
Throat quantization of the Schwarzschild-Tangherlini(-AdS) black hole

Hideki Maeda1,⋆

1Department of Electronics and Information Engineering, Hokkai-Gakuen University, Sapporo, Japan

Abstract. By the throat quantization pioneered by Louko and Mäkelä, we derive the mass and area/entropy
spectra for the Schwarzschild-Tangherlini-type asymptotically flat or AdS vacuum black hole in arbitrary di-
mensions. Using the WKB approximation for black holes with large mass, we show that area/entropy is equally
spaced for asymptotically flat black holes, while mass is equally spaced for asymptotically AdS black holes. Ex-
act spectra can be obtained for toroidal AdS black holes in arbitrary dimensions including the three-dimensional
BTZ black hole.

1 Classical vacuum solution with
maximally symmetric base manifold

Let us consider the vacuum Einstein equations with a cos-
mological constant

Rµν −
1
2
gµνR + Λgµν = 0 (1)

for the n(≥ 3)-dimensional spacetime with spherical (k =
1), planar (k = 0), or hyperbolic (k = −1) symmetry
(Mn, gµν) ≈ (M2, gAB)×(Kn−2, γab) with the general metric

ds2 =gµν(x)dxµdxν

=gAB(ȳ)dȳAdȳB + R(ȳ)2γab(z)dzadzb, (2)

where gAB is an arbitrary two-dimensional Lorentzian met-
ric on M2 and γab is the metric on the (n − 2)-dimensional
maximally symmetric space Kn−2 with its curvature k. In
three dimensions (n = 3), Kn−2 is one-dimensional which
corresponds to k = 0.

By the Birkhoff’s theorem, the most general solution
with non-constant areal radius R is the following:

ds2 = − f (m, r)dT 2 + f (m, r)−1dr2 + r2γabdzadzb, (3)

f (m, r) := k − 2κ2nm
(n − 2)V (k)

n−2rn−3
+

r2

l2
, (4)

where κ2n := 8πGn, defined by the n-dimensional New-
ton constant Gn, and l :=

√
−(n − 1)(n − 2)/2Λ is the

AdS radius. This is the topological generalization of the
Schwarzshild-Tangherlini solution in the presence of a
cosmological constant. m is the mass parameter and its
range that gives a black-hole configuration is summarized
in Table 1. The global structures of the resulting black
hole with a single horizon for Λ ≤ 0 are drawn in Fig. 1.
Hereafter we assume that Kn−2 is compact and then V (k)

n−2
represents the surface area of the submanifold Kn−2.
⋆e-mail: h-maeda@hgu.jp

Table 1. The range of m for the black-hole configuration given
by the Schwarzshild-Tangherlini-type solution (3), where mex is

the mass for the extremal horizon.

k = 1 k = 0 k = −1
Λ = 0 m > 0 None None
Λ < 0 m > 0 m > 0 m ≥ mex(< 0)

In order to investigate the quantum aspects of this
Schwarzshild-Tangherlini-type black hole, one needs to
quantize the Einstein equations (1). The ADM formalism
of the Einstein equations shows that general relativity is
a dynamically constrained system. Reduced phase-space
quantization is one possible way to quantize such a sys-
tem, in which one performs canonical quantization on the
constraint surface after solving all the (classical) constraint
equations.

Of course, it is hopeless to accomplish this with full
generality. However, it is possible in the midisuperspace
approach for the symmetric spacetime (2). Throat quanti-
zation pioneered by Louko and Mäkelä [1] is the reduced
phase-space quantization for the spacetime (2) with a cer-
tain set of canonical variables.

2 Reduced phase space

In order to write all the classical constraint equations in
solvable forms, one carefully chooses the canonical vari-
ables. This is obvious when we choose the following
ADM variables for the metric:

ds2 = − N(t, r)2dt2 + Λ̄(t, r)2(dr + Nr(t, r)dt)2

+ R(t, r)2γabdzadzb. (5)

Integrating over Kn−2, the Einstein-Hilbert action reduces
to the following two-dimensional ADM form:

IADM =

∫
dt
∫

dr( ˙̄ΛPΛ̄ + ṘPR − NH − NrHr), (6)
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Figure 1. Penrose diagrams of the Schwarzschild-Tangherlini-
type black hole (3) with a single Killing horizon for (a) Λ = 0
and (b) Λ < 0. A dashed curve represents a constant T timelike
hypersurface inside the Killing horizon.

