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Abstract. Global topological soliton of the hedgehog ansatz is added to de Sitter spacetime in arbitrary dimensions larger than three, and then thermodynamic law is checked at
the cosmological horizon. All geometric and thermodynamic quantities are varied in the
presence of a long-range interacting matter distribution with negative pressure, however
the entropy-area relation is satisfied in the exact form. Its geometry involves deficit solid
angle but maintains a single horizon which allows unique temperature normalization,
different from the case of Schwarzschild-de Sitter spacetime.

1 Introduction
Thermodynamic laws are established as empirical laws through numerous tests. Since the entropyarea relation was proposed as a thermodynamic law in curved spacetime with a black hole horizon [1],
it has contributed for establishing the black hole thermodynamics [2, 3], and has been an active area of
research towards quantum gravity, particularly for counting the degrees of freedom and information
loss. In the middle of the progress of the black hole thermodynamics, the entropy-area relation has
been checked from representative idealized systems to realistic dirty situations. The relation was examined in various quantum gravity theories and also in many different systems of mass, spin, charges,
or the number of dimensions [4]. Except for some higher-derivative gravity theories, the entropy-area
relation remains to be fulfilled. This universality occurs even for black solutions with different horizon topologies and for the cosmological horizon [5]. Although the various methods including string
theory repeatedly confirm the entropy-area relation, the universality never have proper explanation in
the context of quantum gravity despite many empirical evidences [4].
In this work we add one more intriguing empirical evidence to investigate the problem of universality. As an attractive candidate, we propose non-BPS topological solitons (as additional nontrivial
matter distribution) in the de Sitter spacetime (dS) to test the entropy-area relation. Nonlinear interactions are included to form topological solitons in arbitrary spatial dimensions and non-BPS nature
implies complicated mutual interaction between multiple solitons. Despite of this complexity, since
its matter distribution is controllable and possesses the topological stability, it is tractable to compute
the entropy-area relation in the exact form.
This article is organized as follows. In Section 2, we consider a matter distribution of divergent
energy E ∼ Rd−3 and test the entropy-area relation on the cosmological horizon of dS with deficit
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solid angle. In Section 3, we consider a scalar field theory of O(d − 1) symmetry and identify the
source of this divergent energy as the global topological soliton of a hedgehog ansatz. We conclude
in Section 4 with a few discussions.

2 Entropy-area relation with deficit solid angle
Suppose that there is a matter distribution of which energy-momentum tensor is
−T tt = −T rr = · · · ∼

d − 2 v2
,
2 r2

(1)

where the coefficient is chosen for later convenience. For d ≥ 3, the energy in flat spacetime is
divergent as the spatial volume goes to infinity,


 R
 R
d=3




1
∼
ln
R
 R→∞

E∼
drrd−2 (−T tt ) ∼
drrd−2 2 ⇒ 
→ ∞.
(2)
d>3



 ∼ Rd−3 
r

This Rd−3 divergence for d > 3 seems not serious in the d-dimensional de Sitter spacetime (dSd ) in
which the vacuum energy is growing with larger power, EΛ ∼ Rd−1 . In fact, the 1/r2 -term is that
of the natural largest power among various terms with different powers lower than the zeroth power
(constancy) of the vacuum energy density, and thus seems naturally allowable as a matter distribution
in dSd . A question at the moment is to find a possible field theoretic candidate which can be identified
as a natural source giving such energy distribution (1) but will be discussed in the next section.
Introduce a metric in dSd (d > 3)
ds2 = −e2Ω(r) A(r)dt2 +

dr2
+ r2 dΩ2d−2 ,
A(r)

(3)

and then the solution of Einstein equation coupled to the aforementioned energy-momentum tensor in
(1) is
set

Ω(r) = 0,

 r 2

A(r) = −



+1−δ−

C
,
rd−3

(4)

