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Abstract. We applied the four-dimensional Langevin approach to the description of fis-
sion of 235U by neutrons and calculated the dependence of the excitation energy of fission
fragments on their mass number. For this we have fitted the compact just-before-scission
configuration obtained by the Langevin calculations by the two separated fragments and
calculated the intrinsic excitation and the deformation energy of each fragment accurately
taking into account the shell and pairing effects and their dependence on the temperature
and mass of the fragments. For the sharing of energy between the fission fragments we
have used the simplest and most reliable assumption - the temperature of each fragment
immediately after the neck rupture is the same as the temperature of mother nucleus just
before scission. The calculated excitation energy of fission fragments clearly demon-
strates the saw-tooth structure in the dependence on fragment mass number.

1 Introduction

One of the most successful approaches to the description of fusion-fission reactions and the fission
process is the approach based on the Langevin equations for the shape degrees of freedom. In this
approach instead of co-ordinates of individual nucleons one introduces the parametrization of the
shape of nuclear surface and solves the dynamical equations for the time evolution of deformation
parameters and conjugated momenta. The internal state of the system in such calculations is assumed
not to deviate much from the thermal equilibrium. Up to now the shape of fissioning system was
described mainly by three deformation parameters that specify the main fission degrees of freedom
- the total elongation, the mass asymmetry and the neck radius of the fissioning system. In some
works the fourth degree of freedom was introduced for the axial asymmetry or for the orientation of
approaching ions. Meanwhile, it was pointed out a long ago by V. Pashkevich [1] that the deepest
valley on the deformation energy surface of heavy nuclei corresponds to the configuration when one
"fragment" is almost spherical, and another - very elongated. Such configuration corresponds to
very low energy due to the large shell correction of almost spherical part (double magic 132Sn) and
relatively small Coulomb interaction between spherical and elongated parts. Such configuration is
impossible to describe within the three-parametric shape parametrization.

That is why recently [2] we took into account one more deformation parameter. Namely, we de-
scribe the shape of fissioning system by the two-center shell model (TCSM) parametrization in which
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the deformation parameters δ1 and δ2 are considered as independent dynamical variables. In addition,
the mean field of Nilsson type was replaced by the Woods-Saxon potential that better reproduces the
single-particle energies of heavy nuclei, especially at large deformations. Within this approach we
have managed to reproduce rather accurately the mass and total kinetic energy distribution of fission
fragments. We have also found a very clear correlation between the neutron multiplicity and the
deformation of fission fragment just before scission.

The existing descriptions of excitation energy immediately after scission [3–6] are based on very
different assumptions and approximations that even contradict to each other. So, the reason of the
saw-tooth structure of the excitation energy and neutron multiplicity at present is not clear. In present
work we use the results of the Langevin calculations in order to examine the dependence of fragments
excitation energy on the its mass number and, thus, clarify the reason for the saw-tooth structure of
neutron multiplicity.

2 The Langevin approach

We describe the fission process within four-dimensional Langevin approach [2, 7]. I.e., we solve the
system of equations for time-dependent deformation parameters qµ and conjugated momenta pµ,

dqµ
dt
=
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dt
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where the collective coordinates, {qµ} = {z0/R0, δ1, δ2, α} fix the shape of a fissioning nucleus within
the two-center shell model shape parametrization [8]. Here z0 is the elongation parameter of the
nucleus, R0 the radius of spherical compound nucleus, δ1 and δ2 are related to the deformation of
fragments, and α is the mass asymmetry. The neck parameter ε is kept constant, ε = 0.35. The
detailed description of the two-center shell model shape parametrization can be found in [9, 10].

