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Abstract. A simple mixed phase model mimicking so-called “pasta” phases in the quark-
hadron phase transition is developed and applied to static neutron stars for the case of
DD2 type hadronic and NJL type quark matter models. The influence of the mixed phase
on the mass-radius relation of the compact stars is investigated. Model parameters are
chosen such that the results are in agreement with the mass-radius constraints.

1 Introduction and Motivation
The possible hadron-quark phase transition modelling is usually made with the use of the so-called
Maxwell construction, where the two phases are assumed to be separated. However, due to the finite
surface tension effects, a mixed phase with non-trivial structure (the so-called “pasta” phase) could be
thermodynamically preferred [1–6].

A simple model of phase transition construction mimicking the “pasta” phase is proposed. The
model is parameterized by the use of an additional pressure corresponding to the impact of the struc-
tural effects in the mixed phase to the critical pressure of the Maxwell construction. The construction
ignoring the details of the mixed phase structure is simple for calculations and therefore it can be
easily used for investigations of the influence of the mixed phase on the mechanical characteristics of
the compact stars [5].

The question of the existence of the mixed phase is actual in the investigations of the hybrid
compact star structures and characteristics, which could be compared to the available observational
data [7, 8]. In the sequel an application of this model to the structure and mass-radius relation of
the static neutron stars is presented using the hadronic matter model with density-dependent meson-
nucleon coupling (DD2) [9], and the Nambu-Jona-Lasinio model (NJL) with 8-quark interaction [10]
for quark matter. The method could be extended to the finite temperature case along the whole first
oder transition border of the QCD phase diagram and could be used in the simulations of heavy ion
collisions as well (e.g. [11, 12]). The possibility of such extension is also discussed.

2 The model
We assume that the hadronic and quark matter phases are described by equation of state (EoS) denoted
PH(µ) and PQ(µ) respectively which describe the dependence of pressure on chemical potential at
T = 0 case relevant for the netrons star (NS) modeling.
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Figure 1. A model of the equation
of state with mixed phase based on the
Maxwell construction.

It is assumed that a first order Maxwell phase transi-
tion exists between the given two phases with a critical
chemical potential µc satisfying the following relation:

PQ (µc) = PH (µc) = Pc. (1)

The Maxwell construction can be modified if the as-
sumption is fulfilled that close to the phase transition
point the EoS of both phases are changing due to their
interactions (see fig. 1), so that the effective mixed phase
EoS can be described as

PM(µ) = α(µ − µc)p + β(µ − µc)q + Pc + ∆P, (2)

where p > q are natural numbers for instance. Here the
additional pressure at µc is considered to be the free parameter of the model:

PM (µc) = PH (µc) + ∆P. (3)

This research is focused on the quadratic form of the EoS of the mixed phase (p = 2 and q = 1):

PM(µ) = α(µ − µc)2 + β(µ − µc) + Pc + ∆P. (4)

The transition from the H-phase to the M-phase is smooth without jump in the density n(µ) =
dP(µ)/dµ. Thus there are the new critical chemical potentials: µcH for the transition from the H-phase
to the M-phase and µcQ for the transition from the M-phase to the Q-phase. As a result, there are four
unknowns including the coefficients α and β from Eq. (2). The phase transition conditions are


PM(µcH) = PH(µcH),
PM(µcQ) = PQ(µcQ),


nM(µcH) = nH(µcH),
nM(µcQ) = nQ(µcQ).

(5)

The quantities α and β are expressed from the set of equations for the pressure


α =
1

µcQ − µcH

(
PQ(µcQ) − (∆P + Pc)

µcQ − µc
− PH(µcH) − (∆P + Pc)

µcH − µc

)
,

β =
PH(µcH) − (∆P + Pc)

µcH − µc
+

PQ(µcQ) − (∆P + Pc)
µcQ − µc

−
PQ(µcQ) − PH(µcH)
µcQ − µcH

,

(6)

and are eliminated form the set of equations for the densities (eq. (5)). Solving the remaining equations
for the densities one can find the values of the critical chemical potentials µcH and µcQ.

3 Results
For the illustration purposes, the described model is applied for the construction the mixed phase EoS
(see fig. 1) between the hadronic and quark matter respectively given by the DD2 type model [9] and
the NJL model with 8-quark interaction [10]. The results of the construction are shown in fig. 2.
Here the varied pressure is given by the dimensionless parameter ∆P = ∆P/Pc. The parameter ∆P is
varied within 10%. This completely covers the whole range of the additional pressure obtained by
the microscopic models of the mixed phase [1–4, 6]. Note, that the P-ε dependence of the mixed
phase is not a linear function by the construction, but is very close to it.