8πGv2
. Since our main goal is to test the entropy-area relation in the presence of the
where δ =
d−3
matter of which distribution is relatively simple, we set C = 0 to
√ deal without creating a new black
, dΩd−2 =
hole horizon. Performing a coordinate transformation, dt = 1 − δ dt, dr = √dr
1−δ
(1 − δ)dΩd−2 , the metric returns to that of pure dSd with the different range of solid angle variables,
which leads to the deficit solid angle.
To address the question whether or not the entropy-area
√ relation is sustained for non-vanishing
δ, we begin by reading the location of the horizon rh = 1 − δ  and thus the area of the horizon is
d−2
decreased by the factor (1 − δ) 2 ,
AhδdS = d−2 Ωd−2 (1 − δ)

d−2
2

= AhdS (1 − δ)

d−2
2

,

(5)

where Ω
 d−2 is the volume of a unit (d − 2)-sphere. The surface gravity at the horizon
κ(rh ) = dA/drr /2 fixes the temperature under the standard normalization [6, 7]. The correspondh
ing thermodynamic law with temperature and pressure accompanies the change of volume [6]
T δdS dS δdS = d(−EδdS ) + PδdS d(−VδdS ),

2

(6)
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where −EδdS counts the negative energy and the surplus angle behind the horizon [5]. Note that there
is a minus sign in front of the volume as well, since it accounts for the change of the volume of the
inaccessible region [6]. According to the thermodynamic law (6), straightforward computation of the
energy and the work inside the horizon results in the following entropy difference,


d−4
AdS d − 2
dS δdS =
(7)
−
(1 − δ) 2 dδ.
4G
2
Though every thermodynamic quantity is changed by the matter distribution and its signal appears
through deficit solid angle, the entropy-area relation is exactly satisfied irrespective of the change,
S δdS = S dS + ∆S δdS = S dS +



S (δ)

S (δ=0)

dS δdS =

Ah
AhdS
d−2
(1 − δ) 2 = δdS .
4G
4G

(8)

In this section a matter distribution of long-ranged energy density and pressure is added to dSd .
Then the corresponding geometry includes deficit solid angle but does not create a new black hole
horizon in addition to the cosmological horizon. Though all thermodynamic quantities, e.g., area,
temperature, energy, pressure, and entropy, are changed in δdSd from those in pure dSd , we show
that the exact entropy-area relation holds irrespective of the value of the deficit solid angle. This test
supports the claimed universality of the entropy-area relation in the presence of interacting non-BPS
matter.

3 Global topological soliton of hedgehog ansatz as a source
Once we look at the distribution of energy-momentum tensor in (1), it seems difficult not to ask a
question on a possible candidate of such distribution. In this section let us identify a natural source of
the matter of which energy-momentum tensor is given by (1). To find the origin in the framework of
field theory, the action of the O(d − 1) scalar fields φi (i, j, · · · = 1, 2, . . . , d − 1) is considered
 µν


g
λ 2
d √
i
i
2 2
Sφ =
d x −g − ∂µ φ ∂ν φ − (φ − v ) ,
(9)
2
4
where φi ≡ φ̂i φ with φ̂i φ̂i = 1 and a quartic scalar potential V(φ) with spontaneous symmetry breaking
is chosen for simplicity. The configuration under the hedgehog ansatz, φi = r̂i φ(r), supports a topologically stable soliton and its topological charge is given by the winding between the Sd−2 of broken
vacua and the spatial Sd−2 at the horizon rh .
To solve the scalar equation and the non-vanishing components of the Einstein equation, we apply
the following boundary conditions.
φ(0) = 0,

φ(rh ) = φh (< v)

√
1/ λv

−→

v,

A(0) = 1,

Ω(rh ) = 0.

(10)

The first condition is for a nonsingular field configuration under the hedgehog ansatz, and the second
condition supports the topological soliton. The presumed dS horizon rh seems subtle because of
possible existence of the short scalar hair. When the√ size of the horizon (rh ∼ ) is much larger than
that of the core of a topological defect (rcore ∼ 1/ λv), the scalar amplitude takes the value of the
vacuum. Since no additional mass was assumed, that is C = 0 in (4), A(r) becomes the metric of flat
spacetime at the origin. The last condition is for the correct normalization of temperature at the dS
horizon, so the condition is assigned for later convenience without losing generality.
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Approximate solution near but inside
the dS horizon is attempted under the assumption that r is
√
much larger than the core radius 1/ λv,
v
d−2
 √
+ ··· ,
(11)
3 − d ( λvr)2
2 1+ √
( λv)2
 r 2
+ 1 − δ + ··· ,
(12)
A(r) ≈ −