where a dot denotes the derivative with respect to t. While
Λ̄ and R are dynamical variables with their momentum
conjugates PΛ̄ and PR, N and Nr are Lagrange multipli-
ers providing the constraint equations H = 0 ansd Hr = 0,
respectively. These constraint equations cannot be solved
because the super-Hamiltonian H and super-momentum
Hr are very complicated functionals of Λ̄, R, PΛ̄, and PR

in this ADM formalism.
Thus, in order to solve the constraint equations, one

has to find a nice set of the canonical variables which are
given by a canonical transformation from the ADM vari-
ables {Λ̄, PΛ̄; R, PR}. In the seminal paper [2], Kuchař in-
troduced a set of geometrodynamical variables to solve
constraint equations and obtain the reduced phase-space
for general spherically symmetric spacetime in four di-
mensions (n = 4) without a cosmological constant (Λ =
0). In this section, we review his method for n(≥ 4)-
dimensional spherically symmetric spacetime (k = 1).

Kuchař showed that the transformation
{Λ̄, PΛ̄; R, PR} → {M, PM; S , PS } defined by

S :=R, PS := PR −
1
R′

(Λ̄P′
Λ̄
+ PM M′), (7)

M :=
(n − 2)V (1)

n−2

2κ2n
Rn−3(1 − F), PM := −yΛ̄

F
(8)

is canonical, where a prime denotes the derivative with re-
spect to r and y and F are defined by

y := N−1(Ṙ − NrR′), F := −y2 + Λ̄−2R′2. (9)

The new canonical variables have clear physi-
cal/geometrical meanings; M is the Misner-Sharp

quasi-local mass [3] and S is the areal radius. In order to
show the canonicality of the transformation, the following
boundary conditions are required:

N ≃N∞(t) + O(r−ϵ1 ), Nr ≃ N∞r (t)r−(n−3)/2−ϵ2 , (10)

Λ̄ ≃1 + Λ̄1(t)r−(n−3), R ≃ r + R1(t)r−(n−4)−ϵ4 , (11)

where ϵ1 is a positive number and ϵ2 and ϵ4 satisfy ϵ2 >
max[0,−(n − 5)/2] and ϵ4 > max[0,−(n − 5)].

The new action after the canonical transformation with
the boundary term is given by

Igeo =

∫
dt
∫

dr(PM Ṁ + PS Ṡ − NH̄ − NrH̄r)

−
∫

dt
(
N+M∞ − N−M∞

)
, (12)

where the second term is the boundary term and

H̄ :=
(F + y2)PM M′

yS ′
+ yPS , (13)

H̄r := PM M′ + PS S ′, (14)
M∞(t) := lim

r→±∞
M, (15)

N±(t) := ± lim
r→±∞

N. (16)

In terms of the new variables, F and y are given by

F =1 − 2κ2n M

(n − 2)V (1)
n−2S n−3

, (17)

y2 =
F3P2

M

S ′2 − F2P2
M

. (18)

The constraint equations H̄ = 0 and H̄r = 0 in terms of
the new variables reduce to M′ = 0 and PS = 0, of which
solution is simply M = m(t) and PS = 0.

Then, the spatial integration in the new action (12) can
be easily performed on the constraint surface to give the
following Kuchař’s one-dimensional reduced action:

IK[m, p] =
∫

dt
[
p(t)ṁ(t) − (N+ − N−)m(t)

]
, (19)

where p :=
∫ ∞
−∞ PM(r, t)dr. The reduced action (19) de-

pends only m(t) and its conjugate p. N±(t), the values of
the lapse N at either ends of the spatial slice, are prescribed
functions and not varied. The Hamilton’s equation for m
is simply ṁ = 0, whose solution requires m =constant,
which is equal to the ADM mass. This is a different real-
ization of the Birkhoff’s theorem, showing that m carries
all the information about the local geometry of the classi-
cal solution.