With the use of this set of the EoS models the mechanical characteristics of the compact stars are
investigated. The mass and radius relationships of the static spherically symmetric neutron stars are

2

EPJ Web of Conferences 173, 03003 (2018) https://doi.org/10.1051/epjconf/201817303003
Mathematical Modeling and Computational Physics 2017



1050 1100 1150 1200 1250 1300

µ
B
, MeV

20

30

40

50

60

70

80

90

100

110

P
, 
M

eV
 /

 f
m

3

P
C

 + ∆P

P
C

µ
c

P
H

(µ)

P
Q

(µ)

P
M

(µ)

µ
cH

µ
cQ

Mixed phase

Hadronic phase

Quark phase

Figure 1. A model of the equation
of state with mixed phase based on the
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tion exists between the given two phases with a critical
chemical potential µc satisfying the following relation:

PQ (µc) = PH (µc) = Pc. (1)

The Maxwell construction can be modified if the as-
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where p > q are natural numbers for instance. Here the
additional pressure at µc is considered to be the free parameter of the model:
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This research is focused on the quadratic form of the EoS of the mixed phase (p = 2 and q = 1):
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The transition from the H-phase to the M-phase is smooth without jump in the density n(µ) =
dP(µ)/dµ. Thus there are the new critical chemical potentials: µcH for the transition from the H-phase
to the M-phase and µcQ for the transition from the M-phase to the Q-phase. As a result, there are four
unknowns including the coefficients α and β from Eq. (2). The phase transition conditions are
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PM(µcQ) = PQ(µcQ),
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The quantities α and β are expressed from the set of equations for the pressure
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(
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− PH(µcH) − (∆P + Pc)

µcH − µc

)
,

β =
PH(µcH) − (∆P + Pc)

µcH − µc
+
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−
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,

(6)

and are eliminated form the set of equations for the densities (eq. (5)). Solving the remaining equations
for the densities one can find the values of the critical chemical potentials µcH and µcQ.

3 Results
For the illustration purposes, the described model is applied for the construction the mixed phase EoS
(see fig. 1) between the hadronic and quark matter respectively given by the DD2 type model [9] and
the NJL model with 8-quark interaction [10]. The results of the construction are shown in fig. 2.
Here the varied pressure is given by the dimensionless parameter ∆P = ∆P/Pc. The parameter ∆P is
varied within 10%. This completely covers the whole range of the additional pressure obtained by
the microscopic models of the mixed phase [1–4, 6]. Note, that the P-ε dependence of the mixed
phase is not a linear function by the construction, but is very close to it.

With the use of this set of the EoS models the mechanical characteristics of the compact stars are
investigated. The mass and radius relationships of the static spherically symmetric neutron stars are
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Figure 2. Influence of the additional pressure
in the mixed phase on the phase transition.
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Figure 3. Influence of the mixed phase on the
mass-radius relation.

obtained as solutions of the Tolman-Oppenheimer-Volkoff (TOV) equations [13, 14]:


dP(r)
dr
= −GM(r)ε(r)

r2

(
1 + P(r)

ε(r)

) (
1 + 4πr3P(r)

M(r)

)
(
1 − 2GM(r)

r

) ,

dM(r)
dr

= 4πr2ε(r),

(7)

where � = c = 1, r is the coordinate distance from the center, M(r), ε(r) and P(r) are the mass, the
energy density and the pressure profiles correspondingly, and G is the gravitational constant. Each
of these profiles, representing solutions of the TOV equations, depends on the value of the energy
density in the star center ε(0). The relation between the radius R where the pressure is P(R) = 0 and
the total mas M = M(R) are shown in the fig. 3 for different values of the parameter ∆P.

The presence of the mixed phase changes the EoS softness and the maximum mass becomes
larger when the maximum radius decreases. The heaviest known pulsars PSR J0348+0432 and
PSR J1614−2230 have respectively the following masses 2.01+0.04

−0.04 M� [15] and 1.928+0.017
−0.017 M� [16,

17]. Therefore the maximum possible mass given by a model should exceed this limits. These con-
straints are shown in the fig. 3. It is demonstrated that all considered EoS models with the mixed phase
satisfy this requirement. On this plot the constraints from the radius estimations of the two pulsars
PSR J0437−4715 [18] and RX J1856.5−3754 [19] are also shown and the results are in agreement
with this.

4 Conclusions and Discussion

A simple model of the hadron-quark phase transition mimicking the “pasta” structure is proposed. It
is parameterized using the additional pressure due to the structure of the mixed phase. The model is
based on the standard Maxwell construction of the first order phase transitions. It ignores the details
of the mixed phase structure, at the same time it is easy to use for the investigation of the influence of
the mixed phase on the mechanical characteristics of the compact star. The structure and mass-radius
relations of the static neutron stars are presented for the case of the DD2 type hadronic vs NJL type
quark matter EoS models. It is shown that the variation of the parameter ∆P in the relevant range of
the additional pressure, for the mixed phase, changes the maximum mass and the radius of the star
configurations within limits imposed by the observational constraints.
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der hadron-quark phase transition.

The method could be extended to the finite temper-
ature case along the whole first oder transition border
of the QCD phase diagram as it is shown in the fig.4
assuming that the additional pressure decreases ropor-
tionally to the increases in the temperature. Thus the
case when the additional pressure goes from the value
∆P at (µ = µc, T = 0) down to zero at the Critical End
Point (CEP) is demonstrated in fig. 4. The first order
phase transition (the jump in density) disappears at the
CEP, therefore the possible mixed phase is also disap-
pearing. For the crossover transition one needs to apply
another construction. The considered approach for the
transition construction is independent of the internal de-
tails of the transition, therefore it could be applied both
for the beta-equilibrated and for the symmetric nuclear
matter. Thus it could be used in the simulations of heavy
ion collisions.
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