1
(d − 2)(d − 3)
+ ··· .
(13)
Ω(r) ≈ − 
2 δ √
( λvr)4
3−d
4 1+ √
( λv)2
√
Since the expansion assumed the scale   1/ λv, the formula 1 + (3 − d)/λv2 2 in (11) and (13)
is always positive so that φ(r) and Ω(r) become monotonically increasing at interior region of the
horizon. Then the non-vanishing component of the Einstein equation leads to the energy-momentum
tensor in (1) exactly irrespective of the spacetime dimensions d. Since the deficit solid angle must be
smaller than the solid angle itself or equivalently δ <
1, the scale of the vacuum expectation value v is
d−3
constrained by the d-dimensional Planck scale, v <
. The radial component of pressure also
8πG
has a long tail,
φ(r) ≈ v −

T rr = −



φ≈v
d − 2 φ2 A  dφ 2
d − 2 v2
+
−
V
→
−
,
r∼rh
2 r2
2 dr
2 r2

(14)

which approaches (1) near the cosmological horizon. Negativity of the pressure explains the decrease
of the area of the cosmological horizon (5) by adding this global topological soliton.
Intriguingly enough, the origin of divergent energy is identified by the global topological soliton
of the hedgehog ansatz. In d = 4 dimensions, the obtained topologically stable global soliton is
the global monopole with linearly divergent energy [8]. The signature of energy density leads to a
repulsive gravitational potential [9], which explains impossibility of formation of a new horizon in
addition to the cosmological horizon. Though the energy of a global topological soliton diverges as
E ∼ Rd−3 , it can easily be produced through a period of cosmological phase transition by consuming
a part of vacuum energy [10].

4 Conclusion
Global topological soliton of the hedgehog ansatz is considered in O(d − 1) symmetric scalar field
theory in the background of dSd . The entropy-area relation is confirmed in the presence of divergent
energy of the global solitonic object through an easier analysis without creating an additional horizon.
This result adds a circumstantial evidence on the issue of universality of the entropy-area relation
[4]. Since the matter distribution of the global topological solitons is stable and makes the problem
tractable, many of them can provide good candidates to test and establish thermodynamic relations in
curved spacetime.
We conclude with a few brief discussions:
1. Though our analysis was performed without mass term, C = 0 in (4), in order not to create an additional horizon, it is also intriguing to examine the entropy-area relation with both global topological
soliton and usual matter of C  0, the analysis of the entropy-area relation in δSdSd including the
Nariai limit.
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2. Three-dimensional case was excluded because the 1/r2 term in dS3 is nothing but the energy density
of the electrostatic field of point charge, −T tt ∼ E2 ∼ 1/r2 , which leads to a logarithmic term
A(r) ∝ ln r as in (2). Different from d > 3, the deficit angle 2πδ is obtained by shifting the constant
term in the metric, of which physical origin is a localized point source [11]. The entropy-area
relation in δdS3 by utilizing the deficit angle was checked in Ref. [12].
3. In this work, since the spacetime symmetry is broken in the radial direction and includes non-trivial
red-shift factor at the origin, we fixed the temperature with the local Rindler temperature. Since
dSd is not asymptotically flat, the exact entropy-area relation should be reproduced by employing
the Bousso-Hawking temperature [13] instead of the standard normalization of the present work.
It is also worth trying to reproduce the relation with different thermodynamic definitions such as
quasi-local energy, Wald entropy, and so on.
4. The total energy of the non-perfect fluid of our consideration agrees with the horizon energy defined
in Ref. [6], so that the thermodynamic law holds in the same form. However, the large deficit solid
angle leads to the discrepancy between two energy values and in the large deficit solid angle limit.
It is beyond our consideration in this present work.
5. The pressure term in the first law is written only in terms of the vacuum expectation value of
the scalar field. Since we did not vary the cosmological constant and fixed it in the theory, its
pressure term did not appear as in the first derivation of the thermodynamic law for the cosmological
horizon [5]. Even though we include the energy and pressure contributions from the cosmological
constant, both effects are exactly canceled.
6. In the Schwarzschild geometry, the first law of black hole thermodynamics with a global monopole
can also be checked in the same limit.
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