For the tensors of mass and friction in four-dimensional calculations we used the macroscopic
quantities - Werner-Wheeler method [11] for the mass tensor mµν and reduced (ks = 0.27) wall-and-
window formula [12, 13] for the friction tensor γµν. The Langevin random force gµνRν(t) is the product
of white noise Rν(t) and the temperature dependent strength factors gµν. The factors gµν are related to
the temperature and friction tensor via the modified Einstein relation [14],

∑
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, and �� = 2 MeV. (2)

The temperature T in this context is related to total excitation energy E(tot)
x and intrinsic energy Eint,

Eint = E(tot)
x − 1
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pµpν − V(q, T = 0) = aT 2, (3)

where a is the level density parameter.
The potential, V(q, T ) used here was calculated with the deformed Woods-Saxon potential by the

code of Pashkevich [1]. The shell corrections δEshell and δEpair were calculated for T = 0. For the
temperature dependence of the shell and pairing effects we adopt the approximation suggested in [15].

The Langevin calculations start at either the potential minimum (the ground state shape) or at the
second minimum. As long as the results presented in this work are concerned, both choices gave
identical results. Initially, the momentum pµ’s were set to be zero, and Langevin motions are initiated
by the conservative and random forces. Such calculations are continued until the trajectories reach the
scission points, which are defined as points where the neck radius becomes zero. Calculations were
repeated typically from 105 to 106 times, the final phase-space data were stored on a disk, and various
quantities were calculated after all the Langevin calculations were finished.
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The Langevin calculations start at either the potential minimum (the ground state shape) or at the
second minimum. As long as the results presented in this work are concerned, both choices gave
identical results. Initially, the momentum pµ’s were set to be zero, and Langevin motions are initiated
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3 The deformation and the intrinsic excitation energy

One of the quantities of interest for this work is the average value of the deformation parameter δ1
(or δ2). An example of dependence of the average value of fragment deformation 〈δ〉 on the mass
asymmetry is shown in left part of Fig. 1. Please, note that within the TCSM shape parametrization
the parameters δ1 and δ2 fix the deformation of the outer parts of "fragments" only, from the tips of
nucleus to the thickest place. The deformation of the inner part, from the thickest place till the neck,
is regulated by all 5 deformation parameters. At the scission point the nucleus is very elongated and
the inner part is elongated too. In order to make the fragment as a whole more spherical, the outer
part should be somewhat oblate, see the right part of Fig. 1. Thus, negative δ within TCSM shape
parametrization does not mean that the whole fragment is oblate.

For the comparison we show also in the left part of Fig. 1 the neutron multiplicities ν from works
[16, 17]. The average value 〈δ〉 was shifted up by 0.25 in order to see better the similarity between
ν and 〈δ〉. Indeed, one can see a surprising correlation between 〈δ〉 and ν. Such similarity was
noticed already in [18]. However, the similarity between the fragment deformation and ν does not
explain much. It is the fragment excitation energy that should be compared with ν, not the fragment’s
deformation. In order to calculate the fragment excitation energy the information on its shape is not
sufficient. One should know also the sharing of excitation energy between fission fragments.

To clarify this question we calculate in present work the excitation energy of each fragment sepa-
rately. This is not so trivial since from the Langevin calculations we can get only the excitation energy
of the whole nucleus just before the scission. Very often it is assumed that the excitation energy is
shared between fragments proportionally (or inversely proportionally) to their masses. Here we will
not use none of such assumption but will calculate the excitation energy of each fragment directly,
assuming that the temperature of both fission fragments immediately after scission is exactly the same
as the temperature of mother nuc1eus just before scission.

In order to do this we fit the compact shape (with zero or finite neck) just before scission by two
separate fragments. An example of such fit is shown in the right part of Fig. 1. As one can see from
the figure, the fit can be done quite accurately.
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Figure 1. Left: the average value 〈δ〉 of the fragment deformation (right scale) and the average neutron multi-
plicities ν [16, 17] as function of mass asymmetry (fragment mass number). Right: an example of the shape of
fissioning system just before scission and its fit by the two separate fragments.

To check the accuracy of the fit we compare the liquid drop energies and the shell corrections
calculated for the compact shape just before scission and for the fit by two separate fragments. As one
can see from Fig. 2, both the liquid drop energy and the shell corrections calculated for the compact
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shape and the two separated fragments are very close to each another. This means that the replacement
of the shape just before scission by separate fragments is quite accurate.