As shown in [4], this Kuchař reduction to the one-
dimensional action (19) can be achieved for general k
with a negative cosmological constant. In this case, M
is replaced by the following generalized Misner-Sharp
mass [5]:

M =
(n − 2)V (k)

n−2

2κ2n
Rn−3
{
−R2

l2
+ (1 − F)

}
. (20)
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Figure 1. Penrose diagrams of the Schwarzschild-Tangherlini-
type black hole (3) with a single Killing horizon for (a) Λ = 0
and (b) Λ < 0. A dashed curve represents a constant T timelike
hypersurface inside the Killing horizon.

where a dot denotes the derivative with respect to t. While
Λ̄ and R are dynamical variables with their momentum
conjugates PΛ̄ and PR, N and Nr are Lagrange multipli-
ers providing the constraint equations H = 0 ansd Hr = 0,
respectively. These constraint equations cannot be solved
because the super-Hamiltonian H and super-momentum
Hr are very complicated functionals of Λ̄, R, PΛ̄, and PR

in this ADM formalism.
Thus, in order to solve the constraint equations, one

has to find a nice set of the canonical variables which are
given by a canonical transformation from the ADM vari-
ables {Λ̄, PΛ̄; R, PR}. In the seminal paper [2], Kuchař in-
troduced a set of geometrodynamical variables to solve
constraint equations and obtain the reduced phase-space
for general spherically symmetric spacetime in four di-
mensions (n = 4) without a cosmological constant (Λ =
0). In this section, we review his method for n(≥ 4)-
dimensional spherically symmetric spacetime (k = 1).

Kuchař showed that the transformation
{Λ̄, PΛ̄; R, PR} → {M, PM; S , PS } defined by

S :=R, PS := PR −
1
R′

(Λ̄P′
Λ̄
+ PM M′), (7)

M :=
(n − 2)V (1)

n−2

2κ2n
Rn−3(1 − F), PM := −yΛ̄

F
(8)

is canonical, where a prime denotes the derivative with re-
spect to r and y and F are defined by

y := N−1(Ṙ − NrR′), F := −y2 + Λ̄−2R′2. (9)

The new canonical variables have clear physi-
cal/geometrical meanings; M is the Misner-Sharp

quasi-local mass [3] and S is the areal radius. In order to
show the canonicality of the transformation, the following
boundary conditions are required:

N ≃N∞(t) + O(r−ϵ1 ), Nr ≃ N∞r (t)r−(n−3)/2−ϵ2 , (10)

Λ̄ ≃1 + Λ̄1(t)r−(n−3), R ≃ r + R1(t)r−(n−4)−ϵ4 , (11)

where ϵ1 is a positive number and ϵ2 and ϵ4 satisfy ϵ2 >
max[0,−(n − 5)/2] and ϵ4 > max[0,−(n − 5)].

The new action after the canonical transformation with
the boundary term is given by

Igeo =

∫
dt
∫

dr(PM Ṁ + PS Ṡ − NH̄ − NrH̄r)

−
∫

dt
(
N+M∞ − N−M∞

)
, (12)

where the second term is the boundary term and

H̄ :=
(F + y2)PM M′

yS ′
+ yPS , (13)

H̄r := PM M′ + PS S ′, (14)
M∞(t) := lim

r→±∞
M, (15)

N±(t) := ± lim
r→±∞

N. (16)

In terms of the new variables, F and y are given by

F =1 − 2κ2n M

(n − 2)V (1)
n−2S n−3

, (17)

y2 =
F3P2

M

S ′2 − F2P2
M

. (18)

The constraint equations H̄ = 0 and H̄r = 0 in terms of
the new variables reduce to M′ = 0 and PS = 0, of which
solution is simply M = m(t) and PS = 0.

Then, the spatial integration in the new action (12) can
be easily performed on the constraint surface to give the
following Kuchař’s one-dimensional reduced action:

IK[m, p] =
∫

dt
[
p(t)ṁ(t) − (N+ − N−)m(t)

]
, (19)

where p :=
∫ ∞
−∞ PM(r, t)dr. The reduced action (19) de-

pends only m(t) and its conjugate p. N±(t), the values of
the lapse N at either ends of the spatial slice, are prescribed
functions and not varied. The Hamilton’s equation for m
is simply ṁ = 0, whose solution requires m =constant,
which is equal to the ADM mass. This is a different real-
ization of the Birkhoff’s theorem, showing that m carries
all the information about the local geometry of the classi-
cal solution.

As shown in [4], this Kuchař reduction to the one-
dimensional action (19) can be achieved for general k
with a negative cosmological constant. In this case, M
is replaced by the following generalized Misner-Sharp
mass [5]:

M =
(n − 2)V (k)

n−2

2κ2n
Rn−3
{
−R2

l2
+ (1 − F)

}
. (20)

3 Throat quantization

Since the reduced action (19) does not contain any infor-
mation that the spacetime represents a black hole, canon-
ical quantization of this system does not provide quantum
mechanics of the black hole given by Eq. (3). For this pur-
pose, one therefore needs another canonical transforma-
tion from the Kuchař action (19). This is what Louko and
Mäkelä did for the four-dimensional spherically symmet-
ric spacetime without a cosmological constant [1]. In [6],
we generalized their result in the case of general k with
Λ(≤ 0) in arbitrary dimensions. We summarize our result
in this section.

