions are
the lightest option. The isovector dispersion relation will then express the transition form factor in
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Figure 2. Leading intermediate hadronic states in π0 and η transition form factors: (a) due to two pions for an
isovector photon, (b) due to three pions for an isoscalar photon, (c) the three-pion intermediate state approximated
by the lightest isoscalar vector resonances ω and φ.

terms of the product of the pion vector form factor FπV (s) and the decay amplitude η(′) → π+ π− γ(∗)
(the amplitude γ(∗) π0 → π+ π− in the case of the π0 )—this is what we will discuss in more detail
below. The most general description of the three-pion intermediate state for the isoscalar photons, in
contrast, would be a lot more complicated, and certain approximations at least for the transitions 3π →
γ(∗) π0 /η(′) are almost unavoidable (see e.g. the corresponding discussion in Ref. [11]). Fortunately,
the vector–isoscalar spectral function at low energies is strongly dominated by the narrow ω and φ
resonances, see Fig. 2(c), such that a vector-meson-dominance (VMD) approximation is justiﬁed here
to a large extent. In the context of the π0 , the corresponding ω → π0 γ∗ and φ → π0 γ∗ transition
form factors have hence been treated dispersively [15–17] (see Ref. [18] for an extension even to the
J/ψ → π0 γ∗ transition), while a pure VMD description for F ss (q21 , q22 ) was so far deemed sufficient
for the η(′) transition form factors.
In the following, we will discuss how the different hadronic sub-amplitudes that are required as
input to the unitarity relations can in turn be reconstructed based on dispersive methods.
2.2 Universality of ﬁnal-state interactions, η → π+ π− γ

Final-state interactions between two strongly interacting particles as asymptotic states can be described in terms of form factors, which in turn can be linked to the properties of scattering amplitudes
using analyticity and unitarity. As illustrated in Fig. 3, the unitarity relation for a pion form factor
F JI (s) of isospin I and angular momentum J reads


I
disc F JI (s) = 2i Im F JI (s) = 2i F JI (s) × θ s − 4Mπ2 × sin δIJ (s)e−iδJ (s) ,

(4)

from which one immediately deduces Watson’s ﬁnal-state theorem [19]: the form factor shares the
phase δIJ (s) of the (elastic) scattering amplitude. The solution to Eq. (4) is obtained in terms of the

disc

=

Figure 3. Graphical representation of the discontinuity relation for pion form factors. The black disc denotes the
form factor, while the gray disc denotes the pion–pion scattering T -matrix, projected onto the appropriate partial
wave.
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Figure 4. Left panel: representation of the decay distribution η → π+ π− γ to allow for comparison to the polynomial P̄(s) = 1 + αs (blue dashed curve). The full red curve includes the effects of a2 -exchange in addition;
compare the discussion in Sect. 2.4. The vertical dashed lines denote the boundaries of phase space at s = 4Mπ2
and s = Mη2 . Right panel: the same distribution, extended up to s = 1 GeV2 .

Omnès function ΩIJ (s) [20],
F JI (s) = PIJ (s)ΩIJ (s) ,

ΩIJ (s) = exp

s 
π

∞

4Mπ2

dx

δIJ (x) 
,
x(x − s)

(5)

where PIJ (s) is a polynomial whose coefficients need to be determined by other methods, e.g. by
matching to chiral perturbation theory near s = 0. The Omnès function is entirely given in terms
of the appropriate pion–pion phase shift, which is particularly useful as we today have excellent
information on pion–pion scattering at our disposal [21–24]. The pion vector form factor FπV (s) as
−
− 0
extracted
√ from τ → π π ντ decays, e.g., can be described 1very accurately by a representation (5)
up to s = 1 GeV, employing a linear polynomial R(s) ≡ P1 (s) = 1 + αV s—at higher energies, the
nonlinear effects of higher, inelastic (ρ′ , ρ′′ ) resonances become important [25]. The slope parameter
αV therein is relatively small, αV ∼ 0.1 GeV−2 . For the pion vector form factor as measured in
e+ e− → π+ π− , the isospin-violating mixing effect with the ω-meson needs to be taken into account,
see e.g. the extensive recent discussion in Ref. [26].
The power of the universality of ﬁnal-state interactions lies in the fact that an Omnès representation
similar to the one for the vector form factor will apply everywhere where two pions are produced from
a point source in a relative P-wave; the process-dependence can be reduced to the coefficients of the
multiplicative polynomial. It was pointed out that such a representation can in particular be used for
the decays η(′) → π+ π− γ [27]: they are driven by the chiral anomaly and require the pion pair to be in
an odd partial wave, hence the assumption of dominance by the P-wave f1 (s) is entirely justiﬁed. For
the decay of the η, an ansatz with a linear polynomial,
f1 (s) = A(1 + αs)Ω11 (s) ,