In case of compact shape the number of particles to the right or the left from the neck (z = 0) is not
necessarily an integer number. After the fit the number of particles in each fragment must be integer.
Thus, the Z/N ratio in the compact shape and fragments is slightly different. This explains the wiggles
of red curve in left part of Fig. 2. Due to the same reason the fragments may not be even-even nuclei
(the mother nucleus 236U is even-even) and the odd-even effects are seen in the shell corrections of
fitted fragments.
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Figure 2. The liquid drop energy (left) and the shell correction at T = 0 (right) calculated for the compact
shape just before scission (black lines) and the fit by two separate fragments (red) as function of mass asymmetry
(fragment mass number).

To calculate the excitation energy, especially the shell correction, at finite but small temperature
one should be very cautious. The popular relations like Ex = aT 2 or Eshell(T ) = Eshell(T = 0) · Φ(T )
works somehow "on average" at large enough temperatures. At small temperature, say below T =
1 MeV both relations are not reliable. Their accuracy is hard to estimate.

In order to avoid the inaccuracy caused by the above relations we will not use them but will
calculate the energy at finite temperature directly. I.e. we define the energy at finite temperature as
the sum of the energy within independent particle model Eipm(T ) and the pairing energy Epair defined
within BCS approximation,

E(T ) = Eipm(T ) + Epair(T ), (4)

with
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∑
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In (6)–(7) G is the strength of pairing interaction, N1 and N2 are the limits of the pairing window and
Ek is the quasiparticle energy Ek =

√
(εk − λ)2 + ∆2.
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In (6)–(7) G is the strength of pairing interaction, N1 and N2 are the limits of the pairing window and
Ek is the quasiparticle energy Ek =

√
(εk − λ)2 + ∆2.

For convenience one may add and subtract from (4) the Strutinsky averaged quantities Ẽipm(T = 0)
and Ẽpair(T = 0) and eventually apply the Strutinsky renormalization, i.e., replace the Ẽipm(T =
0) + Ẽpair(T = 0) by the liquid drop energy ELDM . Then the energy (4) attains the form

E(T ) = ELDM + [Eipm(T ) − Ẽipm(T = 0)] + [Epair(T ) − Ẽpair(T = 0)] . (8)

The intrinsic excitation energy Ex(T ) is defined in a usual way

Ex(T ) = E(T ) − E(T = 0) . (9)

One can see that the liquid drop energy and average Ẽipm(T = 0) and Ẽpair(T = 0) do not contribute to
the excitation energy. That is only the temperature dependent Eipm(T ) and Epair(T ) that matter. These
quantities are completely defined by Eqs. (5)–(7) and can be calculated for any temperature.

The dependence of the excitation energy on the temperature and the mass number is shown in
Fig. 3. One can see that dependence of Ex on temperature T differs substantially from the popular
approximation Ex = aT 2. Even more important is the dependence of Ex on the mass number at fixed
temperature. Only at very high temperature, above T = 3 MeV, the excitation energy is proportional
to the mass of nucleus. Below T = 1 MeV the dependence is more complicated. Say, at T = 0.5 MeV
the excitation energy is almost zero around double magic 132Sn and much larger away from A = 132,
both at larger and smaller A. Thus, the fragment with mass number smaller than A = 132 can have
larger intrinsic excitation energy (compared with A = 132) even if the temperature of both is the same.
This circumstance has an important effect on the mass dependence of the excitation energy, see below.
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Figure 3. Left: the excitation energy (9) versus temperature for the scission shape given by z0 = 2.5R0, δ1 =

−0.15, δ2 = 0.15, α = 0.15, ε = 0.35. The dash curve - the approximation for the excitation energy Ex = a T 2,
with a = A/8. Right: the dependence of energy (8) (minus ELDM) on the mass of spherical fragment. The Z/N
ratio of the fragment is chosen the same as for 236U.