3.1 Reduced action with throat variables

Starting from the Kuchař reduce action (19), we first set
N+ = 1 and N− = 0. This is a gauge choice at spatial
infinities. N+ = 1 means that t coincides with the proper
time for an observer at rest at the right-hand spacelike in-
finity, up to the additive constant. (See Fig. 1.) On the
other hand, N− = 0 means that the hypersurface at the
left-hand asymptotic infinity is frozen for all t. Thus, the
physical meaning of the time t is uniquely deterimined as a
proper time of the static observer at one spacelike infinity.
Now the action becomes IK =

∫
dt(pṁ−m), for which the

Hamiltonian is simply m, the generalized Misner-Sharp
mass.

Following Louko and Mäkelä, we take a canonical
transformation (m, p) → (a, pa) from this action, where
the relations between old and new variables are given by

|p| =
∫ ah(m)

a

db√
− f (m, b)

, (21)

pa =sgn(p)

√
−
( (n − 2)V (k)

n−2

κ2n

)2
a2(n−3) f (m, a), (22)

where the function f is defined by Eq. (4) and ah is de-
fined by f (m, ah) = 0. This is a time-independent canoni-
cal transformation and therefore the Hamiltonian H(a, pa)
for the new set of variable (a, pa) is simply m(a, pa). The
resulting new action is

ILM =

∫
dt
(
paȧ − H(a, pa)

)
, (23)

where the new Hamiltonian H(a, pa) (= m) is given by

H =
(n − 2)V (k)

n−2an−3

2κ2n

×
[( (n − 2)V (k)

n−2

κ2n

)−2
p2

aa−2(n−3) + k +
a2

l2

]
. (24)

The domains of a and pa are 0 ≤ a < ∞ and −∞ < pa <
∞, respectively.

Hamilton’s equations in the system (23) give

d2a
dt2 = −

(n − 3)κ2nm
(n − 2)V (k)

n−2an−2
− a

l2
. (25)

Indeed, this is formally equivalent to the dynamics of areal
radius r at the wormhole throat in the Schwarzschild-
Tangherlini-type black-hole spacetime (3), which is lo-
cated inside the Killing horizon. This wormhole throat is
defined by a radial timelike geodesic with constant T , of
which areal radius r = a(τ) is determined by the following
geodesic equation:

d2a
dτ2 = −

(n − 3)κ2nm
(n − 2)V (k)

n−2an−2
− a

l2
, (26)

where τ is the proper time along the geodesic. (A dashed
curve in Fig. 1 is an example of such a geodesic.) The
(classical) domain of a is 0 ≤ a ≤ rh, where a = 0 and a =
rh correspond to the curvature singularity and the Killing
horizon, respectively.

Equation (25) is identical to Eq. (26) with t = τ. The
terminology "throat quantization" comes from this physi-
cal interpretation of the dynamics represented by the ac-
tion (23). However, it is noted that the time t is originally
the proper time for an observer at one spatial infinity, not
the proper time along the wormhole throat.

3.2 Quantization: Hamiltonian operator and the
boundary condition

Finally we canonically quantize the system (23) and
perform the quantum mechanics of the Schwarzschild-
Tangherlini-type black hole. Replacing pa in the Hamil-
tonian (24) by p̂a = −iℏ∂/∂a, we obtain the Schrödinger
equation ĤΨ = EΨ for the wave function Ψ = Ψ(a) in
the stationary state. Under the Laplace-Beltrami operator-
ordering, the Schrödinger equation is written as

(
− ℏ

2

2m
∂2

∂x2 + V(x)
)
Ψ = EΨ, (27)

where x := a(n−1)/2 and the effective mass m and potential
V(x) are given by

m ≡
4(n − 2)V (k)

n−2

(n − 1)2κ2n
, (28)

V(x) ≡
(n − 2)V (k)

n−2

2κ2n

( x2

l2
+ kx2(n−3)/(n−1)

)
. (29)

The domain of x is 0 ≤ x < ∞ and hence this is
the quantum mechanics on the half-line. The natural in-
ner product consistent with the Laplace-Beltrami operator-
ordering is

⟨Ψ|Φ⟩ :=
∫ ∞

0
Ψ∗Φdx. (30)

Since the classical Hamiltonian H is the generalized
Misner-Sharp mass, we identify E as the mass eigenvalue
of the black hole.

