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Abstract. We derive the results (i) the ortho-normal and completeness relations for nor-
mal modes and (ii) non-existence of zero mode for spinor fields in rotating black hole
geometry. From these results, we show that superradiant phenomena for spinor fields
should be type 2: positive momentum on the horizon (pH > 0) and negative frequency at
infinity (ω < 0).

1 Introduction

Matter interactions with black holes (BHs) are essential for their existence and observation. As the
black hole geometry, rotating BH geometry is important for superradiant phenomena (incident in-
tensity < scattered intensity). Especially Anti-de Sitter (AdS) space-time plays the role of reflection
mirror and successive superradiant phenomena lead to instability of BHs. Spinors are fundamental as
matter fields because multiple spinors can represent Bosons and Fermions, which can be realized by
the Bargmann-Wigner formulation.

The organization of this short report is as follows. In sect. 2, spinor fields in Kerr-AdS space-time
is studied. In sect. 3, normal modes are studied to derive the ortho-normal and completeness relations.
In sect. 4, non-existence of zero mode (pH = ω − ΩHm = 0) is shown with ω,m as frequency and
azimuthal quantum number of spinor fiedls, and ΩH as angular velocity of BH. In sect. 5, we show
that the type 2 superradiant modes (ω < 0, pH > 0) are consistent. Summary of the obtained new
results is given in the final section.

This report is based on our paper [1] including the detailed logic and calculation.
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2 Spinor fields in Kerr-AdS space-time
The line element of Kerr-AdS space-time with Boyer-Lindquist coordinate is

ds2 =
∆r

ρ2

(
dt − a sin2 θ

Ξ
dϕ
)2
+
∆θ sin2 θ

ρ2

(
adt − r2 + a2

Ξ
dϕ
)2
ρ2

∆r
dr2 +

ρ2

∆θ
dθ2 ,

with

∆r = (r2 + a2)(1 + r2ℓ−2) − 2Mr , ∆θ = 1 − a2ℓ−2 cos2 θ ,

ρ2 = r2 + a2 cos2 θ , Ξ = 1 − a2ℓ−2 , (1)

where ℓ =
√
−3/Λ is the cosmological parameter and a = J/M is the rotation parameters of BH. The

event horizon is defined as the outer zero of ∆r as 0 = ∆r ⇒ r = r+ .
The Dirac equation for spinor fields in curved spacetime is defined through local Minkowski

spacetime, where the Dirac matrices are treated as spacetime independent (Greek suffix (µ, ν...) as
curved spacetime and Latin suffix (i,j , ...) as local Cartesian spacetime):

0 = (γµ(∂µ +
1
4
ω

i j
µ Γi j) + µ̄)Ψ(x)

= (γibµi ∂µ +
1

2
√−gγ

i∂µ(
√−gbµi ) +

1
4

bµi bνj∂µbνkΓ
i jk + µ̄)Ψ(x), (2)

where ωi j
µ , bµi are denoted as spin connection, vierbein, Γi j, Γi jk as anti-symmetric product of Dirac

gamma matrix, and µ̄ as mass of spinor field.
We put the spinor fields as separation of variables in the polar coordinate:

Ψ(x) =
exp (−iωt + imϕ)
(∆r∆θρ2 sin2 θ)1/4

F(r, θ). (3)

Next we define the chirality eigen-states as

F(r, θ) = (
χ∗

χ
)1/4 f+ + (

χ

χ∗
)1/4 f−, χ = r + ia cos θ, γ5 f± = ± f±, (4)

where four component spinors are expressed in two component ones:

f+(r, θ) =
1
√

2

(
ζ
−ζ

)
, f−(r, θ) =

1
√

2

(
η
η

)
(5)

with

η =

(
R1(r)S 1(θ)
R2(r)S 2(θ)

)
, ζ =

(
R2(r)S 1(θ)
R1(r)S 2(θ)

)
. (6)

Then the Dirac equation reduces to the four ordinary differential equations:

(
√
∆θ∂θ +

aω sin θ2 − Ξm
√
∆θ sin θ

)S 1(θ) = (−aµ̄ cos θ + κ)S 2(θ),

(
√
∆θ∂θ −

aω sin θ2 − Ξm
√
∆θ sin θ

)S 2(θ) = (−aµ̄ cos θ − κ)S 1(θ),

(
√
∆r∂r − i

(r2 + a2)ω − aΞm
√
∆r

)R1(r) = (κ − iµ̄r)R2(r),

(
√
∆r∂r + i

(r2 + a2)ω − aΞm
√
∆r

)R2(r) = (κ + iµ̄r)R1(r), (7)

where κ is the separation parameter.
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where κ is the separation parameter.

3 Normal modes: orthonormal and completeness relations

The local conservation law of the bi-field current kµspinor for Ψ and Ψ′ holds
using the Dirac equations:

∂µk
µ
spinor = 0, kµspinor = i

√−g Ψ̄(t, x)γµΨ′(t, x). (8)

The inner product defining the integral of kµspinor is shown to be constant in time:

(Ψ | Ψ′) =
∫

d3xkt
spinor ,

d
dt

(Ψ | Ψ′) = 0 , (9)

where the surface term should vanish:

kr(x) |r=∞r=rH

=
1
√
∆θ

e−i(ω−ω′)tei(m−m′)ϕ(R∗1,λR1,λ′ − R∗2,λR2,λ′)(S ∗1,λS 1,λ′ + S ∗1,λS 1,λ′) |r=∞r=rH

= 0. (10)

The boundary condition on R1,R2 are required for vanishing the surface term:

R1 = ±γR2 (r = rH), and R1,R2 → 0 (r → ∞), (11)

where γ is a phase factor.
The orthogonal relation for the separation parameter κ is obtained by using the spinor equations

and the boundary condition:

(Ψω,m,κ | Ψω,m,κ′)

= i
∫

d3x
1
Ξ

(
r2 + a2

∆r
√
∆θ

(R∗1,λR1,λ′ + R∗2,λR2,λ′) + i
a sin θ
√
∆r∆θ

(R∗2,λR1,λ′ − R∗1,λR2,λ′ )
)

(S ∗1,λS 1,λ′ + S ∗2,λS 2,λ′ )

= 0. (12)

The orthonormal relations for the frequency ω and the azimuthal quantum number m are obtained
straightforward. Summarizing there results, orthonormal relations with respect to ω,m and κ are
obtained:

(uα | uα′) = −(vα | vα′ ) = δα,α′ , (uα | vα′ ) = (vα | uα′ ) = 0, (13)

with the eigenfunctions

uα =
exp (−iωt + imϕ)
(∆r∆θρ2 sin2 θ)1/4

F(r, θ)α, vα = uc
α = iγ2γ0ūT

α (14)

where α = (ω,m, κ) and α′ = (ω′,m′, κ′) denote sets of quantum numbers.
Any spinor fields can be expanded by eigenfunctions uα and vα:

Ψ(t, x) = Σα(cαuα + d†αvα), (15)

with the coefficient functions cα = (uα | Ψ) , d†α = −(vα | Ψ). Inserting the coefficient functions back
into the spinor field expression, the completeness relations are obtained:

i
√−g Σα

(
uα(t, x)ūα(t, x′) − vα(t, x)v̄α(t, x′)

)
γt = δ(3)(x − x′). (16)
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4 Non-existence of zero mode and the spectrum condition

The radial equations for zero mode, defining as pH = ω −ΩHm = 0, become

(
√
∆r∂r − i

(r2 − r2
H)ω∗√
∆r

)R1zero(r) = (κ − iµ̄r)R2zero(r),

(
√
∆r∂r + i

(r2 − r2
H)ω∗√
∆r

)R2zero(r) = (κ + iµ̄r)R1zero(r), (17)

where ω∗ = ΩHm denotes the zero mode frequency. Near the horizon (r = rH), zero mode equations
become

√
r − rH∂rR1zero(r) ≃ βR2zero(r),

√
r − rH∂rR2zero(r) ≃ β∗R1zero(r), (18)

where β = (κ − iµ̄rH)/
√

X(rH) with X(r) = ∂r∆r.

General solutions to eq.(18) are given by

R1zero(r) ≃ d1 exp (2|β|
√

r − rH) + d2 exp (−2|β|
√

r − rH),
R2zero(r) ≃ (β∗/β)1/2(d1 exp (2|β|

√
r − rH) − d2 exp (−2|β|

√
r − rH)), (19)

where d1 and d2 are integration constants. For the boundary condition

R1 = (β/β∗)1/2R2, or R1 = −(β/β∗)1/2R2, (20)

where the phase factor is β = (κ− iµ̄rH)/
√

X(rH) with X(r) = ∂r∆r, zero mode solutions cannot satisfy
the boundary condition in eq.(20). This means that the zero mode does not exist as physical states,i.e.
"non-existence of zero mode".

Next we give the statement on the spectrum in the following.

(1) In case without rotation (a = J/M = 0), the physical modes satisfy the condition ω > 0.

(2) In case with rotation (a = J/M � 0), any mode cannot across the zero mode line (ω −ΩHm = 0).

(3) The analyticity with respect to the rotation parameter a is required under the conditions:
(i) the well-separated zero of ∆r as outer horizon (rH) and
(ii) the well-defined value of ∆θ as a < ℓ (smaller value of rotation parameter than cosmological
parameter).

Then the set of quantum number α = (ω,m, κ) should satisfy the spectrum condition ω −ΩHm > 0.

5 Superradiant modes

General superradiant condition is derived under the conditions (a) the area law of BH and (b) the
conservation law of energy and angular momentum by Bekenstein [2] and others [3, 4] as

1 − ΩHm
ω
< 0 or ω(ω −ΩHm) < 0, (21)

from which there are two possible types of superradiance:
type 1 superradiance: ω > 0 and ω −ΩHm < 0 or type 2 superradiance: ω < 0 and ω −ΩHm > 0.

Our spectrum condition ω − ΩHm > 0, derived in sect. 4, , requires that type 1 superradiance is
not consistent and type 2 superradiance is consistent to occur as stable superradiant modes.
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6 Summary

As the summary of this report, we classify the superradiant modes as follows. (pH ≡ ω−ΩHm denotes
the momentum of matter fields on the horizon):

For spinor fields,
type 1( ω > 0 and pH < 0) is not possible but type 2 (ω < 0 and pH > 0) is possible by our analysis.
(Note that both types are not possible by other analysis [3, 5, 6].)

For scalar fields, which is described in our paper [1] though not in this report,
type 1 (ω > 0 and pH < 0) is not possible but type 2 (ω < 0 and pH > 0) is possible by our analysis.
(Note that the results are opposite by other analysis. )

The result of our analysis is obtained from the completeness relations in sect.3 and the spectrum
condition in sect.4. For spinor and scalar fields, one of superradiance should be possible, because of
the completeness relation. Among two types, type 2 can occur because of the spectrum condition.
We have obtained the same type 2 superradiance both for spinors and scalars, which is supported by
Bargmann-Wigner formulation by our previous work [7].
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