(6)

was shown to be sufficient to describe the data in the physical decay region [28, 29], however, with
one important difference to the vector form factor: α turns out to be large, α ∼ 1.5 GeV−2 [29, 30];
see Fig. 4.
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Figure 5. Comparison of the dispersive prediction for |F¯ηγ∗ γ∗ (q2 , 0)|2 to data from the A2 [31] (green) and
NA60 [34] (blue) collaborations. Figure courtesy of C. Hanhart.

2.3 Dispersive prediction for η → ℓ+ ℓ− γ

With the input to the isovector dispersion relation ﬁxed, we can therefore calculate the singly-virtual η
transition form factor: employing a once-subtracted dispersion relation for the normalized form factor
F¯ηγ∗ γ∗ (q2 , 0) = Fηγ∗ γ∗ (q2 , 0)/Fηγ∗ γ∗ (0, 0), one ﬁnds [25]
F¯ηγ∗ γ∗ (q2 , 0) = 1 +

e q2
96π2 Aηγγ



∞
4Mπ2

3/2

4Mπ2
dx
I=0
2
1
−
FπV∗ (x) f1 (x) + ∆Fηγ
∗ γ∗ (q , 0) ,
x
x − q2

(7)

where Aηγγ is related to the η → 2γ real-photon decay width, and the last term denotes the (small)
isoscalar contribution; see Refs. [25, 30] for details. The resulting prediction includes the propagated
uncertainties both from the experimental input employed and due to the high-energy continuation of
the dispersion integral; see Ref. [25] for a detailed discussion. It can be compared to the experimental
data on the decays η → ℓ+ ℓ− γ, which have been obtained both for the electron–positron [31, 32] and
the dimuon [33, 34] ﬁnal states. In Fig. 5, we observe one of the main strengths of the dispersive
approach: by ﬁxing the input to the singly-radiative decay η → π+ π− γ (with the decay rate scaling
according to ∝ αQED ), we gain a huge statistical advantage over the direct measurements of η → ℓ+ ℓ− γ
(rate ∝ α3QED ). A direct measurement of the transition form factor of comparable precision to the
theoretical calculation based on dispersion relations will be enormously difficult.
2.4 Left-hand cuts

We have remarked above that the interpretation of the polynomial parameters multiplying the universal
Omnès function has to be obtained case by case, and observed that the slope parameters αV for the
pion vector form factor and α in the η → π+ π− γ decay are very different. While α√V can consistently
be described as the low-energy tail of higher resonances in the region 1 GeV  s  2 GeV, such
an interpretation seems implausible for the η → π+ π− γ decay. Furthermore, it is known that a linear
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Figure 6. a2 contributions to η → π+ π− γ, both at tree level and including pion–pion P-wave rescattering. The
combination of both is required to preserve the ﬁnal-state theorem.