Actually, the Hamiltonian operator Ĥ is not self-
adjoint in the square-integrable Hilbert space on the half-
line L2([0,∞)) but it admits self-adjoint extensions. This
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self-adjoint extension requires the following boundary
condition at the location of the classical singularity x = 0:

Ψ(0) + L
∂Ψ

∂x

�����
x=0
= 0, (31)

where L is a real constant [7]. L = 0 corresponds to the
Dirichlet boundary conditions, while L = ∞ corresponds
to the Neumann boundary condition. Other values of L
gives the general Robin boundary conditions. With the
boundary condition (31), evolution of this quantum system
is unitary (∂⟨Ψ|Φ⟩/∂t = 0).

3.3 Mass spectrum of the black hole

Now we show the mass spectrum E of the black hole un-
der the Dirichlet (L = 0) boundary condition at the ori-
gin x = 0. While an exact spectrum can be obtained for
the toroidal AdS black hole (k = 0) in arbitrary dimen-
sions, one obtains the mass spectra for black holes with
large mass using the WKB approximation in other cases.

The mass spectrum sharply depends on the presence of
the cosmological constant. For asymptotically flat black
hole (k = 1), the spectrum for large E is

E(n−2)/(n−3) ≃(n − 2)ℏ
√
πN

×
Γ( n−1

2(n−3) +
1
2 )

Γ( n−1
2(n−3) )

( (n − 2)V (1)
n−2

2κ2n

)1/(n−3)
, (32)

where N is a large integer. By the following classical rela-
tion between the mass E and the Wald entropy S ;

S =
2π
κ2n

V (1)
n−2

( 2κ2nE

(n − 2)V (1)
n−2

)(n−2)/(n−3)
, (33)

Eq. (32) implies that the entropy of the black hole is
equally spaced for large E as

S ≃4π3/2ℏ
Γ( n−1

2(n−3) +
1
2 )

Γ( n−1
2(n−3) )

N =: S N . (34)

Some particular cases are given explicitly as

S N =



4π3/2ℏN Γ(2)
Γ(3/2) = 8πℏN (n = 4)

4π3/2ℏN Γ(3/2)
Γ(1) = 2π2ℏN (n = 5)

4π3/2ℏ Γ(1)
Γ(1/2) N = 4πℏN (n→ ∞).

(35)

In contrast, for the asymptotically AdS black hole with
general k, the spectrum for large E is

E ≃ (n − 1)ℏ
l

N, (36)

where N is a positive integer. The above expression be-
comes exact in the toroidal case (k = 0), which includes
the BTZ black hole in three dimensions.

At a glance, two results (32) and (36) look inconsis-
tent in the limit of vanishing cosmological constantΛ→ 0
(l→ ∞) for spherical AdS black holes (k = 1). This is un-
derstood by noting two different length scales, the Planck

length ℓp := (ℏκ2n/c
3)1/(n−2) and the AdS radius l. The met-

ric function (4) shows the relation between the mass of the
black hole E and the horizon radius rh as

E =
(n − 2)V (k)

n−2rn−3
h

2κ2n

(
k +

r2
h

l2

)
. (37)

From this relation, we see that (i) a spherical AdS black
hole is approximated by an asymptotically flat black hole
if rh ≪ l and (ii) it is approximated by the toroidal AdS
black hole (k = 0) if rh ≫ l. Therefore, the spectrum of the
spherical AdS black hole is given by Eq. (32) in the region
of ℓp ≪ rh ≪ l and by Eq. (36) in the region of rh ≫ l,
as shown in Fig. 2. In the limit of vanishing cosmological
constant (l → ∞), the spacetime becomes asymptotically
flat so that the region rh ≫ l disappears in Fig. 2 and the
mass spectrum (32) is valid in the whole region satisfying
rh ≫ ℓp.

E

r
hO

E

E

Figure 2. Mass-horizon relation (37) for spherical AdS black
holes (k = 1). The mass spectrum is given by Eq. (32) in the
region of ℓp ≪ rh ≪ l and by Eq. (36) in the region of rh ≫ l.