4 The total kinetic energy and the neutron multiplicity

Having at our disposal the results shown in Fig. 3 we are ready to calculate the excitation energy of
fission fragments as a function of their mass number. Because of random force in Langevin equations
the calculations are repeated many times. Some trajectories reach the scission line, some not. Each
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trajectory reaching the scission line corresponds to a certain shape and temperature. These results
are shown by the points in the left-upper part of Fig. 4. The solid line represent the average value of
temperature at fixed mass asymmetry.

For each point in the left-upper part of Fig. 4 (the shape and temperature) we fit the pre-scission
shape by two separate fragments, like it is shown in Fig. 1, and calculate the excitation energy (9) of
each fragment for the temperature given by the output of Langevin calculations. The average value
of intrinsic excitation energy (9) (red) is shown in right-upper part of Fig. 4 as function of mass
asymmetry. It may seems unexpected, but this curve demonstrates the saw-tooth structure without
assuming that the light fragment is hotter. This feature can be understood looking at Figs. 1, 3. The
value of excitation energy at given temperature depends very much on the density of states around
Fermi energy. Around A = 132 the shape of heavy fragment is close to spherical, see right part
of Fig. 1. The density of states around Fermi energy is very low (because 132Sn is a double magic
nucleus). Thus, the excitation energy around A = 132 is the smallest. The fragment with A ≈ 120
is a middle-shell nucleus, and it is very deformed. The density of states around Fermi energy is high
in this case and the excitation energy is large. This explains the sudden drop of the excitation energy
from A ≈ 120 to A ≈ 132 at constant temperature. Besides, the average temperature for symmetric
fission is slightly larger compared with asymmetric, see left-upper part of Fig. 4.
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Figure 4. Upper left: distribution of temperature just before scission of 236U for En = 5 MeV. The solid curve is
the average temperature for given mass asymmetry. Upper right: the intrinsic excitation energy (9). Bottom left:
the deformation energy immediately after scission E(ias) (red), the ground state deformation energy Egs (green)
and the extra deformation energy ∆Ede f = E(ias)−Egs (blue). Bottom right: the total excitation energy Ex +∆Ede f

(red) and the neutron multiplicity [19] multiplied by the neutron separation energy S n = 6.545 MeV.
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Another contribution to the excitation energy comes from the extra deformation energy ∆Ede f =

E(ias) − Egs, i.e. the difference between the energy E(ias) immediately after scission configuration (at
T = 0) and that in the ground state Egs. The fragment deformation energy E(ias) is shown in the left-
bottom part of Fig. 4. Similar to the intrinsic excitation energy it exhibits the saw-tooth behaviour.
Around A ≈ 132 it is small (because the fragment is almost spherical) and away from A ≈ 132 it is
large (because the fragment is very deformed). The problem with the deformation energy is that the
ground state energy is also minimal at A = 132. So, the extra deformation energy ∆Ede f does not
show much of saw-tooth structure.

Still, the sum of intrinsic excitation energy and extra deformation energy Ex+∆Ede f clearly shows
the saw-tooth behaviour very similar to experimental results for ν, see the right-bottom part of Fig. 4.

5 Summary

The saw-tooth structure in the fragments excitation energy is a natural consequence of shell effects in
the deformation and intrinsic excitation energies at low excitations (temperatures). This conclusion is
based on the results of four-dimensional Langevin calculations that lead to the realistic configuration
at the scission point - the heavy fragment is almost spherical and light - very deformed. The only
assumption is: just before scission the temperature is constant over the whole volume of a fissioning
nucleus; immediately after neck rupture each fragment has the same temperature as it was just before
scission. The calculated sum of the two contributions to the total excitation energy (deformation and
excitation at scission) for 236U as a function of the fragment mass clearly shows a saw-tooth behaviour
in qualitative agreement with the measured dependence of the prompt neutron multiplicity.

This contribution includes the results of “Comprehensive study of delayed-neutron yields for accurate evaluation
of kinetics of high-burn up reactors” entrusted to the Tokyo Institute of Technology by the Ministry of Education,
Culture, Sports, Science and Technology of Japan (EXT). We appreciate very much the informative discussions
with Dr. C. Schmitt and Prof. A. Tudora.
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