polynomial P(s) can only be a low-energy approximation: with the pion–pion P-wave Omnès function
dropping like 1/s for large energies, the polynomial multiplying it should rather approach a constant
asymptotically. Given that the dispersion integral to calculate the transition form factor formally
extends to inﬁnity, deviations from the linear rise in P(s) may become important. It is therefore
crucial to search for opportunities to investigate the amplitude f1 (s) outside the relatively narrow η
decay region.
One remarkable property of the amplitude (6) is the fact that it displays a zero for negative values
of s at s = −1/α ≈ −0.66 GeV2 , which therefore occurs at rather low energies. This kinematic conﬁguration can be tested in the crossed process γπ− → π− η, which can be investigated experimentally
in a Primakoff reaction, i.e. the scattering of highly energetic charged pions in the strong Coulomb
ﬁeld of a heavy nucleus, e.g. at COMPASS; see Ref. [35] for an overview of the COMPASS Primakoff program and Ref. [36] for a ﬁrst attempt to access the γπ− → π− η reaction. The zero would
then occur in the angular distribution at ﬁxed energies in the crossed center-of-mass system. In order
to judge how reliable such a prediction is, we need to consider the possible effects of nontrivial πη
dynamics—something that has been entirely neglected in the discussion of the decay η → π+ π− γ so
far. A πη S -wave is forbidden in this anomalous process. The P-wave is of exotic quantum numbers,
J PC = 1−+ , i.e. there are no resonances possible in a quark model of mesons, and no resonant states
have been identiﬁed unambiguously so far [37, 38]; hence the P-wave is expected to be very weak at
low energies. The ﬁrst resonance to occur in γπ− → π− η is therefore the D-wave a2 (1320). At the
same time, it provides the dominant left-hand-cut contribution to the decay η → π+ π− γ that has not
been considered so far: a dispersion relation including the effects of a2 -exchange, see Fig. 6, is more
complicated than the form factor relation (4), and requires a more complicated solution; for details,
see Ref. [30]. There also the predictions for the Primakoff reaction γπ− → π− η are discussed: the
zero of the simple amplitude representation (6) partially survives in the form of a strong amplitude
suppression in backward direction in the energy region between threshold and the a2 resonance, that
can be explained as a P-D-wave interference effect. Here we only discuss the compatibility of this
more reﬁned model with the decay data: if the very precise data on η → π+ π− γ by the KLOE collaboration [29] were already accurately described by the simpler amplitude of the form P(s) × Ω11 (s), is
this accuracy preserved when including a2 effects? The answer is shown in Fig. 4: the left-hand cut
induces a curvature in P(s) that has only very small effects in the decay region, resulting in a data ﬁt
of equal quality; however, plotted over a larger energy region, it becomes clear that the effect on the
dispersion integrals for the η transition form factor is nonnegligible. If one evaluates a sum rule for
the slope of the form factor at q2 = 0 that is easily obtained from Eq. (7), one ﬁnds that the a2 effects
reduce this slope by 7–8%.
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Figure 7. Differential decay rate dΓ(η′ → π+ π− γ)/d s. Pseudo-data generated according to preliminary BESIII
results [40] is compared to the best ﬁt according to Eq. (8). Figure taken from Ref. [26].

2.5 η′ → π+ π− γ and η′ transition form factor

All the steps discussed in the previous subsections can in principle be carried over to an analysis of
the η′ transition form factor in a straightforward manner. While old data on η′ → π+ π− γ by the Crystal Barrel Collaboration [39] were not precise enough for an advanced analysis, a new, forthcoming
measurement by BESIII [40] is in certain ways even more conclusive than the η decay data, as the
larger phase space of the η′ decay allows one to see deviations from the assumption of a linear polynomial much more clearly. It has been demonstrated in Ref. [30] that, despite the occurrence of a
left-hand cut, in fact the ratio f1 (s)/Ω11 (s) in the model including the a2 can be approximated very
accurately by a quadratic polynomial within the physical decay region, i.e. for 4Mπ2 ≤ s ≤ Mη2′ . The
preliminary BESIII data [40] demonstrate the need of such a quadratic term to very high signiﬁcance;
moreover, they are so precise that even the isospin-breaking ρ–ω-mixing effect is clearly discernible
(see Ref. [26] for details on how to extract the mixing strength and subsequently the partial width
Γ(ω → π+ π− ) from this decay). The full representation of the η′ → π+ π− γ P-wave amplitude is
therefore of the form [26]
 


κ2
f1 (s) = A 1 + αs + βs2 + 2
(8)
× Ω11 (s) .
mω − s − imω Γω

The ﬁt to pseudo-data generated according to preliminary results is shown in Fig. 7. The leading
left-hand-cut contribution provided by a2 -exchange gives an estimate of the parameter β = (−1.0 ±
0.1) GeV−4 [30], which yields the correct sign and order of magnitude, but is somewhat larger than
what the new data suggest [26].
The combination of the very precise representation of the η′ → π+ π− γ decay amplitude as well
as the pion vector form factor then once more yields a dispersive prediction of the isovector part of
the η′ (singly-virtual) transition form factor according to the analogous formula to Eq. (7) [41]. In
comparison to the η form factor, the isoscalar contribution is larger; however, this can be modeled well
using the vector-meson-dominance assumption, with the necessary coupling constants extracted from
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Figure 8. Dispersion-theoretical prediction for the singly-virtual η′ transition form factor (blue band), compared
to a vector-meson-dominance model (orange), as well as the data points taken by the BESIII collaboration [42].
Figure courtesy of S. Holz.

the partial decay widths for η′ → ωγ and ω → ℓ+ ℓ− as well as φ → η′ γ and φ → ℓ+ ℓ− . The combined
prediction for the singly-virtual η′ transition form factor is shown in Fig. 8 as the blue band [41].
Both the broad resonance shape due to the ρ enhancement and the narrow ω peak are clearly visible.
The error band comprises the propagated uncertainties due to different pion form factor data sets,
different pion–pion scattering phase shifts, and different assumptions on the high-energy continuation
of the input to the dispersion integral. However, despite these uncertainties we still note signiﬁcant
deviations of the dispersive prediction from a pure VMD model (with a simple ﬁnite-width ρ0 pole
as the isovector contribution), which is due to the much more sophisticated treatment of the two-pion
cut contribution. The available data on η′ → e+ e− γ from BESIII [42] are not yet precise enough
to differentiate between the two theoretical curves; new data also from other laboratories are eagerly
awaited.