In summary, using the WKB approximation for the
Schwarzschild-Tangherlini-type black hole (3) with large
mass, we have shown that area/entropy is equally spaced
in the asymptotically case, while mass is equally spaced
for asymptotically AdS case. This result is unchanged un-
der the Neumann boundary condition (L = ∞). In the
case of the Robin boundary condition with other values of
L, numerical calculations are required to obtain the mass
spectrum.
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condition at the location of the classical singularity x = 0:

Ψ(0) + L
∂Ψ

∂x

�����
x=0
= 0, (31)

where L is a real constant [7]. L = 0 corresponds to the
Dirichlet boundary conditions, while L = ∞ corresponds
to the Neumann boundary condition. Other values of L
gives the general Robin boundary conditions. With the
boundary condition (31), evolution of this quantum system
is unitary (∂⟨Ψ|Φ⟩/∂t = 0).

3.3 Mass spectrum of the black hole

Now we show the mass spectrum E of the black hole un-
der the Dirichlet (L = 0) boundary condition at the ori-
gin x = 0. While an exact spectrum can be obtained for
the toroidal AdS black hole (k = 0) in arbitrary dimen-
sions, one obtains the mass spectra for black holes with
large mass using the WKB approximation in other cases.

The mass spectrum sharply depends on the presence of
the cosmological constant. For asymptotically flat black
hole (k = 1), the spectrum for large E is

E(n−2)/(n−3) ≃(n − 2)ℏ
√
πN

×
Γ( n−1

2(n−3) +
1
2 )

Γ( n−1
2(n−3) )

( (n − 2)V (1)
n−2

2κ2n

)1/(n−3)
, (32)

where N is a large integer. By the following classical rela-
tion between the mass E and the Wald entropy S ;

S =
2π
κ2n

V (1)
n−2

( 2κ2nE

(n − 2)V (1)
n−2

)(n−2)/(n−3)
, (33)

Eq. (32) implies that the entropy of the black hole is
equally spaced for large E as

S ≃4π3/2ℏ
Γ( n−1

2(n−3) +
1
2 )

Γ( n−1
2(n−3) )

N =: S N . (34)

Some particular cases are given explicitly as

S N =



4π3/2ℏN Γ(2)
Γ(3/2) = 8πℏN (n = 4)

4π3/2ℏN Γ(3/2)
Γ(1) = 2π2ℏN (n = 5)

4π3/2ℏ Γ(1)
Γ(1/2) N = 4πℏN (n→ ∞).

(35)

In contrast, for the asymptotically AdS black hole with
general k, the spectrum for large E is

E ≃ (n − 1)ℏ
l

N, (36)

where N is a positive integer. The above expression be-
comes exact in the toroidal case (k = 0), which includes
the BTZ black hole in three dimensions.

At a glance, two results (32) and (36) look inconsis-
tent in the limit of vanishing cosmological constantΛ→ 0
(l→ ∞) for spherical AdS black holes (k = 1). This is un-
derstood by noting two different length scales, the Planck

length ℓp := (ℏκ2n/c
3)1/(n−2) and the AdS radius l. The met-

ric function (4) shows the relation between the mass of the
black hole E and the horizon radius rh as

E =
(n − 2)V (k)

n−2rn−3
h

2κ2n

(
k +

r2
h

l2

)
. (37)

From this relation, we see that (i) a spherical AdS black
hole is approximated by an asymptotically flat black hole
if rh ≪ l and (ii) it is approximated by the toroidal AdS
black hole (k = 0) if rh ≫ l. Therefore, the spectrum of the
spherical AdS black hole is given by Eq. (32) in the region
of ℓp ≪ rh ≪ l and by Eq. (36) in the region of rh ≫ l,
as shown in Fig. 2. In the limit of vanishing cosmological
constant (l → ∞), the spacetime becomes asymptotically
flat so that the region rh ≫ l disappears in Fig. 2 and the
mass spectrum (32) is valid in the whole region satisfying
rh ≫ ℓp.

E

r
hO

E

E

Figure 2. Mass-horizon relation (37) for spherical AdS black
holes (k = 1). The mass spectrum is given by Eq. (32) in the
region of ℓp ≪ rh ≪ l and by Eq. (36) in the region of rh ≫ l.

In summary, using the WKB approximation for the
Schwarzschild-Tangherlini-type black hole (3) with large
mass, we have shown that area/entropy is equally spaced
in the asymptotically case, while mass is equally spaced
for asymptotically AdS case. This result is unchanged un-
der the Neumann boundary condition (L = ∞). In the
case of the Robin boundary condition with other values of
L, numerical calculations are required to obtain the mass
spectrum.
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