3 Towards a description of the doubly-virtual η(′) transition form factors
In the previous section, we have discussed in detail that dispersion theory provides a very accurate
description of the singly-virtual η(′) transition form factors, based on high-precision experimental data
that allows us to ﬁx a small number of free polynomial parameters in the various dispersive amplitude
representations. We have conﬁned our discussion to experimental tests of the timelike form factors
that can be measured in the decays η(′) → ℓ+ ℓ− γ; we wish to emphasize that as the form factors by
construction have the correct analytic structure, they can be analytically continued into the spacelike
region without difficulties, i.e. Eq. (7) is easily evaluated for q2 < 0. We expect this description to
be reliable in a similar range of |q2 | as the timelike momenta that enter the description of the spectral
function, −q2  1 GeV2 ; compare the related discussion of the π0 transition form factor for spacelike
arguments in Ref. [11].
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The light-by-light loop integral that determines the pseudoscalar pole contributions to the anomalous magnetic moment of the muon, however, also requires the doubly-virtual transition form factors,
see Fig. 1, hence the next challenge is to extend the formalism presented above to this more complicated case.
3.1 Testing factorization in e+ e− → ηπ+ π−

One possible reaction in which the doubly-virtual (timelike) η transition form factor is directly accessible experimentally is obviously e+ e− → ηe+ e− . However, this process is strongly suppressed in the
ﬁne structure constant, and in the spirit of the preceding, we point to the much more promising possibility to investigate e+ e− → ηπ+ π− instead, thus beating the suppression by α2QED , and subsequently
using a dispersion relation to reconstruct the dependence on the second (outgoing) photon’s virtuality
by means of the dominant π+ π− intermediate state.
One assumption frequently employed in the description of doubly-virtual transition form factors
at low-to-moderate energies is the one of factorization: the dependence on the two virtualities is
simpliﬁed into the product of two functions of a single variable each. For the example of the isovector–
isovector contribution to the η transition form factor, the assumption for the normalized function
F¯vv (q21 , q22 ) = Fvv (q21 , q22 )/Fvv (0, 0) reads
?!
F¯vv (q21 , q22 ) = F¯vv (q21 , 0) × F¯vv (0, q22 ) = F¯vv (q21 , 0) × F¯vv (q22 , 0) .

(9)

We can test this factorization hypothesis also in e+ e− → ηπ+ π− [43]. Denoting the π+ π− squared
invariant mass by sππ and the dilepton/the ηπ+ π− invariant mass squared by Q22 , it translates into
 

 ?!
Fηππγ∗ sππ , Q22 = Fηππγ (sππ ) × Fηγγ∗ Q22 .

(10)

In other words: for ﬁxed Q22 , factorization predicts the same dependence on sππ as observed in the realphoton case, i.e. in the decay η → π+ π− γ. Our strategy is therefore as follows: we allow for a similar
functional form for Fηππγ (sππ ) as in Sects. 2.2 and 2.4, i.e. an Omnès function multiplied with a linear
polynomial in the one case, and including the effects of left-hand cuts due to a2 -exchange in the other.
The subtraction constants can then be ﬁtted to data and subsequently compared
 to the real-photon
decay amplitude. As Q22 is necessarily large—the reaction threshold is around Q22 = 0.83 GeV, and
the cross section is dominated by the ρ′ or ρ(1450) resonance—we for the moment simply parametrize
 
Fηγγ∗ Q22 by a sum of two Breit–Wigner functions [for the ρ(770) and the ρ(1450)].
Unfortunately, the BaBar data [44] that we have analyzed for this purpose are not truly doubly
 
√
differential in sππ and Q22 : only the total cross section σtot Q22 as well as the ππ spectrum dΓ/d sππ ,

integrated over 1 GeV ≤ Q22 ≤ 4.5 GeV, are available. The best ﬁt to the data is shown in Fig. 9.
We ﬁnd that ﬁtting a linear polynomial in Fηππγ (sππ ) leads to polynomial parameters that are incompatible with the ones found in η → π+ π− γ, hence seemingly pointing towards a large violation of the
factorization assumption. In contrast, preliminary results including effects of a2 -exchange indicate
that such a violation is much attenuated in this case [43].
3.2 Double spectral function based on η′ → π+ π− π+ π−

We have emphasized repeatedly how it is advantageous to use hadronic amplitudes, which can be
measured much more precisely due to the statistical advantage of lack of suppression in αQED , as input
to dispersion relations instead of measuring radiative amplitudes directly; therefore, we have based
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Figure 9. Result of the best ﬁt to both the ππ spectrum (left panel) and the total cross section (right panel) for the
reaction e+ e− → ηπ+ π− . The data are from Ref. [44]. Figure taken from Ref. [43].

predictions for η(′) → ℓ+ ℓ− γ on precision data for η(′) → π+ π− γ. In order to calculate the doublyvirtual transition form factor (or, more precisely, the isovector–isovector contribution therein), we may
therefore consider going even one step further and base the construction of a double spectral function
on a model for the purely hadronic decay η′ → π+ π− π+ π− . This decay has been analyzed in Ref. [45],
combining the chiral expansion (the leading decay amplitude only occurs at O(p6 )) with vector-meson
resonance saturation of the low-energy constants involved. It was found that the (virtual) decay chain
η′ → 2ρ0 → 2(π+ π− ) entirely dominates the reaction. The prediction for the branching fraction,
B(η′ → π+ π− π+ π− ) = (10 ± 3) × 10−5 [45], has subsequently been conﬁrmed by BESIII [46] with a
smaller uncertainty,
(11)
B(η′ → π+ π− π+ π− ) = (8.7 ± 0.7 ± 0.6) × 10−5 ,

hence a theoretical reﬁnement of the amplitude analysis is in order.
However, even based on the preliminary model of Ref. [45], we can attempt to assess the size of
nonfactorizing contributions to the doubly-virtual η′ transition form factor, see Fig. 10, by combining
π+ π− pairs into virtual photons in the sense of a dispersion relation: it naturally yields a (dominant)
factorizing term that closely resembles a VMD model, see the left diagram in Fig. 10, and a nonfactorizing one, where the charged pions stemming from different intermediate ρ0 resonances are recombined [Fig. 10 (right)]. First steps towards such an investigation indicate that these nonfactorizing
terms are small [47].

4 Summary, and a wish list for improved experimental input
We have shown that dispersion relations allow for high-precision predictions of the singly-virtual
η(′) transition form factors, based on high-precision data for η → π+ π− γ by KLOE [29] and for
η′ → π+ π− γ by BESIII [40], as well as data on the pion vector form factor that is known to excellent
precision, largely due to the strong experimental campaign to reduce the error on hadronic vacuum
polarization in the muon’s anomalous magnetic moment [48–53].
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Figure 10. Factorizing (left) and nonfactorizing (right) contributions to the doubly-virtual η′ transition form
factor, based on a vector-meson-dominance model for the amplitude η′ → π+ π− π+ π− .

The following additional pieces of experimental information will help improve these modelindependent, data-driven determinations, largely with the aim to extend the existing analysis to the
doubly-virtual case.
1. A measurement of the Primakoff-type process γπ− → π− η allows for better constrained highenergy input to the existing analysis.
2. More differential data on e+ e− → ηπ+ π− , i.e., measurements of the dipion distribution for
smaller bins in the total e+ e− energy, or even ηπ+ π− Dalitz plot distributions, would be extremely
helpful to understand deviations from the factorization hypothesis for the doubly-virtual form
factor, which is known to be invalid at high energies.
3. More detailed, differential decay data on η′ → π+ π− π+ π− may allow us to construct a double
spectral function for the doubly-virtual η′ transition form factor; the precise form in which
such differential data for a four-body decay ought to be analyzed should be developed in close
collaboration between experimentalists and theorists.
4. Finally, given the fantastic precision of the upcoming BESIII data on η′ → π+ π− γ, a direct
measurement of η′ → π+ π− e+ e− with good precision may be feasible.

The combination of further theoretical development along the lines sketched above, and improved
experimental input for such a data-driven approach will therefore pave the way to a determination of
the η(′) pole contributions to hadronic light-by-light scattering with controlled uncertainties.
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[25] C. Hanhart, A. Kupść, U.-G. Meißner, F. Stollenwerk and A. Wirzba, Eur. Phys. J. C 73, 2668
(2013) [Erratum: Eur. Phys. J. C 75, 242 (2015)]
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